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FOREWORD 


THE PLAN to publish a memorial to Irving Langmuir, including all of the 
scientific output of his brilliant career in research, was announced to me by 
Captain I. R. Maxwell, managing director of Pergamon Press, late in 1958. 
My associates and I were asked to aid the venture by providing editorial advice 
and counsel, by enlisting the cooperation of scientific friends and acquaintan- 
ces, and by assisting in the collection and identification of material. Our enthu- 
siasm for the project and our willingness to cooperate sprang from two impor- 
tant considerations. 


First, Langmuir’s career provides an outstanding example of how free, 
but discriminating, inquiry in pure science may yield not only vital new know- 
ledge and understanding of nature, but also a great bounty of practical use- 
fulness for society. Secondly, Langmuir’s associates hold him not only in great 
respect, but in very great affection as well. Hence the preparation of these 
volumes has been more than a service; it has been a labor of love. 

The original plan was to publish Langmuir’s works in three or four volumes, 
but for very good reasons, which developed during the course of the project, 
the series has grown to twelve volumes. The quantity of Langmuir’s published 
scientific work proved to be far greater than we had estimated, and some 
previously unpublished wartime research and reports on meteorological studies 
were of such importance that their inclusion in the volumes was mandatory. 
Moreover, some exceptionally interesting philosophical papers and publications 
served to round out the literary portrait of Langmuir as a man and as a scientist. 

My associate editors, Sir Eric Rideal and Professor P. W. Bridgman, have con- 
tributed generously from their great wealth of knowledge and their intimate 
acquaintance with Dr. Langmuir. It is a pleasant duty to acknowledge that the 
many members of the Honorary Editorial Advisory Board have participated 
in this venture with enthusiasm, and that their editorial contributions to the 
separate volumes have added tremendously to the appraisal and interpreta- 
tion of Langmuir’s collected works. I particularly want to acknowledge with 
gratitude the valuable work of Professor Harold E. Way of Union College 
who, in the capacity of Executive Editor, has carried the major task of assuring 
that our responsibilities and commitments were fulfilled. 


I first met Irving Langmuir in the General Electric Research Laboratory 
when I joined the research staff in 1930, but our first mecting might equally 
well have taken place on a ski hill in the Adirondacks, at Lake George where 
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he liked to spend the summer, or on a climb on Mt. Marcy, for he had a prevail- 
ing love of the out-of-doors. Whether in the Laboratory or in the mountains, 
an intense curiosity about natural phenomena constantly pervaded his thoughts. 
In fact, I have never met anyone else who was so well coupled to nature. 

I am sure that, like all observant people, Langmuir perceived the beauty 
of nature as portrayed by the qualities of form, color, mass, movement, and 
perspective. In addition, however, Langmuir was delighted and entranced 
even more by the challenge to understand the working of nature as portrayed 
in the phenomena of everyday life — clouds, ripples on water,’ bubbles in ice, 
the temperature fluctuations of air and of water, the plastic quality of snow, 
the flight of a deer fly, and the thousands of “simple” phenomena which nearly 
everyone takes for granted. These manifestations of nature held endless fas- 
cination for Langmuir, and he constantly challenged himself to explain basic 
phenomena in terms of known laws of science. Of course, the same curiosity 
characterized his work in the Laboratory, and hence, provided the unifying 
motivation for his career, whether at “work” or at “play”. 

Langmuir’s scientific work is so completely and perceptively described 
and appraised in the separate volumes of this work that only a few general 
comments and observations are appropriate, or indeed possible, at this point. 

One striking feature of his research method was its instrumental simplicity. 
Although his career extended into the glamour age of science, characterized 
by large, impressive, and expensive machinery such as the cyclotron, the 
synchrotron, and particle and radiation diffraction equipment, his own ex- 
periments were almost invariably simple and uncluttered. He seemed posi- 
tively attracted to simple experimental techniques, in refreshing contrast to 
what sometimes appears to be a fashionable reliance on impressive and expen- 
sive complexity of research equipment. His work with heat transfer in gases, 
and later with electron emission phenomena from metals, employed laboratory 
glassware of stark simplicity. His studies of surface films, especially films 
on water, employed beautifully simple experimental equipment. The Labor- 
atory work on aerosols and smokes, and later on the nucleation of supercooled 
clouds, was all carried on with apparatus that could be assembled from the 
equipment of a typical home. His classical experiments on the “speed of deer 
fly” came about as close as possible to the string, wax, and paperclip approach 
to science; yet they sufficed to establish the essential facts sought by the inves- 
tigation. Probably few scientists, before or since Langmuir, have gained 
so much important new knowledge of nature with such simple research equip- 
ment. 

Similarly, Langmuir preferred to work with a few collaborators, rather 
than a large group or team of researchers, for this favoured a close contact 
with the work on a participating basis. His ability to apply mathematical anal- 
ysis to physical problems was of a high order, and he divided his time about 
equally between experimental work and theoretical work. The combination 
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of outstanding experimental and analytical ability which he possessed occurs 
but rarely in a single individual; most scientists have somewhat greater interests, 
aptitudes, and hence accomplishment in one area or the other. 

Langmuir almost invariably worked on an intense basis and was generally 
completely preoccupied with his current problems. His concentration was 
exceptional, and he might pass you in the hall without seeing you. If you 
reminded him of it, he would smile and acknowledge that he was highly excited 
about some experiments that were in progress, or about some calculation 
that was presenting some puzzling aspects. 

We spend a good deal of time and thought nowadays on the question of 
motivation for scientists, seeking to understand the source and character 
of their drive. In Langmuir’s case, one needs to inquire no further than his 
curiosity. This pronounced trait provided an intense internal source of moti- 
vation, which constantly drove him to inquire and probe and test hypotheses 
until a pattern of understanding was developed. When he was on the trali 
of an exciting mystery, which was usually the case, his intense concentration 
was remarkable to behold. 

Langmuir’s career contributes much to our understanding of creative 
output in research. For example, on the perennial question of creativity and 
age, it has been held by some that the bulk of human creative work is accom- 
plished in early adult life, say in the age bracket between 25 and 35 years. It is 
probable that some purely statistical information might support this view. 
However, I would disagree strongly with the corollary conclusion that creative 
ability is characteristic of this age bracket. In the Laboratory, it is not unusual 
for creative young workers to acquire a greater span of research guidance, 
counselling, and even management responsibility as their career matures, and 
hence their creative contribution will, to a corresponding degree, appear 
in the work of others. I believe that in such cases scientists are generally not 
less, but more creative with advancing age, frequently up to and even through 
retirement. It is clear that purely statistical information would not readily 
reveal this fact. 

It is interesting to examine Langmuir’s career as an example of a scientist 
who remained in active research up to and through retirement, to see what 
role age played in his output. In Volume XII we have depicted Langmuir’s 
achievements as a function of his age, using his scientific publications as evi- 
dence of his gross scientific output, and his principal accomplishments as evi- 
dence of his creative output. The resultant charts show remarkably constant 
productivity throughout his scientific career, and even through retirement. 
Throughout this period Langmuir published an average of five to six scientific 
Papers per year. His principal accomplishments, both scientific and practical, 
took place almost uniformly over the period of his researches. Certainly no 
“creative age” can be identified in his career. The example of Langmuir’s 
scientific history does not prove the general thesis, but from the observation 
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of many research careers, I am persuaded that human creativity in science 
is not a significant function of age. 

Creative output, however, is a function of many other factors that comprise 
the research environment. One important; factor is ‘the changing field of re- 
search. Some of the most creative scientists in the history of the General Electric 
Research Laboratory have worked intensively in one field for a period of some 
years, and have then changed quite abruptly to a new field as a source of fresh 
stimulation and new challenge. It is evident that in a period of 5 years, or so, 
one can bring a fresh point of view to a new field, make a major contribution, 
and perhaps exhaust one’s ideas on the subject. At that point of fruition, there 
is a great temptation to sit back and bask in a reputation for eminence which 
has been established in a specialized field of science. The more courageous 
scientist, however, will be challenged, or. will, like Langmuir, challenge himself 
to enter a new field. This requires courage, because in the new field he will 
be a neophyte but, at the same time, a scientific entrepreneur_with a reputation 
at risk, and this risk may not pay off. 

Langmuir’s career exemplifies the courageous entrepreneur in science. 
It would be difficult to find a common demoninator,"except curiosity, in many 
of the fields of science in which he made basic contributions. He never hesi- 
tated to attack new fields, such as protein monolayers, the generation of smoke, 
or meteorology, which were completely new and,} hence, challenging territory 
to him. In each of these diverse fields, and in a great many others, he has made 
major basic contributions. 

Some discussion of the very important applied aspects of Langmuir’s scien- 
tific work is appropriate. It is a fact that, although his prevailing motivation 
in research was curiosity about all natural phenomena, he was always perceptive 
of the practical usefulness of research results, and he himself suggested “pos- 
sible practical applications of many of the new phenomena which he discovered. 
He was generally able to communicate his enthusiasm to applied scientists 
and engineers interested in the proposed application and to give them guidance 
in its exploration. 


It is interesting to speculate on the way that Langmuir’s career might 
have developed had he chosen an academic, rather than an industrial environ- 
ment for his work in science. My personal belief is that his research would, 
in any environment, have resulted in a high order‘of scientific accomplishment. 
Although he evidenced little interest in teaching, he was in fact an outstanding 
teacher, and in a university he would have exerted a great influence on students 
who might have been fortunate enough to be in contact with him. But I doubt 
if an academic career for Langmuir would have, or could have, developed 
the great bounty of useful results for society which did come from his exposure 
to a creative industrial scientific environment. The human and economic 
impact of gas-filled lamps, high-vacuum electron tubes, atomic-hydrogen 
welding, space charge emission phenomena, techniques and discoveries in 
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surface chemistry, thyratron arcs (with A. W. Hull), and cloud seeding tech- 
niques has been very great indeed, and in most of these developments the 
influence of his research environment has been unmistakable. 

Wherever Langmuir worked, or might have worked, the world is vastly 
better because of him, and both his former associates and colleagues, and the 
public at large, bear a tremendous debt of gratitude for his genius in science 
and for his perception of human need. 


June 15, 1960 
C. Guy Suits 
Vice-President and Director of Research 
General Electric Company 
Schenectady, New York 
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PREFACE TO VOLUME 4 


As INDICATED in the preceding volume, Irving Langmuir was doing a great 
deal of work" in the 1920’s on thermionics. During this same time he was also 
working on gaseous discharges, as the papers in this volume show. Although 
considerable work had been done much earlier on gaseous discharges, particu- 
larly at relatively high pressure, most of his research was on low-pressure 
discharges. His papers written in collaboration with H. Mott-Smith are con- 
sidered classics in the field. His development of the Langmuir probe theory 
and the techniques for use of various shiped probes contributed greatly to 
the development of the thyratron by Dr. A. W. Hull. 

Dr. J. D. Cobine, research physicist at the General Electric Research Labo- 
ratory, and an eminent scientist in the field of electrical discharge, was invited 
to write the contributed article for this volume. 


Haroitp E. Way 
Executive Editor 
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INTRODUCTION TO VOLUME 4 
A CONTRIBUTION IN MEMORIAM 


By Dr. J. D. Cosine 


Fundamental Phenomena in Electrical Discharges 


AT THE time Dr. Langmuir ‘turned considerable of his attention to gas dis- 
charges, about 1922, they represented a relatively old subject. High pressure 
(i.e., atmospheric pressure) arcs had long been used for illumination, as had the 
low-pressure mercury-arc (Cooper Hewett) lamp; electric power circuits were 
being interrupted in air and oil with the inevitable electric arc, and alternating 
current power was being converted to direct current for battery charging and 
electrochemical applications by mercury arc rectifiers. Fhe scientific literature 
of discharge phenomena was quite extensive, but was largely devoted to studies 
of the over-all characteristics of discharges, volt-ampere characteristics, physical 
appearances, spark breakdown studies and research on the mobility and diffu- 
sion of gaseous ions and of ionization. The principal treatises in English were 
those of J. S. Townsend? (1915) and J.J. Thomson? (1906), the latter not 
revised until 1928-32. The field has grown, until at present the author’s per- 
sonal file represents some 12,000 references. Of these over a thousand are on 
the subjects of plasma, plasma oscillation and closely related phenomena—the 
phenomena most closely identified with Langmuir’s research, and indeed, 
named by him. An indication of the accelerated growth of the subject of plasma 
is given by the fact that more than half of the references are to papers published 
since 1955. The stimuli for much of recent, greatly accelerated, studies of 
plasma are to be found in the intriguing possibilities of controlled{nuclear 
fusion for the release of enormous amounts of energy for man’s insatiable desire 
for more power; shock ionization and ionosphere studies required foryrocket 
purposes; the direct conversion of the thermal energy of very hot ionized?gases 
by the magnetohydrodynamic generator; and the even more exotic possibilities 
of space travel where plasma may be used for propulsion%and for guidance 
purposes. 

The author did not join the G.E. Research Laboratory until 1945,7when 
Dr. Langmuir was deeply engrossed in his famous weather studies. Our con- 
tacts were relatively few and usually casual, in spite of the fact that our labora- 
tories for several years were located directly across the corridor. In fact, for 
a year or so Dr. Langmuir was the author’s manager, apparently without either 
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of us realizing it—a unique experience and one that is probably beyond the 
comprehension of ‘‘modern management”. Not having been intimately asso- 
ciated with Dr. Langmuir in the laboratory, and having entered the field of 
what is known as “‘gaseous electronics” after the Langmuir papers had become 
authoratative classics, the author took advantage of the opportunity of going 
through the Langmuir laboratory notebooks for the period of his greatest 
activity in this field, i.e., 1922-1931. 

The wide range of subjects, often quite far from the main course of his 
work, that he saw fit to comment on in his notes is interesting and often sur- 
prising. For example, after a note on a high-current thyratron the next entry 
is entitled ‘‘Electrical Operation of farms ... years ago I thought of importance 
of reducing labor on farms and conceived the plan of having tracks or rails 
placed on the whole farm in parallel lines so that a sort of traveling crane could 
move automatically over every part of the farm and thus, by machines electri- 
cally operated, the plowing, planting ... could be done entirely without an 
operator.”’ Later in the same book is the note that he was impressed by Sieg- 
fried’s ‘‘Les Etats-Unis d’Aujourd’hui”. After a discussion of plasma oscillation 
he describes (June 22, 1928) his scheme for an airplane picking up a man in 
flight. The idea was to have a long rope supported vertically by a balloon which 
could be engaged by a plane. Considerable calculations were made as to length 
of rope needed, force on the man, oscillating characteristics, etc. This idea 
was followed through and on October 19, 1928 a plane at full speed picked 
up a 35 Ib. mail bag by this method. An observer from the U.S. Department 
of Commerce was present. One finds no humorous entrys, but occasionally 
his feelings are expressed by a vigorous exclamation mark, as in the entry on 
November 7, 1928 ‘‘Hoover elected!”’ Occasionally Dr. Langmuir complained 
to his notebook as when he expressed dissatisfaction with the slowness of the 
patent people in obtaining coverage for his atomic-hydrogen torch. Whitney 
is reported as not being too much impressed and Hawkins suggested a meeting. 
How like the present, when the ‘‘Lawyers” seem always behind with our favor- 
ite idea, the ‘‘Management” doesn’t always understand, and the “‘Engineers”’ 
seem always to want a meeting! Among the farsighted ideas of Langmuir is 
one for direct conversion of thermal energy to electrical energy by means of 
an evaporating medium and an electrical discharge. Such devices are now being 
given great attention in both popular and scientific writing, usually under 
the imposing title of magnetohydrodynamics power conversion. 

Throughout his notebooks for the period examined, one continually finds 
tentative theories presented to explain phenomena shown him by his associates 
or by his own observation. Immediately there follows plans for extending the 
work and probable results to be expected from his theories. The names of his 
associates making the studies appear throughout together with their theories, 
suggestions, etc. Most of his own work, as recorded, appears to be the devel- 
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opment of the mathematical aspects of his theories and extensive tabulation 
of numerical solutions. In common with all scientists he spent time following 
false concepts. Some false concepts were followed doggedly until he felt all 
the facts were uncovered, either by his own developments or the analytical 
and experimental results or his associates. Then he recorded ‘‘I was wrong,” 
dropped the old course and adopted the new. Such a case was his long held 
concept that plasma oscillation should increase the Stark effect. 

The discharge phenomena to which Langmuir devoted so much study 
have always been intriguing, for as Darrow’ says ‘‘...the luminous discharges 
are spectacular and fascinating; they have an intrinsic appeal, which the simpler 
but tamer phenomena want; they challenge attention for their beauty and 
variety and mystery, as well as their adaptability and their danger.” It is probable 
that Langmuir’s attention was captured by the phenomena while examining 
the problems of their practical application in mercury-arc rectifiers. In fact, 
the first paper of this volume opens with an observation on “...a mercury 
arc (as in a mercury arc rectifier)...” Shortly before this paper appeared in 
print his notebook contains the entry ‘‘Puzzle: What is space charge and poten- 
tial distribution around electrode in ionized gas?” Thus his earlier studies 
of practical discharges, grids in ionized gases, etc., were being formulated 
as an important problem to which he and his associates contributed greatly. 

Probing electrodes, or sounds, had long been used to examine the voltage 
distribution along discharges. The problem of the nature of the action of a 
probing electrode in an ionized gas had not been understood. In Townsend’s 
treatise of 1915 he notes that the potential assumed by an insulated probe in 
an ionized gas is not that of the space, due to the increased number of negative 
ions collected, but says nothing more. The state of the art is well expressed 
by Darrow,‘ ‘‘Physicists were perfectly aware that the assumption (i.e., probe 
voltage equals space potential) was at fault. The general frame of mind seems 
to have been that the error was somewhat disquieting, probably trivial, but 
at any rate unascertainable,” and ‘‘...it was Langmuir who first effectively 
realized that this complex behavior of probes in plasma may be tumed to advan- 
tage; the ‘error’ of the sound probe becomes a benefit, the uncertainty about 
the space-potential becomes a certainty, and in the course of the analysis one 
finds out many things about the plasma which earlier workers never hoped 
to know.” 

In the second paper, the ideas expressed in the first paper are expanded 
to fully explain the current to a negative probe as being due to the random 
positive-ion current of the plasma, and to develop the proper space-charge 
current-voltage relation using the Langmuir-Childs relation. Schottky® had 
made similar experiments, using the insulated tank of a large mercury-arc 
rectifier, but had misinterpreted the currents as being due to photoelectric 
emission. Langmuir shows the Schottky results are entirely explained by the 
Positive-ion theory. He also shows how heating of the walls of the tube are 
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due to this positive-ion current. This paper also introduces his theory of the 
mechanism of the cathode spot on a cold metal, such as the mercury pool. 
It was proposed that the electron emission was produced by the intense electric 
field caused by the positive-ion space charge. This theory, with various modifi- 
cations, is today considered a basic concept; not proved, but highly probable, 
in the still poorly understood phenomenon of a cold cathode arc. 

In the third paper Langmuir describes some experiments with a very simple dis- 
charge tube and shows how the Boltzmann relation can be applied to the differ- 
ences in charge density in two regions and the resulting difference in potential ' 
The concept of random current-density is discussed and shown to be very high 
compared to the main or drift current-density. The fourth paper presents some 
miscellaneous experiments on a simple tube in which streamer type discharges 
were observed and the effects of small amounts of tungsten in the argon dis- 
charge. A few years ago the writer constructed, for demonstration purposes, 
a duplicate of the Langmuir tube from the description in this paper. As would 
be expected, every effect described in detail by Langmuir could be duplicated. 
The glowing globules would now be called plasmoids. Incidentally, this is 
the term used by Dr. Langmuir in describing this and similar phenomena 
to the author long before the term was used by others in the published literature. 

The papers by Langmuir and Mott-Smith are classics in the field and repre- 
sent the full development of the Langmuir Probe-Theory with its experimental 
verification. They bring out fully the concept of a maxwellian velocity-distri- 
bution for the electrons in a plasma and the consequent justification of the 
term electron temperature, the proper interpretation of the probe volt-ampere 
characteristic and its use in determining the space potential, electron tempera- 
ture and concentration. In addition the proper techniques for cylindrical and 
spherical probes are demonstrated. In these studies Dr. Langmuir was the 
first to recognize the disturbing effect of the blast of mercury vapor from the 
cathode spot on the mercury pool and to eliminate its effect by placing a conical 
baffle over the pool as shown in Figs. 3 and 6 of Part II. The tube shown in 
Fig. 3, was recently reconstructed in the G.E. Research Laboratory’s Glass 
Shop from the original drawing of Mott-Smith and given to the Smithsonian 
Institute. The paper ‘““The Theory of Collectors in Gaseous Discharge” (with 
H. Mott-Smith) is devoted to completing the derivations of the probe equa- 
tions and their extension to new cases. Special attention is given to various 
velocity distributions and to particle motion and reflection in the space charge 
region surrounding a probe. Typographical errors in Eqs. (28a), (36a), (77) 
and (78) should be noted. 

. His paper on ‘‘Electrical Discharges in Gases at Low Pressure”, published in 
Sept. 1927, is an interesting review of plasma and probes, with a more general 
discussion of phenomena observed in the low pressure discharges. The ‘‘ther- 
mal”’ probe he had developed to compare with the ‘‘Langmuir probe” is dis- 
cussed. With these probe techniques he shows that the potential gradient of the 
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Faraday dark space of the glow discharge is often reversed and that the anode 
drop is negative if the anode is of large area. He shows that this negative anode- 
drop is necessary when the anode is so large as to collect more electrons from 
the random current density than the circuit requires. Here also is discussed 
the mystery of how the electrons of a beam in a plasma are given their higher | 
velocity components, i.e., converted into a maxwellian distribution of velocity 
in the plasma and the strange fact that although the walls receive only the fast 
electrons, the probe characteristics show no defficiency of these electrons. 
No firm conclusion was reached and this has become known as the Langmuir 
Paradox®. His “‘field” theory of maintenance of the cathode spot on a cold 
metal surface is further developed, with application to arc-back in mercury 
arc rectifiers. 

The use of grids, which have all the characteristics of the probe he had 
studied for so long, to control the flow of current in a hot cathode arc tube 
is presented in the joint paper with Dr. Hull, the senior author and inventor 
of the thyratron tube. According to Dr. Langmuir’s notebook, the name thy- 
ratron was suggested for the grid-controlled arc-tubes by L. Hawkins prior 
to May 1923. It is evident that this practical tube, together with the problems 
presented by the engineering applications of the mercury-pool rectifier, had 
much to do with Langmuir’s starting the probe studies to explain the phenom- 
ena involved. 

His paper on ‘‘Electrical Discharges in Gases at Low Pressure”, published 
in 1932, is actually an excellent introduction to the chronologically earlier paper 
on “General Theory of the Plasma of an Arc”, published in 1929. The latter 
very important paper, for which Dr. Tonks is the senior author, was placed 
by the editors of this series in the following volume because of its difficulty. 
This paper also introduces the concept of plasma oscillation which is to be 
found in detail in the following volume. It is evident here that Langmuir had 
come to believe the plasma oscillation had some influence on producing the 
velocity distribution of the electrons. In the earlier paper he had doubted 
that this could be the case. The relatively recent studies of Gabor® have shown 
that coherent oscillations, of plasma resonance frequency, apparently develop 
in the space-charge zones. By a sort of klystron type velocity modulation of 
the reflected electrons, the deficiency in high energy electrons is made up. 

The last three papers of this volume are review articles, the first being more 
of an educational nature for the growing group of engineers and technical 
workers using electronic devices; while the last two, in which Langmuir and 
K. T. Compton alternate as senior authors, are highly scientific. The last two 
Papers quickly became and have remained the classic review articles of the 
field. Actually their title is better served by the subtitles ‘Survey of Funda- 
mental Processes” and ‘‘Fundamental Processes in Electrical Discharges”, 
since there is little on gas discharges as such. They are a fitting choice for the 
conclusion of this volume. 
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It would be presumptuous and futile to attempt, in the limited space available, 
a suitable review of the present state of the science of plasma physics. It is 
sufficient that it is the principal concern of two active divisions of the American 
Physical Society, namely the Division of Plasma Physics, and the Gaseous 
Electronics Conference of the Division of Electron Physics. The probe tech- 
niques Dr. Langmuir developed are still the basis for examining low pressure 
discharges and the concepts he developed are entirely valid although new tech- 
niques using microwaves serve to supplement the Langmuir Probe, and in 
many cases are more readily applied. Unfortunately, no really good technique 
has been developed for determining electron densities and temperatures in 
discharges where the electron densities are much in excess of 10'% cm-%, nor 
have entirely suitable methods been developed for the high-pressure discharges. 


J. D. Cosine 
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POSITIVE ION CURRENTS FROM THE POSITIVE 
COLUMN OF MERCURY ARCS 


Science 
Vol. LVIII, No. 152, October (1923). 


A NEGATIVELY charged auxiliary electrode in the path of a mercury arc (as in 
a mercury rectifier) takes a current which is practically independent of the im- 
pressed voltage even if several hundred volts be employed. This current, which 
is usually a few milliamperes per cm?, might conceivably be due either to emis- 
sion of electrons from the electrode (as for example by photoelectric effect) 
or to positive ions taken up by the negative electrode. By placing in the ionized 
gas a negatively charged grid completely enclosing a positively charged electrode 
it is found that the current to the positive electrode may remain nearly zero 
although the positive current of many milliamperes flows to the grid. This 
proves that the currents are due almost wholly to positive ions taken up by 
the negative electrode, since electrons from the grid would pass to the positive 
electrode. 

Why are these positive ion currents so nearly independent of the voltage? 
The explanation seems comparatively simple and is in excellent accord with 
experiment. 

Electrons are repelled from the negative electrode while positive ions are 
drawn towards it. Around each negative electrode there is thus a sheath of 
definite thickness containing only positive ions and neutral atoms. The thickness 
of this sheath can be calculated from the space charge equations used for pure 
electron discharges. Since mercury ions are 2001848 times heavier than 
electrons, the currents carried with equal voltage will be 200 x 1848 or 608 
times smaller. 

Thus X the thickness (in cm) of the sheath in the case of a plane electrode 
receiving positive mercury ions with a current density 1/A, (amperes per cm?) 
can be calculated from the equation? 


i 2.33x10-* Vs 


A 608 x? 


where V is the potential of the electrode with respect to the surrounding gas. 
With a current density of ten milliamperes per cm? the thickness of the sheath 





» Langmuir, Phys. Rev. 2, 450 (1913). 
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is thus only 0.02 cm with 100 volts on the electrode; and 0.0035 cm with 10 
volts. 

Electrons are reflected from the outside surface of the sheath while all positive 
ions which reach the sheath are attracted to the electrode. A change in the 
negative voltage of the electrode from 10 to 100 volts thus only changes the 
sheath thickness from 0.0035 up to 0.02 cm and since this displacement of 
the edge of the sheath is small compared to the free path of the electrons or 
ions, and the dimensions of the tube, it follows directly that no change occurs 
in the positive ion current reaching the electrode. The electrode is in fact per- 
fectly screened from the discharge by the positive ion sheath, and its potential 
cannot influence the phenomena occurring in the arc, nor the current flowing 
to the electrode. 

With cylindrical electrodes of diameters comparable with the thickness of 
the sheath, the variation of the sheath diameter with the voltage causes the 
effective collecting area for the ions to change so that the currents are not strictly 
independent of the voltage. This conclusion affords a crucial test of the correct- 
ness of the theory, especially since electron emission would follow entirely 
different laws. The positive ion current flowing to the electrode should be pro- 
portional to the area of the outside of the sheath, or in other words to its dia- 
meter. This can be calculated by means of the space charge equation for con- 
centric cylinders. For positive mercury ions this becomes 


i 14.69 Ve 
T= 608 10 a 
where L is the length and r is the radius of the cylindrical electrode and £ is 
a function of a/r where a is the radius of the outside of the sheath. The method 
of calculating this function has been given? and a table of its value as a function 
of a/r will appear in a forthcoming number of the Physical Review. 





Electrode radius 0.0635 cm Length 6.2 cm 














| I : - I 
Volts | _ obs. | 8 3 cal. 
ma ma 
j 
40 0.31 | 1.40 2.58 0.308 
60 0.16 =| 1.77 3.06 0.366 
80 0.40 | 2.05 3.43 0.410 
100 0.46 2.26 3.72 0.443 
140 0.52 | 


2.74 | 4.39 0.524 





The experimental data have confirmed the theory by showing that a small 
diameter of the collecting electrodes and low intensities of ionization cause 
an increased variation of current with voltage, both of these factors tending 
to make the sheath diameter large compared to the electrode diameter. 


® Langmuir, loc. cit. 
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The foregoing typical experimental data were obtained with a glow discharge 
in mercury vapor using a hot tungsten cathode emitting 30 milliamperes. The 
conditions were such as to give a rather weak ionization, but the results are 
quite comparable with those observed in the portions of a mercury arc tube 
where similar ionization occurs. 

The last column gives currents calculated on the assumption that they are 
proportional to the values of a/r in the 4th column as they should be by the 
theory. It is seen that the agreement with the currents in the 2nd column is 
within the probable experimental error. 

The positive ion currents flowing into the sheath in this case correspond 
to a current density of 49 microamperes per cm*. With the more intense ioniza- 
tion in a five-ampere mercury arc rectifier, positive ion current densities of 
about 30-60 milliamperes per cm? are obtained and these currents, because 
of the small thickness of the sheath, are much more nearly independent of 
the voltage even if the electrodes are of small diameter. 

This theory, for reasons which can not well be stated in a brief note, leads 
to the following conception of the positive column of the mercury arc (and 
of glow discharges in general). 

The glass walls of the discharge tube become negatively charged and repel 
(or reflect) all but a very minute fraction of the electrons that move towards 
the walls. Since electrons in general make elastic collisions with mercury atoms, 
the motion of the electrons is in random directions, almost as many electrons 
moving against the potential gradient in the arc, as with it. Thus an apparent 
current density of one ampere per cm? in an arc is to be regarded as consisting 
of an electron current of perhaps 20 amperes per cm in one direction and a 
similar current of 19 amperes per cm? in the opposite direction. The positive 
ion currents, because of the large mass of the ions, are many hundreds of times 
smaller (10 to 60 milliamperes per cm*). The positive ions, in general, lose 
a great part of their energy in each collision with the atoms, and thus behave 
as though all collisions were inelastic. 

Few, if any, of the ions move against the potential gradient, but by collisions 
with atoms they are thrown against the glass walls before having travelled more 
than one or two free paths, these paths usually being comparable with the dia- 
meter of the discharge tube. Enough electrons pass to the walls to neutralize 
the charges of the positive ions and in doing so liberate in the form of heat, 
an energy corresponding to the ionizing potential 10.4 volts. Thus a positive 
ion current density of 10 milliamperes per cm* generates a heat of over 0.1 
watt per cm, This accounts for the influences of the size of the tube on the 
voltage drop in the arc. 

A more complete discussion of these conclusions will be published in the 
November number of the G. E. Review.* 








* [Epiror’s Nore. This discussion is given in the following paper. 
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POSITIVE ION CURRENTS IN THE POSITIVE COLUMN 
OF THE MERCURY ARC 


General Electric Review 
Vol. XXVI, November (1923). 


WHEN a mercury arc passes through a tube of uniform diameter, as in the side 
arms of a mercury rectifier or in a mercury vapor lamp, the tube is filled 
with a uniform glow whose intensity depends on the current density and the 
mercury vapor pressure. Practically the whole of the discharge, except in close 
proximity to the two electrodes, is of the type usually referred to as the po- 
sitive column. 

If an auxiliary electrode of small size is placed in the path of the discharge 
and connected to an electrometer or potentiometer, it is found that it acquires 
a definite potential, which in accordance with common practice we may pro- 
visionally assume to be that of the gas surrounding it, and, for convenience, 
we will refer to as zero potential. If the electrode be charged positively to 
one or two volts, a relatively large current of electrons flows to it from the 
gas, so that it becomes an anode sharing the current with the main anode. 
If the electrode be negatively charged, the current to it reverses in direction, 
but only a relatively small current flows, which increases, in general, slowly, 
if at all, when the negative voltage is raised to several hundred volts, thus 
behaving as if it were a saturation current. This current must result from 
a flow of positive ions to the electrode (out of the gas) or an emission of 
electrons from the electrode (or from both phenomena). Such electron emis- 
sion might conceivably be photoelectric emission caused by the intense ultra- 
violet radiation or it might result from the impact of positive ions against 
the electrode (delta rays). 

Numerous experiments in this laboratory, especially with caesium ions 
from a genode* have proved that positive ions impacting on a surface with 
velocities up to 300 volts do not cause appreciable electron emission; but 
the following direct experiments have proved that positive ion bombardment 
and photoelectric effect cause only very little electron emission from an auxi- 
liary electrode in a mercury arc under the foregoing conditions. 


[Epitor’s Note: A similar paper was published in Science 58, 290 (1923).] 
* Langmuir and Kingdon, Science 57, 58 (1923). 
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A 5-amp. mercury arc was made to pass through a 1-in, tube from a cathode 
compartment into a 5-in. spherical glass bulb which was provided with 
several electrodes, one of these serving as the main anode. Reaching into 
this bulb was a graphite anode, A, 1/4 inch in diameter, surrounded by and 
entirely enclosed within a cylindrical grid, B, made of 10-mil molybdenum 
wires with 30-mil spacing. When A and B were connected together and char- 
ged negatively, a current of 17 milliamperes flowed, which increased only 
about 10 per cent when the voltage was changed from 10 to 125. 

With B at —20 volts electrons flow readily to A if this electrode is char- 
ged positively, a current of an ampere being obtained with only a few volts. 
But a negative potential of 40 volts or more on B keeps electrons from passing 
through the grid, so that practically no current flows to A even if several 
hundred volts (positive) be applied to this electrode. More careful measure- 
ment, however, shows that the current to A is not zero. For example, with 
—60 volts on B and +60 volts on A, a current of 0.094 milliamperes of electrons 
flowed to A while the current to B was 17 milliamperes: the same as that pre- 
viously observed to A+B when these were both negative. The current to 
A is probably due to electrons which are emitted photoelectrically from B 
and which are then drawn over to A by the strong accelerating field between 
these electrodes, This conclusion is confirmed by the fact that the current 
to A remains almost absolutely constant when the voltage on B is changed 
from —60 to —120, or the voltage on A is changed from +60 to several 
hundred or even thousands of volts.* 

More than half of all the electrons emitted from B should pass to A when 
A is strongly positive. The fact that the current flowing to B was 180 times 
that flowing to A proves definitely that the current to negatively charged electro- 
des is carried by positive ions. 

At first sight it appears improbable that a positive ion current from an 
ionized gas should be independent of the voltage. The explanation, however, 
is very simple. Consider, for example, a uniformly ionized gas in which there 
are swarms of electrons and ions moving in random directions with velocities 
corresponding to a fall through a potential of say one volt. Assume that each 
unit of volume contains equal numbers of positive and negative charges 
(a condition that must always be approximately fulfilled in the positive 
column). Then through each square cm of an imaginary plane surface there 
flows a certain current of electrons corresponding to a current density J_. 
Similarly there is a current density of positive ions which we may denote 
by I,. The ratio between J_ and J, is thus the same as the ratio of the 
velocities of the ions, which is the inverse ratio of the square roots of the 
masses of the charged particles. Since the mercury ion is 200 x 1848 times 
heavier than the electron we see that J_ is 608 times as great as I,. 


* The mercury vapor pressure in this experiment was 0.0025 mm so that very few ions 
were formed by collision by electrons passing between electrodes A and B. 
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Instead of an imaginary plane, let us now consider the case of an electrode 
having a plane surface. If this electrode is electrically insulated and is ori- 
ginally at zero potential (same potential as the surrounding gas), it at first 
takes up 608 times as many electrons as positive ions, and thus becomes 
more and more negatively charged, until the number of electrons it receives 
no longer exceeds the number of. positive ions. Under the conditions we have 
assumed, with electrons having a velocity corresponding to 1 volt, the electrode 
cannot acquire a negative voltage greater than 1 volt, for if it did it could not 
receive any electrons at all, although it would continue to receive positive 
ions. 

Let us now assume that the plane electrode be charged to a negative po- 
tential of 100 volts. Electrons will therefore be prevented from approaching 
close to the electrode, whereas positive ions will be drawn towards it. There 
will therefore be a layer of gas near the electrode where there are positive ions, 
but no electrons, and in this region there will therefore be a positive ion space 
charge. The outer edge of this sheath of ions will have a potential of —1 
and the positive ions pass through this outer edge with a velocity corresponding 
to 2 volts. 

Pure electron discharges are well known in which the current is limited 
by space charge. Between parallel plane electrodes, separated by the distance x, 
the maximum current density J that can flow with the difference of po- 
tential V between the electrodes is given by 


1-¥YEe 


where e is the charge of the electron and m is its mass. If V is expressed 
in volts, x in centimeters, and J in amperes per square centimeter, this equation 
becomes 


3/2 
1= 233x102 
x 





(2) 


Equation (1) is applicable also to currents carried wholly by positive ions 
if we substitute in the equation the mass of the positive ion in place of the 
mass of the electron. With mercury ions, therefore, the currents given by 
the space charge equation are 608 times smaller than in the case of correspon- 
ding electron currents. 

We can now calculate the thickness of the sheath of positive ions in case 
of any given current density and voltage. For example, let us assume that 
a plane electrode, charged to a negative potential of 10 volts, takes up a posi- 
tive ion current of 10 milliamperes per cm?. By substituting these values of 
I and V into the modified equation (2), we find x equals 0.020 cm. On 
the other hand, if the voltage of the electrode were 100 volts, x would be 
0.0035 cm. 
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The thickness of the sheath with current densities of the order of milliam- 
peres per square centimeter, such as those observed in mercury arcs, is there- 
fore extremely small; in fact, very small compared with the mean free path 
of the electrons and ions (1 to 5 cm). Whether the voltage on the electrode 
is 10 volts or 100 volts, all the electrons that reach the outer edge of the sheath 
are reflected back into the ionized gas and alll the positive ions that reach this 
edge of the sheath move towards the electrode and are absorbed by it. The po- 
tential of the electrode has no effect on the potential distribution in the ioni- 
zed gas beyond the edge of the sheath, and since the displacement of the 
edge of the sheath by changing the potential from 10 to 100 volts is entirely 
negligible compared to the dimensions of the discharge tube, it is clear that 
the number of positive ions that reach the edge of the sheath is also in- 
dependent of the potential on the electrode. 

Thus, the current density of positive ions flowing to a plane electrode measu- 
res directly the positive ion current density in the discharge which we have 
denoted by I,. 

Schottky! has observed currents up to 70 amperes flowing to the iron 
case of 600-amp. mercury arc rectifier, and he found that these currents were 
absolutely independent of the negative voltage applied to the case. The cur- 
rent densities obtained ranged from 1 to 10 milliamperes per cm*. Schottky 
attributed these currents to photoelectric effect and has developed a theory 
of the positive column of the mercury arc totally different from that here 
described. All of the experimental facts observed by Schottky, however, are 
in agreement with the present theory of positive ion currents. The remark- 
able constancy of the currents, which constituted the main reason that Schottky 
considered them to be photoelectric, is seen, in fact, to follow of neces- 
sity if the currents are positive ion currents. 

A crucial test of the theory is afforded by the behavior of small, cylindrical 
electrodes, such as wires, introduced into the path of the discharge. With 
plane electrodes, the increasing thickness of the sheath with increasing voltage 
does not change the effective area over which the positive ions are collected; 
but, in the case of small cylindrical electrodes, the increasing thickness of the 
sheath may cause a very appreciable increase in the effective collecting area. 

For example, consider a small wire at a certain negative voltage in an ioni- 
zed gas. The diameter of the sheath may be twice the diameter of the wire 
itself, and the collecting area, therefore, is the area of the outside of the sheath, 
for all positive ions which reach the edge of the sheath must fall into the 
electrode. If the negative voltage of the wire is increased, the thickness of the 
sheath increases, and at a certain voltage, the sheath will have a diameter 
say three times that of the wire. The current to the wire thus increases with 
the voltage in proportion to the diameter of the sheath. 


1 Wissenschaftliche Veroeffentlichungen des Siemens-Konzern. 11, p. 252 (1922). 
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This theory can be tested quantitatively, because it is possible to calculate 
the diameter of the positive ion sheath by means of the space charge equ- 
ations. The current ¢ of positive mercury ions flowing between concentric 
cylinders is given by the equation 

t  14.69x10-* V2 (3) 
L 608 rp? 


where r is the radius and L the length of the electrode which collects the posi- 
tive ions, and f is a function of a/r, a being the radius of the sheath. The 
function B has previously been calculated and tabulated' for the case that 
the charged particles move from an inner to an outer cylinder. For the in- 
verted case of motion inwards from the outer cylinder, the same method 
of calculation may be used. Tables of this function 8 for the inverted case will 
appear in a forthcoming number of the Physical Review. Determinations of 
the positive ion currents have been made with cylindrical electrodes of several 
different diameters and with various intensities of ionization in the mercury 
vapor. Tables I, II, III and IV give a few typical results. : 

The first column gives the negative voltage on the electrode. The second 
column contains the observed current in milliamperes. The third column gives 








Taste I 
5-ampere Arc in 5-in. Spherical Bulb. Mercury Vapor Pressure, 0.016 mm 
Cylindrical Collecting Electrode: r = 0.95 cm; L = 5.7 cm 











I | 1, 
1 says, “ne. 

V Milli- Milliamp. B ae | Milliamp. 
Volts amp. per | Pet 
cm? | cm* 
16 11.9 0.350 | 0.0283 1.028 0.340 
35 12.5 0.368 0.0497 1.050 0.350 
102 13.0 0.382 | 0.1086 1.110 0.347 

Tape II 


4.4-ampere Arc in 5-in. Spherical Bulb. Mercury Vapor Pressure, 0.027 mm 
Graphite Collecting Electrode: r = 0.32 cm; L = 3.2 cm 





i 
4 Milliamp. | if | B | alr | 1, 
3.8 0.60 | 0.094 0.055 1.056 0.089 
13.7 0.65 | 0.102 0.137 1.139 0.0895 
28.6 0.72 | 0.113 | 0.226 1.231 0.092 
58.5 0.77 0.122 | 0.374 1.388 0.088 
127.2 0.92 0.148 | 


0.614 1.650 0.0897 





1 Langmuir, Phys. Rev. 2, 450 (1913) and Physik. Zeit. 15, 348 (1914). 
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Taste III 
9-ampere Arc in Tube 3.2 cm Diameter. Collecting Electrode: r = 0.0038 cm; 
L=1.59 cm 
i | 
v Milliamp. | i B alr 1, 
3 | 3.00 78.9 | 0.132 1.134 69.6 
8 | 3.30 86.9 0.264 1.271 68.4 
18 | 3.70 | 97.3 0.459 | 1.480 65.7 
28 4.20 Hl 110.5 0.597 1.631 67.7 
53 5.00 | 131.5 0.884 1.958 67.2 
78 5.58 | 147.0 | 1.120 2.237 65.7 
Tasie IV 


Discharge in Tube with Hot Tungsten Cathode. Voltage of Anode, 50; Current 
to Anode, 0.010 Ampere. Collecting Electrode: r = 0.0063 cm; L=1.9 cm 
Mercury Vapor Pressure, 0.012 mm 


























: I 
1 ons 
V Micro- ar B alr I, 
amp. cmt 
36.2 
10 51.0 0.483 2.52 4.09 0.118 
20 61.0 0.680 3.57 5.65 0.120 
30 67.5 0.814 4.42 7.03 0.116 
40 0.900 5.21 8.40 0.107 
60 80.0 1,068 6.49 10.8 0.099 
80 88.0 1.175 7.67 13.2 0.089 
100 96.0 1.280 8.69 15.3 0.084 
120 102.0 1.36 9.66 17.5 0.078 





the current density at the surface of the electrode as observed. The fourth 
column gives the value of 6 which is calculated from equation (3) by sub- 
stituting in it the values of V (column 1) and # (column 2), together with L, 
the length of the cylindrical electrode, and r the radius of the electrode as 
given at the head of each table. Column 5 contains the value of a/r calculated 
from the function 8 (column 4) by means of the tables that are to appear in 
the Physical Review. Column 6 gives the positive ion current density at the 
outside surface of the sheath. This is calculated from the current density on 
the electrode itself (column 3) by dividing the latter figure by a/r (column 5), 
since the ratios of the current densities at the outer and inner edges of the sheath 
must be inversely proportional to the respective radii. 

An inspection of these tables shows that the current density varies with 
the voltage in exactly the manner predicted by the theory. Thus with a large 
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diameter electrode, as in Table I, the variation of ¢ with voltage is slight, since 
the diameter of the sheath is relatively only slightly greater than that of the 
electrode. But with small electrodes, the variation in current with voltage may 
be very considerable, as, for example, in Table IV, where the current increased 
17.5-fold when the voltage was raised from 10 to 120. 

The variation of the current with the voltage is, moreover, not a question 
merely of the diameter of the electrode, but depends upon the relation between 
this diameter and the intensity of the ionization. Thus, if J, is very small, the 
diameter of the sheath will be large, whereas if I, is large, the sheath diameter 
will be smaller. With a cylindrical electrode of given diameter, the variation 
of the current with voltage is greater when J, is small than when J, is large. 
The experimental data are seen to be in agreement with this, as shown by com- 
parison with Tables III and IV. 

According to the theory outlined above, the values of J, should be inde- 
pendent of the voltage. That this comes out to be the case is conclusive proof 
of the correctness of the theory. 

With wires of such small diameter, or with such low intensities of ioniza- 
tion that a/r is very large (for example, more than about 5) the value of J, is 
found to decrease somewhat with increasing voltage. This variation of I, does 
not indicate any failure of the general theory as outlined, but is, in fact, to be 
expected, because of assumptions made in the derivation of the function 8 (a/r). 
In this derivation it was assumed that the charged particles moving from an 
outer cylinder to an inner cylinder move exclusively in radial directions. When 
the ratio between the outer and inner cylinders is not very great, this assumption 
is well fulfilled under ordinary conditions, but, when the ratio between the 
diameters is large, even very small tangential velocities of the particles passing 
through the outer edge of the sheath cause them to form orbits about the small 
inner cylinder instead of striking it directly. The space charge effects are thus 
exaggerated and the resulting current becomes less than that calculated on 
the assumption that the motions are exclusively radial. These effects have been 
observed experimentally with pure electron discharges, and it is therefore not 
surprising that the same kind of effect should be observed, and should cause 
similar discrepancies, in the case of positive ion discharges. 

The glass walls of a mercury arc tube should become negatively charged 
by taking up electrons in exactly the same way as an insulated electrode. All 
positive ions which move towards the glass walls should therefore strike the 
walls and be absorbed, and an equal number of electrons should thus pass to 
the walls to neutralize these positive charges. Since the electron current density 
I_ must be several hundred times J, all but one out of several hundred elec- 
trons which move towards the walls must be elastically reflected. 

A rather similar state of affairs also exists in the interior of the arc path, 
for, in general, electrons make elastic collisions with mercury atoms, whereas 
mercury ions, being of the same mass as mercury atoms, must lose on the ave- 
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rage about one quarter of their energy on each collision. Since the mean free 
path in the ordinary mercury arc tube is comparable with the diameter of the 
tube, each positive ion must reach the wall of the tube and be absorbed before 
it has made more than a very few collisions with mercury atoms. Under normal 
conditions it also follows that very few mercury ions move in a tube in a direc- 
tion against that of the potential gradient. 

The electrons, on the other hand, because of their elastic collisions with 
the mercury atoms and with the walls, must move in very crooked, or random 
paths, so that there must be nearly as many electrons moving against the po- 
tential gradient as moving with it. 

Stark! determined the current flowing between two small exploring elec- 
trodes in the path of a 3-amp. mercury arc in a tube 2.3 cm in diameter. The 
first two columns of the following Table V contain the data giving the current 
as a function of the voltage, this voltage being measured with respect to a third 
electrode carrying no current. 








TABLE V 
3.1-ampere Arc in Tube 2.3 cm Diameter. Collecting Electrode: r = 002 cm; 
L=030 cm 
ig i ial ieee aon 7 . 
v | Milliamp. | i Ss i eae ‘3B L . alr Ne BG 
4.0 | 135 | 359 0.0463 | 1.046 344 
6.0 1420 | 378 =| 0.0612 | = 1.062 35.6 
86 | 1.47 391 | 0.0787 | 1079 | 36.2 





It is seen that the currents vary with the voltage in the way expected from 
this theory and these data indicate that the value of J, in an ordinary mercury 
arc is of the order of 35 milliamperes per cm*. Thus, through a given cross-sec- 
tion of the tube, about 20.75 amperes of electrons flow in the direction of the 
potential gradient, and about 20 amperes in the opposite direction, the obser- 
ved current of 0.75 amperes per cm? being the difference between these two. 

The presence of such large numbers of electrons with random motions 
explains why it is that a glow from an arc spreads into a side arm a considerable 
distance, even if no current flows into the side arm. 

The positive ions which strike the glass walls combine with electrons, and 
must generate on the walls an amount of heat which may be large compared 
to that carried to the wells by the mercury atoms. Giinther-Schulze has attem- 
pted to calculate the temperature of the mercury vapor in a mercury arc by 
measuring the heat which flows to the walls. Considering that the ionizing 
voltage of mercury is 10.4 volts, whereas the energy of thermal agitation at 


1 Restschinsky and Schaposchnikoff. Annalen d. Physik 18, 212-251 (1905). 
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room temperature corresponds to 0.03 volt, it is clear that relatively few posi- 
tive ions might cause considerable heating of the walls. As a matter of fact, 
the heating of the walls observed by Giinther-Schulze in typical instances 
corresponds to positive ion current densities of 10-20 milliamperes per cm? 
striking the walls, which is of the same order of magnitude as that observed 
on negatively charged electrodes in the arc. 

Considerations similar to those outlined in this article have led to a new 
theory of the mechanism of the cathode spot, by which the thickness of the 
cathode layer is about equal to the mean free path of the electrons in the vapor 
above the cathode spot and is also determined by positive ion space charge, 
the positive ion current being of the order of magnitude of half the total cur- 
rent. The potential gradient at the surface of the mercury is thus found to be 
so great that it is probable that the electrons escape from it by being pulled 
out of the relatively cold metal by the intense electric field, in accordance with 
a theory suggested by Schottky. This theory will be described in more detail 
in a subsequent issue of this magazine. 
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A SIMPLE METHOD FOR QUANTITATIVE STUDIES 
OF IONIZATION PHENOMENA IN GASES 


With H. A. Jones as co-author 
Science 
Vol. LIX, No. 1530, April (1924). 


DirecT measurements of the free paths of electrons in gases and a great deal 
of other quantitative information regarding the mechanism of ionization may 
be obtained from a simple type of tube which contains no grid. A straight tung- 
sten filament, f, is mounted in the axis of a cylindrical electrode, c. Fitting within 
the ends of the cylinder, but without touching it, are two end plates, a and b with 
their planes perpendicular to the axis of the cylinder. The filament f whose 
effective length is the same as the distance between the end plates, passes through 
small holes in the centers of these plates. In most of the experiments the cylin- 
der has been 4 cm long and 3.2 cm in diameter. 

As an example, let the tube contain mercury vapor at a pressure of 200 bars 
(0.15 mm). Apply a potential of +100 volts to a and —10 volts to ¢ and 4, these 
being measured from the negative end of the filament. Heat the filament to 
a temperature at which it emits 10 milliamps of electrons. A positive ion cur- 
rent of 19 m.a. is collected by ¢ and this current, which is independent of the 
negative potential applied to c, is a measure of the positive ion current density 
(0.51 m.a. per cm*) within the ionized gas.1 The positive ion sheath covering 
the inner surface of the cylinder is only 0.9 mm thick. 

Taking into account the relatively large masses of the mercury ions, it can 
be shown that the average velocities of the ions in the ionized gas must be less 
than 3x 10° cm per sec and from this it may be calculated that the number 
of ions per cm* must exceed 6X10" which is about 4000 times as great as 
the average density due to the primary electrons from the filament. 

The low speed electrons produced by ionization accumulate within the gas 
until this positive ion space charge is nearly neutralized. The ‘‘electron current 
density” in the gas (in all directions!) is then about 640 m.a. per cm? which is 
180 times greater than the actual current density to the anode a. The anode 
must, therefore, be negative (actually about 6.5 volts) with respect to the gas, 
t.e., the anode drop is negative. The anode (at +100 volts!) thus collects as 
many positive tons as a similar electrode (say b) at —50 volts. 


» Langmuir, Science 58, 290 (1923). 
(13) 
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The conductivity of the ionized gas, calculated from well-known mobility 
equations, is so high that a current of 10 m.a. can flow the length of the tube 
without causing a drop in potential of more than 0.1 volt. The positive ion 
density, because of the greater primary electron current density, must increase 
as we pass to points nearer the axis of the cylinder. There must be correspon- 
ding differences in the electron densities and these must be brought about by 
the development of potential differences in these regions whose magnitude 
can be calculated by the Boltzmann equation. 

Ve. 
@ = ae" 


where V is the potential difference in volts between two regions in which the 
electron densities are 9 and g, respectively. The constant e/k has the value 11,600 
degrees per volt; and T is the temperature corresponding to the electron velo- 
cities (15,000° in the case we are considering). 

There is thus within the ionized gas a radial field (about 1 volt difference 
of potential) which tends to accelerate the positive ions outwards towards c, 
even if ¢ is made the anode. This probably explains the fact that the density 
of the positive ion current collected by ¢ is usually 2 to 4 times as great as that 
to b (both electrodes being at negative potentials). In the example considered 
the ion current to b was 1.7 m.a. and we may assume that an equal current 
of ions was collected by the anode. Calculation from the space charge equations 
shows that the ion current to the filament cannot have exceeded 0.7 m.a. 
The total ion current to all electrodes was therefore 19+2x1.7+0.7 or 
23.1 m.a. and these ions were produced by the action of 10 m.a. of primary 
electrons. Thus 2.31 ions were produced by each electron. Let us denote this 
ratio by B. 

The primary electrons from the filament are strongly accelerated within 
the sheath around the filament so that when they have traveled a distance equal 
to the thickness of the sheath (0.4 mm) they have acquired the full velocity 
corresponding to the cathode drop (107.5 volts in our example). They then 
move in strictly radial directions with constant velocity until they collide with 
atoms or reach the edge of the sheath on the cylinder c. In this latter case they 
penetrate a certain distance within the sheath, but are exposed to a retarding 
field and if c is at a negative potential they are all thrown back out of the sheath, 
and again move in a radial direction with the original velocity. The electrons 
thus continue to move back and forth without loss of energy until they collide 
with atoms or reach the anode because of longitudinal velocities arising from 
geometrical imperfections in the tube. 

If the cylinder ¢ is brought to a positive potential the retarding field in the 
sheath is no longer able to prevent primary electrons from reaching c. At pres- 
sures low enough for an appreciable fraction y of the electrons to reach the 
collector ¢ without having collided with atoms, there is thus an abrupt and 
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accurately measurable change A in the current to c when the potential is raised 
from negative values to positive values of one or two volts. 

This change A is due to two factors: (1) the electrons taken up by ¢c, and 
(2) the decrease in the ion current resulting from the removal of these electrons.” 
It is readily shown that 

= A 
Y= T—r+B 


where r is the fraction of electrons reaching ¢ which are reflected (about 20 per 
cent in the present experiments) and 8, is that part of 8 which corresponds 
to positive ion current flowing to ¢ when this electrode is negative (8, = 1.9 in 
our example). ; 

The quantity y is related to the mean free path 4 of the electrons by the 
equation 


= eck 


or since the free path is inversely proportional to the pressure p, 
y= eh 


‘Here ¢ is the radius of the cylinder ¢ and A, is the free path at unit pressure. 

The principal source of error lies in the determination of the temperature 
or density of the gas in the tube. To avoid uncertainty of this kind, tubes are 
now used with a metallic deposit on the glass wall of the tube itself, used as 
the collecting cylinder c. 

A study of the current-voltage curves obtained with electrodes a and b gives 
practically full information regarding the number and distribution of velocities 
of the electrons in the ionized gas. The data obtained in experiments with argon 
and mercury vapor permit the recognition of 5 distinct classes of electrons 
in the ionized gas. 

Class I. Primary Electrons from Cathode. — These move radially with con- 
stant velocity. The mean free path A, of 50 volt electrons, in argon at 347°K 
reduced to a pressure of 1 bar, is 69 cm. This free path is practically indepen- 
dent of the energy of the primary electrons between 30 and 225 volts and agrees 
well with that calculated from the kinetic theory from viscosity measurements 
(i.e., 4/2 times the free path of argon atoms). 

Class II. Electrons Scattered through Small Angles by Elastic Collisions. —— 
About 9 per cent of the collisions between 100 volt electrons and argon atoms 
are elastic in the sense that the electrons lose no energy. Over half of these col- 
lisions, however, cause the electrons to be deflected through angles of less 


1 The potential drop along the filament has been eliminated in many of the experiments 
by intermittent heating of the filament with a rotating commutator. 

* This is confirmed by the simultaneous change in positive ion current to b. This changes 
in the ratio 1:1—y. 
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than 8° and practically none of them result in deflections greater than 15°. 
The number of collisions resulting in this small angle scattering decreases from 
about 20 per cent for 30 volt electrons to 5 per cent for 225 volt electrons. 
In mercury vapor no electrons of Class II were observed. 


Class III. Electrons which Suffer a Definite Energy Loss. — About 24 per 
cent of the collisions between 100 volt electrons and argon atoms cause a loss 
of 1341 volt energy to the electron and these electrons are deflected through 
an average angle of about 10°, a few per cent only suffering deflections as great 
as 20°. The fraction of collisions giving Class III electrons varies with the velo- 
city of the primary electrons as follows: 0.26 for 50 volt; 0.21 for 150 volts 
and 0.13 for 225 volt electrons. The energy loss in collisions yielding Class III 
electrons in mercury vapor corresponds to 6.7 volts in agreement with data of 
Eldridge (Phys. Rev. 20, 456 (1922)). They never appear to lose energy corres- 
ponding to the ionizing potential (10.4 volts). About 36 per cent of the col- 
lisions of 100 volt electrons with mercury atoms yield Class III electrons and 
the angular deflections are about the same as with argon. 


Class IV. Secondary Electrons of Moderate Velocity. — These electrons move 
nearly in random directions and have velocities distributed according to Max- 
well’s law corresponding to a temperature T,. The current density I, (through 
any imaginary plane from one side to the other) serves as a measure of the num- 
ber of such electrons. For example, with argon at 44 bars and the anode at 
100 volts, with a primary emission of 10 m.a. I, was found to be 0.12 m.a. per 
cm? and T, was 310,000° which corresponds to an average energy for the Class 
IV electrons of 40 volts. The number of such electrons produced is usually 
considerably smaller than the number of primaries. It is believed that Class IV 
electrons are not a direct result of collisions between primary electrons and 
atoms but are more probably due to photo-electric emission from gas atoms 
due to ultraviolet radiation from atoms excited by primary electrons. In general, 
the velocities and number of these electrons decrease as the pressure is raised 
and increase as the anode voltage is raised. 


Class V. Secondary Electrons of Low Velocity. — These electrons move in 
random directions and with Maxwellian distribution of velocities and have 
average energies ranging from 0.7 volts at high pressures (1000 bars) to 10 
volts at lower pressures (30 bars) and higher voltages (225 volts). The number 
of these electrons per unit volume is several thousands of times greater than 
the number in any other class and it is principally these electrons which neutra- 
lize the positive ion-space charge. 

The total production of electrons of Classes IV and V must equal the rate 
of positive ion production measured by f (8 = positive ions per primary elec- 
tron). The values of B rise from 0 at the ionizing potential about in propor- 
tion to the anode voltage up to about 150 volts and then increase somewhat 
more slowly. The total ionization B increases only slowly with the pressure. 
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Thus with argon and an anode voltage of 100, f is 1.2 at 20 bars, 1.45 at 50 bars, 
1.7 at 100 bars, 1.95 at 300 bars and then decreases at higher pressures probably 
as a result of recombination. With mercury vapor, the values of 8 are about 
50 per cent greater. 

These results indicate that 60 or even 70 per cent of the primary electrons 
lose nearly all of their energy on their first collisions with atoms and the remain- 
ing atoms lose energy less than that needed to produce ionization. Since 2 or 
3 ions may be formed by each electron it appears that the primary process 
involved in ionization by 30 to 200 volt electrons is the production of an excited 
atom or ion which takes up nearly the whole energy of the incident electron. 
Then, by collisions with other atoms, or more probably by radiation, this excited 
atom causes the ionization of several other atoms. 

This mechanism seems essentially different from that postulated in a recent 
paper by R. H. Fowler (Phil. Mag. 47, 257 (1924)). 

The foregoing results confirm nearly all the conclusions drawn by Eldridge 
in his study of the ionization of mercury vapor. 

Experiments are in progress using hydrogen, helium, nitrogen, neon and 
carbon monoxide. 


2 Langmuir Memorial Volumes IV 
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A NEW TYPE OF ELECTRIC DISCHARGE: THE STREAMER 
DISCHARGE! 


With C. G. Founp and A. F. Dittmer as co-authors 


Science 
Vol. LX, No. 1557, October (1924). 


IN CONNECTION with a detailed study of the mechanism of electric discharges 
in argon we have observed some phenomena of remarkable beauty which may 
prove to be of theoretical interest. 

A single loop tungsten filament of large diameter (0.5 mm) is mounted at 
one end of a cylindrical pyrex glass bulb 10 cm in diameter and 15 cm long 
with its axis horizontal. Rising vertically from this bulb is a tube 3 cm in di- 
ameter and 50 cm long which contains at its upper end a disk-shaped anode. 
The tube is exhausted for an hour at 450°C, and the electrodes are freed from 
gas by induction heating and the tube is filled with extremely pure argon at 
a pressure of preferably 2 to 4 mm of Hg. The cathode is heated to about 2500°K 
and +250 volts is applied to the anode through a resistance. By approaching 
one terminal of a high frequency coil to the middle of the glass tube an arc of 
about one ampere is started through the tube, and the voltage difference bet- 
ween anode and cathode falls to about 25 volts. 

The arc then fills the tube with a uniform pale reddish glow showing only 
lines of the red argon spectrum. A transverse magnetic field, from a hand horse- 
shoe magnet with poles 4 cm apart, has practically no effect on the appearance 
of the arc. 

The streamer discharge may now be started by opening the cathode heating 
circuit for one half second, allowing the current to return immediately to its 
former value. This lowers the cathode temperature momentarily and by decreas- 
ing the electron emission causes the voltage across the arc to rise from 25 to 100 
volts or more for perhaps a second. The cathode drop sputters tungsten from 
the cathode in an amount which is estimated to lie between 10-¢ and 10-7 grams. 

This small dose of tungsten vapor has a profound effect on the arc. There 
are at first brilliant blue flashes of light from the lower end of the tube which 
show the tungsten spark spectrum. Simultaneously the arc begins to detach 
itself from the glass walls, starting at the lower end and gradually, in 5 to 15 
seconds, extending up to the anode. 

} Abstract of an address by Irving Langmuir at the Centenary of the Franklin Institute, 
Philadelphia, September 18, 1924. 
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After 30 seconds or so the blue tungsten spectrum disappears and the arc 
quiets down but remains detached from the walls for its entire length. At first 
the arc is 1 to 1.5 cm in diameter and is bounded by a sharply defined luminous 
skin which emits a dull yellow light showing a continuous spectrum. The in- 
terior of the arc is reddish (argon spectrum), but is separated from the yellow 
skin by a dark space 1 or 2 mm thick. 

Sometimes just inside this dark region there is a transient bluish white skin 
of considerable brilliancy which seems to show a mixture of continuous spec- 
trum with the tungsten spectrum. 

After perhaps 1 minute the yellow skin has disappeared and the arc has 
increased so much in cross-section that it seems at first as if it had returned to 
its original condition. 

The arc, however, is now very sensitive to even weak magnetic fields. On 
bringing the horseshoe magnet within 10 to 15 cm of the tube, so as to pro- 
duce a transverse field, the arc is deflected to one side of the tube in the same 
direction as any conductor carrying a similar current. Thus the arc is pushed 
up against the wall of the tube and at the same time the yellow skin reappears 
on the opposite side of the arc, that is on the side which is not in contact with 
the wall of the tube. 

Upon bringing the magnet still closer the yellow skin becomes more brilliant 
and thinner, and then begins in a remarkable way to exhibit many of the charac- 
teristics of a liquid surface. In fact the appearance is strikingly similar to that 
of the surface of water dripping from the under side of a horizontal wet board. 
Little droplets of golden yellow liquid fire form slowly, move irregularly parallel 
to the direction of the surface and then break away and fall, as little spheres 
of light, in a direction perpendicular to the surface (into the arc). By regulating 
the intensity of the magnetic field these droplets, or globules, ranging from 
a few tenths mm up to 5 or 6 mm in diameter, can be made to form slowly 
and detach themselves singly from the skin of the arc. They usually move all 
the way across the arc and disappear when they reach the opposite boundary 
close to the glass wall. But by proper combinations of longitudinal and trans- 
verse field the globules may often be made to move upwards or downwards 
in the arc parallel to its axis for distances of 5-10 cm. The light emitted by 
the globules is nearly white and is enormously more brilliant than that from 
the yellow skin of the arc. 

Under certain conditions the globules have been observed to move very 
slowly so that their motions through the arc could be easily followed by the 
unaided eye. But more often they move at velocities of 10 to 30 cm per second 
and thus appear as brilliant lines or filamentary streamers. As the field is in- 
creased the individual globules follow in such rapid succession along a single 
path that the streamers appear to be continuously visible. With stronger fields 
several streamers with nearly parallel paths are observed and then as the num- 
ber of such streamers increases they join to form beautifully curved luminous 
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surfaces. Finally by the multiplication of such surfaces there may appear to 
be certain regions which have a luminosity distributed throughout a volume. 

By superimposing an alternating component on the direct current fed to 
the anode, or by heating the cathode by alternating current, the streamers or 
individual globules move in sinusoidal paths which reproduce accurately the 
wave shape of the current even at frequencies up to 1000 cycles. Sometimes 
the arc-discharge itself oscillates at frequencies in the neighborhood of 1000 
cycles and the globules then increase and decrease periodically in brilliancy 
so that the streamer due to a single globule appears beaded. 

By ‘‘stroking” the tube up or down with the magnet, the tungsten respon- 
sible for the streamer discharge can be concentrated at will at the upper or 
lower end of the tube. 

All these effects persist for hours as long as the arc current is maintained at about 
one ampere without any necessity for replenishing the supply of tungsten vapor. 

If the arc current is stopped for 5 seconds and re-started without lowering 
the filament temperature, the streamer discharge phenomena persist with only 
a moderate decrease in intensity. But if the arc is allowed to remain out for 
as much as 40 seconds practically all the effects due to tungsten vapor dis- 
appear. To restart the streamer discharge more tungsten must be introduced 
by sputtering tungsten from the cathode or from an auxiliary electrode at high 
negative potential or by vaporizing tungsten from a filament at temperatures 
of 3000°K or more. 

Similar effects can be obtained by sputtering molybdenum, tantalum or 
carbon into the arc, but the phenomena seem to be more striking and more 
persistent with tungsten. 

By focusing a concentrated beam of sunlight into the tube containing a stream- 
er discharge the yellow skin of the arc (or with weak excitation a region just 
outside the yellow skin) scatters light which appears to be completely polarized 
when observed at right angles to the incident light. By this method the skin 
of the arc in presence of a magnetic field can be seen to extend far beyond the 
luminous yellow skin. In the presence of the field there is some light scattered 
from the whole of the non-luminous gas outside the arc, but the intensity increa- 
ses rapidly as the skin is approached. No scattered light is detected from the 
interior of the arc except from the streamers or globules that pass through it 
and these give very intense scattering. 

When a short constriction is placed at a point in the tube carrying the arc 
and particularly when the tungsten has been concentrated in this constriction 
by stroking by a magnet, a brilliant light (continuous spectrum) is emitted 
from a thin skin which remains within a fraction of a mm of the wall even after 
the magnetic field is removed. 

A fairly complete explanation of these phenomena together with quantitative 
data for testing the theory will be published in the Journal of the Franklin In- 
stitute. The following is a brief outline of the theory. 
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The walls of the tube are negatively charged and the tungsten atoms and 
particles in the region outside the arc also become negatively charged and thus 
cannot deposit on the walls. In the arc there is a high concentration of free 
electrons moving in random directions while outside the arc the concentration 
is low. Thus, according to the Boltzman equation (or the Nernst electro-che- 
mical equation), there must be a potential difference between the interior of the 
arc and the surrounding space (the arc being positive). The potential distri- 
bution must therefore be such that the potential gradient is zero at the axis 
of the arc, increases to a maximum near the skin of the arc and again becomes 
small near the walls. Thus from Poisson’s equation near the boundary of the 
arc there must be an electric double layer consisting of an inner sheath having 
a positive space charge and an outer sheath with a negative charge. 

Such a double layer in a gas can only be maintained if the positive ions which 
continually escape through the positive sheath disappear by recombination 
at the inner edge of the negative sheath. The presence of particles (or ions) 
which can take up negative charges will not only bring about such recombi- 
nations but will aid in the formation of the negative space charge. At the boun- 
dary between the positive and negative sheaths negative tungsten ions lose 
their charge and in the neutral state no longer repel one another. They can 
thus condense on one another to form minute solid particles. 

The effect of the magnetic field is solely to produce convection currents 
in the argon due to the non-uniform distribution of current throughout the 
cross-section. The convection currents cause the arc to be carried to one side 
of the tube and cause the non-luminous gas carrying negatively charged tungsten 
ions and particles to flow into the arc on the side away from the wall. At the 
junction between the negative and positive sheaths all the negative ions and 
larger particles lose their charges and become either neutral or positive. The 
neutral atoms and particles then no longer repel one another and thus grow 
to larger aggregates. As these are carried into the positive sheath they are heated 
by the energy set free by the recombination of positive argon atoms and elec- 
trons and are ultimately disintegrated or evaporated by this positive ion bom- 
bardment. The resulting tungsten atoms become positively charged within 
the positive sheath, and migrate under the influence of the electric field in 
the opposite direction to that of the convection current. The tungsten thus 
accumulates at the boundary between the positive and negative sheaths in 
the form of minute solid particles or aggregates. If any transverse motion causes 
more rapid concentration at some places than others the increased recombi- 
nation at these places makes the sheaths more sharply defined and still further 
increases the rate of accumulation of tungsten. When sufficient tungsten 
is present at any place to cause practically complete recombination of the 
positive ions, the skin projects into the arc and then because the direction 
of migration of the particles in the electric field becomes nearly perpendicular 
to the direction of the convection currents, the skin forms a kind of funnel 
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from the narrow end of which the globules break away and are carried at the 
velocity of the convection currents into the body of the arc. 

The structure of a detached globule is thus essentially similar to that of 
the detached arc itself except that it is turned inside out, as can be readily 
understood from its mode of function. : 

Thus we must conclude that the inside of a detached globule is negatively 
charged and that this is surrounded by a positive ion sheath. The tungsten 
is imprisoned inside the globule in the form of solid particles which are 
concentrated particularly at the boundary of the regions of positive and nega- 
tive charge. 

The recombination of ions furnishes the energy for the heating of the particles 
and the maintenance of the electric fields. 

These glowing detached globules seem to have characteristics similar in 
many respects to those that have been described as belonging to ball lightning. 
It is perhaps not certain that ball lightning is anything more than a psycho- 
logical phenomenon, but if it has objective reality it may possibly be due to 
causes similar to those outlined above: the presence of highly ionized gas, 
recombination of ions on catalytically acting solid particles which are held 
within the ball by their charges and the electric field at the surface of the 
ball. 
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STUDIES OF ELECTRIC DISCHARGES IN GASES AT LOW 
PRESSURES 


With Harotp Mortt-Smitu, JR. as co-author 
General Electric Review No, XXVII July-December (1924). 


PART I 


IN A RECENT number of this magazine! it was shown that a great deal of in- 
formation regarding the nature of the mercury vapor arc could be obtained 
by studying the volt-ampere characteristics of auxiliary electrodes or collectors 
placed in the path of the discharge. When the collector is negatively charged, 
it repels electrons from its neighborhood but gathers positive ions. It thus 
becomes surrounded by a positive ion sheath or region which contains a posi- 
tive ion space charge, but no free electrons. The whole drop in potential 
between the ionized gas and the collector becomes concentrated within this 
sheath, the positive space charge on the ions in the sheath being able to neutra- 
lize the effect of the negative charge on the electrode so that the field of 
the collector does not extend beyond the outer edge of the sheath. The num- 
ber of ions taken up by the collector is thus limited by the number that 
reaches the outer edge of the sheath as a result of their proper motions. The 
thickness and thus the area of the outside of the sheath can be calculated 
from space charge equations. The current density over this area measures 
the positive ion current density in the ionized gas. 

In a similar manner it has been found that a positively charged electrode 
of small size becomes surrounded by an electron sheath, and the current, 
under these conditions, is limited by the rate at which the electrons reach 
the edge of the sheath; and in this manner the electron current density in the 
ionized gas may be measured. Because of the small mass and consequent high 
mobility of electrons, the electron current densities in uniformly ionized gases 
are hundreds of times greater than the positive ion current densities. In measur- 
ing electron current densities there is a limit to the positive voltage that may 
be used on the collector, for ionization by collision sets in at a certain voltage 
and the positive ions produced within the sheath neutralize the electron space 


[Evitor’s Note: An abstract of some of this work appears in Phys. Rev. 23, 109 (1924).] 
1 Langmuir, Gen. Elect. Rev. 26, 731 (1923). See also Science 58, 290 (1923) and ¥. Franklin 


Inst. 196, 751 (1923). 


* [23] 
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charge and allow the current to increase indefinitely without further increase 
in voltage. Another difficulty is that the electron currents which flow when 
an electrode is actually positive with respect to the surrounding space are 
frequently so large that they rob the discharge of available electrons and 
therefore cause the space potential to rise in proportion to the electrode 
potential. 

If the collector is at a potential slightly negative with respect to the space, 
electrons may still reach the electrode if they have sufficient velocities to carry 
them against the retarding field which they encounter within the positive 
ion sheath. As the collector is made more negative, the lower speed electrons 
fail to reach the collector, although those with high speed may still reach it. 
The volt-ampere characteristic of a collector therefore gives indications as to 
the distribution of velocities among the electrons in the ionized gas. 

A very common type of velocity distribution is the random type usually 
known as the Maxwellian distribution. When the electron velocities have this 
distribution the current of electrons flowing to any collector at a potential Vs 
which is negative with respect to the surrounding space, is given by the equ- 
ation 


ve 
i=IAe® (1) 


where J is the electron current density in the ionized gas, A is the area of 
the collector, e is the charge on the electron, k is the Boltzmann constant 
(1.372 x 10-° erg per degree), JT is the absolute temperature corresponding 
to the velocity distribution of the electrons, and ¢ the base of the system of 
natural logarithms. If V is expressed in volts the value of e/k becomes 11,600 
(degrees per volt). 


Collector with Retarding Field 


Equation (1) may be derived as follows: In a state of equilibrium and among 
particles which have a Maxwellian distribution of velocities, the ratio of 
the concentrations of the particles in two regions where the potential energies 
of the particles are different is given by the Boltzmann equation 


Smet (2) 


n 


Here n’ and n are the numbers of particles per unit volume in the two regions 
and E is the work which must be expended in bringing a single particle 
from the second region (corresponding to n) to the first region. 

If we consider that the particles are electrons of charge e (4.774 10-° e.s. 
units, or 1.592x10-!® coulombs) and that the first region has a potential V 
with respect to the second region, then E, the work needed to move an 
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electron from the second region to the first, is E = —Ve, so that the Boltzmann 


equation becomes 
n’ we 
‘goto ” (3) 


Let us now consider a negatively charged collector surrounded by ioni- 
zed gas containing m electrons per unit volume moving with Maxwellian velo- 
cities corresponding to a temperature T. Let us also assume provisionally that 
the surface of the collector is a perfect reflector in regard to electron impacts, 
so that all electrons which strike it rebound elastically, and the current to the 
collector is zero. Then it is clear that the presence of the collector will not 
disturb the condition of equilibrium corresponding to the Maxwellian distri- 
bution, and the Boltzmann equation can be used to calculate the electron 
densities within the positive ion sheath enveloping the collector. If V is the 
potential of the collector with respect to the surrounding ionized gas, then 
n’, the number of electrons per unit volume in an element of space right at 
the surface of the collector, is given by equation (3). When V is negative 
the concentration n’ of electrons near the collector is small compared to n the 
concentration in the body of the gas; but the velocity distribution and average 
energy (temperature) of the electrons, according to well recognized thermo- 
dynamic principles, must be the same in both regions. It is true that the 
electrons which reach the neighborhood of the collector have lost kinetic 
energy by moving against a retarding field, but these electrons were not average 
electrons but were those which originally had unusually high velocities. 

Consider an imaginary plane in the body of the ionized gas. A certain 
number of electrons, corresponding to a current density J, pass per second 
per unit area through this plane from one side to the other and an equal 
number pass back in the opposite direction. If v is the average velocity of the 
electrons then we have the relation 

I= jnve (4) 
The derivation of this may be readily understood when we consider that } n’ 
represents the number of electrons in an element of unit volume which are 
approaching the imaginary plane and that the average velocity component of 
these electrons toward the plane is } v. 

The current density I’ of electrons at the surface of the collector is given 
by an equation like equation (4) and since v is the same for both cases we 
find 

I’ 
7 amar (5) 

Equation (1) thus gives the current of electrons which strike the surface 
of the collector under the conditions assumed: Maxwellian distribution and 
perfectly reflecting collector. 
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Let us now consider the effect of making the electrode non-reflecting so 
that it collects all the electrons that strike it. We are then no longer dealing 
with equilibrium conditions, so that any use of the Boltzmann equation requires 
justification, 

If the gas pressure is so low that the free paths of the electrons are large 
compared to the diameter or width of the collector and if the surface of the 
collector is convex we can see that equation (1) applies whether or not the 
surface reflects electrons, for the electrons which strike the collector come 
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Fic. 1. Semi-logarithmic plot of current-voltage curve for 
collector H. 















































without collision from a region so far from the collector that the Maxwellian 
distribution is not disturbed even if the collector absorbs the-electrons. At 
higher gas pressures and with collectors of large size we may expect to 
observe deviations from equation (1) particularly when the collector is only 
slightly negative with respect to the space so that it collects large electron 
currents. 

Taking the natural logarithm of both members of equation (1) we get 


log ¢ = const + naa : (6) 


Thus if we plot the logarithm of the electron current i as a function of the 
potential V of the collector, we should obtain a straight line of slope e/kT. 

For the larger values of the negative voltages applied to the collector, 
the electron currents become so small that the positive ion currents are no 
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longer negligible compared to them. The current values i to be used in 
equation (1) or equation (6) are then obtained from the observed currents 
by subtracting the positive ion currents which flow simultaneously and which 
can be calculated by methods which will be described later. 

Typical experimental data illustrating a straight line semi-logarithmic 
plot of the volt-ampere characteristic of a collector in ionized gas are given 
in Fig. 1. The straightness of the lower part of the line proves that there 
is in this case a Maxwellian distribution of the electron velocities. 


Collector with Accelerating Field 


Equation (1) does not apply when the potential of the collector is such as 
to exert an attractive force on the particles being collected. The Boltzmann 
equation (3) should apply for equilibrium conditions regardless of the polarity 
of the electrode so that, for a perfectly reflecting electrode, equation (1) would 
give the current of electrons striking the surface even with an accelerating 
field. But the increase in current density near the electrode, as compared 
with that further from it, is then due to the large number of low velocity elec- 
trons, resulting from collisions, which are trapped within the region around 
the collector by the accelerating field which prevents their escape. To make 
this clearer, consider an ionized gas with electrons having velocities corres- 
ponding to 11,600 deg. K and let there be in this gas a small collector at 
a potential of +4 volts with respect to the gas. If the collector were perfectly 
reflecting, so that no current could flow to it, the electron current density 
at the surface of the collector would be, according to equation (1), e* or 54 
times greater than in gas, but the average velocities of the electrons would 
be the same in both regions. Thus about 98 per cent of the electrons near 
the filament would have velocities too low to permit them to escape from the 
accelerating field. 

The mechanism by which the low speed trapped electrons accumulate 
around the collector is as follows: The electrons from the gas when they 
enter the accelerating field acquire energy corresponding to 4 volts, and this 
energy is sufficient to enable them to escape again. But if they lose energy 
by collisions with gas molecules or with each other they cannot escape but 
remain trapped. Similarly under equilibrium conditions an equal number 
of the trapped electrons will from time to time gain energy by collisions 
and thus be enabled to escape. 

If now we consider that the collector does not reflect electrons we see*that 
it will gather the previously trapped electrons and will very seriously disturb 
the equilibrium conditions, especially when the pressure is low so that there 
are relatively few collisions. 

The electrons that are collected are then those that have come directly 
from the body of the ionized gas where the current density is J instead of 
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the 54-fold larger value calculated from equation (1). But the accelerating 
field causes the paths of the electrons to curve inwards as they approach 
the collector so that the current collected is greater than AJ. The effect 
of gas at higher pressures increases the current collected, since electrons which 
lose energy by collision while within the region of the accelerating field are 
trapped by the field until they finally strike the collector. 

In the previous article to which reference has been made,* cases were con- 
sidered where the collector was of large size compared to the sheath thickness. 
Under these conditions very few electrons or ions can form orbits within 
the sheath which permit the particle to escape from the sheath again. Thus 
all the electrons which enter the sheath are collected and the current is 


i=AJ (”) 
where A, is the area of the outer surface of the sheath. 

With low intensities of ionization and small wires as collectors, the di- 
ameter of the sheath may be many times greater than that of the collector. 
The initial velocities of the electrons or ions as they enter the sheath may 
thus cause them to form orbits which carry them out of the sheath again 
without colliding with the collector. 


. The sheath thickness which is involved in these considerations may be cal- 
culated by the following space charge equations. 


Plane Collector 

The ordinary space charge equation involving V** is derived on the as- 
sumption that the electrons start out from the emitter without initial velocity. 
The electrons or ions which enter a sheath in ionized gas have a Maxwellian 
distribution of velocities corresponding to very high temperatures ranging 
from 10,000 deg. to 50,000 deg. so that these velocities should not be neglected. 
The proper modification of the space charge equation® taking into account 
the initial velocities is 


Te ye Vi a (1+ =| (8) 


Ve 
n= kT (9) 





where 


Expressing J in amperes per cm’, V in volts, the sheath thickness x in cm, 
and substituting the numerical values of e, m and k, the equation becomes 


I= 2.336 x 10-*y 
ymjm, x* 


(10) 


? Langmuir, Phys. Rev. 21, 419 (1923). 
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y= pet (140.0247 V+) (11) 


Here m, is the mass of the electron and m the mass of the particles col- 
lected. Thus when the collector receives an electron current, m/m, is unity; 
but when the current is a positive ion current we have 
m|m, = 1834 M (12) 

where M is the ‘‘molecular weight” of the ion (oxygen atom = 16). For 
mercury vapor y'm/m, is 605, while for argon it is 271, and for helium 85.8. 
Cylindrical Collector 

Although the effect of the initial velocities of the electrons on the space 
charge equations for cylinders has not been worked out, we may assume, as 
a sufficiently close approximation, that the same factor may be used as for 
plane electrodes. This is especially justifiable as we shall need accurate results 
from the equation only when the ratio of the diameter of the sheath to that 
of the collector is not large. We thus obtain 


2y2 Vi y — 14.68x10* » (13) 
9 m 1B Vm|[m, 1B 
The quantity 8 is a function® of the ratio of a the radius of the sheath, 


to 7 the radius of the collector, which is given by 
B = y—0.4*+0.09167,4 —0.01424y*+ 0.00168,4— (14) 


where 











where’ 
r 
y = log, ~ (15) 


Spherical Collectors 

For many purposes spherical collectors are convenient, particularly where 
it is desired to have a relatively large collecting surface and avoid the inac- 
curacies resulting from edge effects on plane electrodes. The space charge 
equation‘ for this case becomes 


ae, 4y2 _/e » 


“9 Vma (16) 
Where a is a function of r/a given by 
a? = y?—0.6y°+0.24)4—0.0745+ (17) 


When the sheath thickness is small the current of electrons or ions acccle- 
rated to a collector is given by equation (7) in which A, is equal to 2zal for 


* A table of values of §? is given by Langmuir and Blodgett, Phys. Rev. 22, 347 (1923). 


“ The derivation of this equation and tables of the function a are being published by 
Langmuir and Blodgett in the July number of the Physical Review, Vol. 24. 
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cylinders and 4 za* for spheres, J being the length of the cylinder and a the 
radius of the sheath obtained from f or a in equations (13), (14), (16), and 
(17). 

When the sheath radius is large compared to that of the collector and espe- 
cially when the initial velocities of the electrons or ions are high the orbital 
motion of the particles must be considered. 





Fic. 2. Diagram of the path of a charged particle 
passing through a sheath surrounding a cylinder 
or sphere. 


Let the small circle about F in Fig. 2 represent the cross-section of a cy- 
lindrical or spherical collector charged, for example, positively with respect 
to the surrounding space. The field produced by the collector extends only 
within a region of radius a, indicated in the illustration by the dotted circle. 
Consider an electron moving with a velocity v, along a path AB, and let BC 
be the extension of the straight line AB. Then the angular momentum of the 
electron about the filament F is equal to mvp, where p, is the distance OF 
from the line AC to the axis or center of the collector. 

The force exerted on the electron by the collector will cause the electron 
to move along some such path as A B M D E, the portions A B and D E 
being straight. At some point, M, the electron will be at a minimum distance 
Pm from the center of the collector, and at this point the velocity v,, of the 
electron is wholly tangential. Since the collector can exert only a central 
force on the electron the angular momentum about F must remain constant 
throughout the path. Therefore we may place 


MU Po = Mp Pm (18) 


We shall find it convenient to express the velocities of electrons in terms 
of the potential differences necessary to produce them. The work done on 
an electron in moving through a potential difference V is Ve and this is 
equal to the gain in kinetic energy so that : 


1 mv? = Ve (19) 
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Combining this equation with (18) we get 

Vip = VP}, (20) 
where V, measures the initial kinetic energy of the electron in volts and V,, 
is the corresponding energy when at the minimum distance from F. As we 
now increase the potential on the collector the electron is deflected further 
so that p,, decreases. 

When p,,= 1, the radius of F, the electron makes a grazing collision 
with the surface of the collector. If V is the potential of the collector, then 
the energy of the electron at the moment of collision is measured by V,+V. 
Substituting this for V,, in equation (20) and placing p,, = r we obtain 


parity (21) 


In order that any electron may reach the collector the value of p, for its 
path (Fig. 2) must be less than the value of p given by equation (21). In 
other words p is the radius of the ‘‘effective target” of the collector. Thus 
if J is the current density of the electrons (assumed uniform in all directions) 
the current taken up by a collector of surface area A for a cylindrical col- 


lector is 
i= ary/14¥. 22 
v; (22) 


and for a spherical collector 





i= ar(t + v) (23) 


The equations are applicable not only to collectors with accelerating potentials 
but also to those with retarding potentials. In the latter case V is negative 
so that ¢ is less than AJ and becomes zero when V = —V,, for in that 
case none of the electrons have energies sufficient to carry them to the col- 
lector. Of course the equations are equally applicable to the collection of po- 
sitive ions. 

Although no explicit assumptions have been made in regard to the potential 
distribution around the collector in the derivation of equations (22) and (23), 
yet it is clear that there are cases where such distribution can affect the current 
that flows. For example, with a field of force limited to a sheath of radius a, 
the current collected by a cylinder of length / certainly cannot exceed 2zalI 
even though the value of p given by equation (21) may be greater than a. 
Thus when equations (22) and (23) are applied to collectors having acceler- 
ating potentials, the currents given by these equations are to be regarded 
as upper limits. There are in fact two limits to the current; the current can- 
not exceed 2zalI nor can it exceed 2nplI. The conditions are much like 
those that determine the current in an electron tube where the current at 
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a given voltage cannot exceed either the emission from the filament or the 
current-carrying capacity of the space as calculated from the space charge 
equations. Thus with collecting electrodes by altering the conditions we can 
obtain: (I) currents limited by the sheath area or (II) currents limited by 
orbital motion. Just as in the case of electron tubes there is also an intermediate 
region where both factors are of influence in determining the current. The 
problem of calculating the current under practical conditions is rendered 
more difficult by the fact that we do not generally have to deal with electrons 
which all have the same initial velocity as was assumed in deriving equations 
(22) and (23) but rather with electrons having velocities distributed by Max- 
well’s law. 

The complete mathematical solution’ of this problem has been worked 
out for cylinders and spheres in ionized gases at low pressures. 

For retarding fields the solution both for cylinders and spheres becomes 
identical with equation (1) which we have already deduced more simply from 
the Boltzmann equation. 


Theory of Collectors with Accelerating Field 


For accelerating fields, the solution for cylinders of surface area A is 


i= Alf, (24) 
the function f being given by 
f= = P(VP)+e"(1—P (Vn+9)) (25) 
where 
Ve 
"= kT (26) 
2 
==" 1 (27) 
and 
a 
7+ = pup (28) 


Here P ( ) stands for the probability integral defined by*® 
P(x) = fevray (29) 
V5 


The symbols, V, e, k, T, a and r have the meanings already assigned. 


5 The derivation of these equations, together with a more complete analysis of the theory 
of collectors, with consideration of the effects of gases, will be published by the writers, pro- 
bably in the Physical Review. 

* See Table 24 Smithsonian Physical Tables. 
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The corresponding solution for spheres is 


i=AIF (30) 
the function F being given by 
= = [1—e-*] +e-® (31) 


Case I: Currents Limited by Sheath Area 
With high current density J the sheath thickness becomes small so that 


with collectors of large diameter — does not greatly exceed unity. 


When 7+ > 4 a very accurate value of f can be obtained from the fol- 
lowing equation which is derivable from equation (25). 


a = Cad 1 
$= FP 00+ ae [Ta — 


If ® = 2.0 the value of f from equation (32) is about 0.95 = and for larger 





valucs of ® it very rapidly approaches the limit 
f=ajr (33) 
so that the current is unaffected by orbital motions and can be calculated by 
the space charge equation (12). A sufficient condition that equation (33) shall 
hold within five per cent is that ®>2 and 7>2. 
From equation (27) we see that this condition is equivalent to 


2 
n> 2 —2. (34) 


In the case of spherical collectors we find by equation (31) that F = 0.95 
(a*/r*) when © = 3, and, for larger values of ®, F rapidly approaches the 
limit 

F=a/r (35) 
so that the current to the collector is unaffected by orbital effects and may 
be calculated from the space charge equation (16). The condition, > 3, 
that equation (35) may hold within 5 per cent, is by equation (27) equivalent to 


2 
n>3<—3. (36) 


Case II: Currents Limited by Orbital Motion 
With low current densities, collectors of small radius, and high initial 
velocities of the electrons, the sheath radius becomes large compared to that 
of the collector. For this case we may obtain from equation (25) a more con- 
venient equation by assuming a/r is large compared to unity and expanding 
the resulting equation as a reciprocal power series, which gives 
2 2 nPrt 
ar Aner 





(37) 


3 Langmulr Memorial Volumes IV 
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This equation gives an excellent approximation to the true values of f when- 
ever 3a*/(2nr*) and 7 are both large compared to unity. For sufficiently large 
values of a/r it reduces to the useful expression 


Df jens 
f=—syntl (38) 
Va 
Combining this with equations (24) and (26) and squaring, we have 
repeat LA 
a \kT 


Thus if the square of the observed current ¢ is plotted against the poten- 
tial of the collector a straight line should be obtained. If S is the slope of 
this line we have 


(39) 


4A*I2e 
a akT (40) 


or 


/aR ys (41) 


v-Vs 


= 0.00822 /S/A amp. cm-* deg.-¥?, 


The intercept of the straight line on the V axis is obtained from equation 
(39) by placing ¢ = 0 and corresponds to a value of V given by 


Vo= ==> rear volts. (42) 
Thus the straight line represented by equation (39) crosses the V axis at 
a point 7/11,600 volts negative with respect to the potential of the space 
around the collector. We shall see that this is an accurate and convenient 
method for determining the space potentials in ionized gases. 
From the slope S we may calculate in a very direct manner the number 
n of electrons (or ions) per unit volume. The average velocity v of the elec- 
trons, given by the kinetic theory, is 


8kT 


v= ———. 
am 


(43) 


Substituting this in equation (4) gives 


n= FreH 403 x10" rye (44) 
TV m, 


and combining with equation (41) 





x vs. VS_/m 
n= = 332x108 1/2 (45) 


if y'S is expressed in amp. volt-12. 


Google ERSITY OF CALIFORNI 


Studies of Electric Discharges in Gases at Low Pressures 35 


In a similar way we find for spherical collectors when a/r is large that equ- 
ation (31) reduces to : 
r2 


=nHite (46) 
or if a/r is sufficiently large 
F=7+1 (47) 
which gives 
i= ar(r 4 EY) (48) 


In this case also the intercept of the straight line on the V axis occurs 
at a value V, given by equation (42). 

In the following installment these equations will be applied to experimental 
data obtained with mercury vapor arcs. The positive ion sheaths around ne- 
gative collectors are plainly visible in properly constructed apparatus and the 
thickness of the sheath can be measured accurately. These observed sheath 
thicknesses will be compared with those calculated by the space charge equa- 
tions, 


PART II: TYPICAL EXPERIMENTAL DATA ILLUSTRATING 
THE USE OF PLANE COLLECTORS 


The electrode H in the mercury arc tube shown in Fig. 3 consisted of a 
square nickel plate 1.90 cm on a side which was bent into a cylindrical surface 
to conform to the inner surface of the glass tube (3.2 cm inside diameter). 
The lower part of the apparatus was immersed in the water of a thermostat 
at 60 deg. C and care was taken to maintain the remainder of the tube at 
a temperature above 60 deg. C to avoid condensation of mercury vapor. The 
pressure of mercury vapor was therefore 33 bars. The current-voltage curve 
given in Fig. 4 was obtained while a current of 6.0 amp. was flowing to the 
anode A and the sum of the electron currents flowing to H and B was kept 
constant at 2.0 amp. With this nearly plane electrode the flat portions of the 
curve corresponding to the positive ion and electron saturation currents are 
particularly marked. As the potential of the collector? was changed from 
—80 to —20 (measured from the anode) the current i, changed only from 
—2.87 to —2.44 ma. 

In this range the current is a positive ion current which is limited by the 
rate at which ions reach the edge of the sheath. 


7 For convenience we shall adopt the convention that the sign of a current is positive 
when positive current flows from the electrode into the space. 


ra 
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Between —20 and —12 volts the current increases rapidly owing to the 
electrons taken up because of their proper velocities. The current finally be- 
comes saturated again when the collector is at a positive potential with respect 
to the space so that it gathers all the electrons which reach the sheath. At a still 
higher voltage (E,, = —5) ionization by collision within the sheath becomes 
sufficient to neutralize the electron space charge so that the current can increase 
indefinitely. At this point a strong local glow sets in near the surface of the 
electrode, usually in the form of a diffuse ball-shaped glow. 

At a potential EZ, = —17.8 volts with respect to the anode, the current 
to the collector becomes zero, which merely means that it collects equal 
numbers of electrons and ions. From the shape of the curve between B and 
D, -it is clear that the collector began to collect electrons near B and that if 
it had not been for these electrons the current would follow a curve such as 
BC. An analysis of the curve ABC will be made later. We may take the 
differences between the observed currents according to curve BD and those 
extrapolated along BC as representing the true electron currents i,. The 
positive ion currents i, as given by BC are very nearly equal to —2.5 ma., 
so the value of i, is approximately i,,+2.5. 

The values of i, thus found may be plotted on semi-logarithmic paper 
against the collector potential Z,,. In Fig. 1 a similar curve is obtained by 
plotting the logarithm of 1, against E,, the upper of the two curves being 
taken from the data of Fig. 4 which we have just been discussing. 

Over a range in the values of #, in which they increase over 1000-fold, 
the points lie (within the experimental error) along a straight line whose 
slope is 0.549 volt-?, It is more convenient to deal with the slope which 
we should have if we had plotted natural logarithms of ¢,. We shall thus 
take the slope to be 2.303 0.549, or 1.26 volt-!. By equation (6) this 
slope should be equal to e/(k7). The value of e/k is 11,600 deg. per volt, 
so that the temperature T, corresponding to the electron velocities is 9200 
deg. K. The average kinetic energy of the electrons 


3 M7) 
Ze, 
expressed in equivalent voltage is 1.19 volts. 

The lower curve in Fig. 1 is made from data taken under exactly the 
same conditions as those for the upper curve, except that the sum of the 
currents to B and H was held at 1 amp. instead of 2. A change of two- 
fold in the current density in the arc thus has no appreciable effect on the 
electron-temperatures. 

The straight line part of the upper curve in Fig. 1 extends only up to 
about E, = —15 volts, and the curve then gradually becomes less steep, 
until at about —11 volts it becomes horizontal and straight again. From the 
theory which we have developed we should have expected the transition bet- 
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ween the two straight portions to be sharp, a kink occurring when the collector 
is at the space potential. The case considered is one with an unusually long 
transition region. 

The following causes tend to make the transition gradual: 

(1) Removal of electrons by the collector.—When the collector takes an electron 
current comparable with the current through the arc (i,+i, being kept 
constant), the intensity of the arc between the collector H and the anode B 
decreases and the supply of positive ions which reach the neighborhood of 
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Fria. 1. Semi-logarithmic plot of current-voltage curve for collector H (Repeated from Part I). 


H is decreased. This naturally causes a disturbance in the arc near H which 
may manifest itself by a decrease in the random electron current density J, 
and also by a change in the potential distribution along the tube which may 
decrease the potential difference between the anode and the space near H, 
when the electron current to H increases. These effects cause the slope of 
the line to decrease when the current to the collector becomes appreciable in 
comparison with the current to the anode. In the upper curve of Fig. 1 
the current to the collector reached a value of 1 amp., while the anode cur- 
rent was 2 amp. The curve only began to decrease appreciably in slope at 
about —14.5 volts where the current to H became about 7 per cent of the 
anode current. 

(2) Variation of current with accelerating fields due to change in sheath 
area or to orbital motion.— We have already discussed how the current to cy- 
lindrical or spherical collectors varies with the accelerating potential because 
of changes in sheath area or orbital effects. The resulting change in slope, 
although it occurs only when the collector is above the space potential, pro- 
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duces a transition curve which may be hard to distinguish from that discussed 
in the foregoing paragraphs. With plane collectors, although orbital effects 
are absent, there are edge corrections (to be analyzed below) which produce 
a gradual approach to the horizontal portion of the curve. 

(3) Electron reflection from collector—If electrons are reflected or secon- 
dary electrons are emitted, these cause the current collected with retarding 
fields to be less than those calculated by equation (1). The reflection coeffi- 
cient presumably varies with the velocities of the impinging electrons. With 
retarding fields, however, the velocity distribution and the average energy 





Fic. 3. Mercury vapor tube with 
various types of collectors, 


(2kT) of the electrons striking the collector is governed by Maxwell’s Law 
and is independent of the potential on the collector. Therefore a reflection of 
electrons from a collector does not prevent the semi-logarithmic plot of the 
current-voltage curve from being straight, nor does it alter the slope, but results 
merely in a parallel displacement. As soon as the collector is made positive 
with respect to the space, the velocity of the impinging electrons increases so 
the reflection coefficient may vary, but the reflected or secondary electrons 
produced are in general drawn back to the collector, so that the effect of the 
reflection is neutralized. The result is to steepen the semi-logarithmic plot at 
potentials slightly above the space potential. 

Examination of semi-logarithmic plots, such as those in Fig. 1, allows an 
estimate of the space-potential around the collector to be made, but to do this 
the three factors mentioned should be kept in mind. 
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The curves illustrated in Fig. 1 thus indicate that the space potential near 
electrode H was —12.5-+1 volts with respect to the anode B. 

The data from which the lower part (ABD) of the curves in Fig. 4 was plotted 
are given in the first and third columns of Table I. In the second column is 
the potential V of the collector with respect to the space near it, which is equal 
to E,+12.5. 




















-30 -20 sy 
E,, VOLTS (FROM ANODE, 


Fic. 4. A typical current-voltage curve of collector H. 


For a plane collector of infinite extent the positive ion current should be 
independent of the potential. We see from Table I that the current increases 
slightly with the negative potential between 30 and 80 volts. This is due to an 
edge effect which should be taken into account for accurate determinations of 
the positive ion current density J,. 


Theory of Edge Corrections for Square and Circular Collectors 


Consider a square collector with side equal to b, or a circular collector of 
diameter d, and let A, be the effective area of the collector taking into account 
the edge corrections. There are two cases to consider: (1) where the collector 
is surrounded by the ionized gas or (2) where the collector is placed upon or 
flush with a non-conducting surface such as glass or mica. In the first case 
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the surface of the sheath is approximately that of an oblate spheroid, while 
in the second case the sheath surface is like that represented by the line D EF 
G in Fig. 5. 

Let x be the thickness of the positive ion sheath that exists over the glass 
surface (because of the negative charge on the glass) and let x be the sheath 
thickness over the central part of the collector. Ions which enter the sheath 
in the transition region between the sheath of thickness x, and that of thickness 





Fic. 5. Diagram of positive ion 
sheath on a plane collector, 


x will have velocity components parallel to the surface of the collector since 
they tend to move along the normal to the surface of the sheath. Thus all ions 
which“enter the sheath between points P and P’ will reach the collector. As 
a reasonable approximation we may assume that the effect of this displacement 
of P from E is equivalent to an increase in the radius of a circular collector, 
or the semi-side of a square collector, by an amount equal to y(x—x,) where 
y is a numerical coefficient which cannot differ greatly from unity. We may 
thus place for a square collector 


A, = p[b+2y(x—a)}* (49) 
where p = 1 if only one side of the collector is exposed, and p = 2 if both 


sides are exposed. 
For a circular collector 


A, = | pld-+2y (x—x)} (50) 


The values of x and x) may be calculated from equation (10). It is, however, 
more convenient to eliminate A, from equations (49) and (50) by means of 
the relation 


i= A,I, (51) 


and substitute into the resulting equation the value of x from equation (10). 
It is then found that )/i is a linear function of jy and that the slope S of the 
straight line obtained by plotting j/i (i being in amperes) against y’y is given 
for square collectors by 


S = 0.00306 yy’ p (m,/m)™4, (52) 
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For circular collectors this equation needs to be modified only by altering 
the numerical factor to 0.00272. For mercury ions where y/m/m, = 605, equa- 
tion (52) becomes 


S = 1.24x10-yyp. (53) 


It is interesting that the slope of this line comes out to be independent of the 
size of the electrode and of the intensity of ionization of the gas. 


Taste I 
Plane Positive Ion Collector H 
Run 49-b. 2-amp. arc in tube 3.2 cm diam. containing Hg vapor at 33 bare pressure. 
Square Collector 1.9 cm on a side flush with surface of tube. Jp = 0.71 ma. cm-* 

















1 2 3 | +4 | 5 | 6 7 

Eq V igma |» ip ma. ima. x cm 
—80.0 —67.5 2.87 670.0 2.874 0.060 
—50.0 —37.5 2.75 295.0 2.744 0.040 
—30.0 -17.5 2.64 104.0 2.643 0.024 
—20.0 — 75 2.44 34.0 —2.581 +014 0.014 
-19.0 - 65 —1.90 28.1 2.574 0.67 0.012 
-18.5 — 6.0 -1.50 25.4 2.570 1.07 0.012 
~18.0 — 5.5 —0.68 22.8 2.566 . 1.89 0.011 
(—17.8) — 53 (0.00) 21.6 2.564 2.56 0.011 
~17.5 — 5.0 +0.91 20.0 —2.561 3.47 0.010 
-17.0 — 45 +38 17.5 —2.557 6.36 0.010 

(12.5) | 0.0 | (654.) 0.0 —2.499 656. 0.000 





In the case of a collector lying on a non-conducting surface the method of 
determining the current density J will be seen from the example furnished 
by the data of Table I. The square-roots of the current ¢ in amperes (1/1000 
of the figures given in the third column) are plotted against the square-roots 
of y given in the fourth column. The first three points, corresponding to a wide 
range of voltage, are found to lie accurately on a straight line of slope 


S = 1.40x 10-4 (54) 


Comparing this with equation (53) we find y = 1.14 in accordance with our 
original assumption that this factor should have a value not far from unity. 
From the straight line plot the values of /7 corresponding to each value 
of jy obtainable from the fourth column may be read off and from these the 
values of # are found which are given in the fifth column, and are there denoted 
by 4, because they represent the positive ion component of the current. These 
values were used in plotting the dotted part BC of the curve in Fig. 4. It is 
seen that the calculated currents i, for the first three points agree within the 
experimental error with the observed currents in the third column. The differ- 
ences between i and i,, which we may denote by i, and which are given in the 
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sixth column, represent the electron components of the current which flows 
against the retarding potential on the collector. These are the values of #, which 
are plotted in the upper curve of Fig. 1. 

When the collector is at such a potential that the current is zero (—17.8 
volts in Table I) the potential must be the same as that of the glass walls, and 
therefore the sheath on the collector has the same thickness x as that on the 
walls x,. The value of ¢, corresponding to this voltage (—2.564 ma.) therefore 
gives the positive ion current corrected for edge effects. Dividing this by the 
area of the collector (3.61 cm*) gives the positive ion current density. 


I, = 0.71 ma. cm-. 


The last column of Table I gives the values of the sheath thickness x, cal- 
culated from the foregoing value of J, by equation (10), which reduces to 


x = 0.00233 /» 


With a collector surrounded by ionized gas (p = 2) the procedure for cal- 
culating J, is essentially similar, since equation (53) applies also to this case. 
The value of ¢, used to calculate J, is determined from the intercept of the curve 
of Vi against /v on the y/7 axis, that is, the value of i, is chosen which corre- 
sponds to V = 0. An illustration of data obtained with a disk-shaped collector 
surrounded by gas will be given in connection with another experiment. 

The equations that have been derived are also applicable to the electron 
currents obtained with a plane collector. When the collector lies upon a non-con- 
ducting surface it follows from symmetry considerations that the edge correc- 
tion becomes zero when the thickness of the electron sheath on the collector 
is the same as that of the positive ion sheath on the adjacent non-conducting 
surfaces. With the collector for positive ions that we have been considering, 
it was not possible to observe directly the ion current at a time when the sheath 
on the collector was of the same thickness as that on the adjacent surface, because 
the ion current was masked by electrons which moved against the retarding 
field. Therefore it was necessary to resort to a calculation of the ion current. 
But in the case of the positive collector the positive ions that reach it are wholly 
negligible as compared to the electrons, and to eliminate edge corrections it 
is therefore only necessary to observe the electron current when the collector 
is at a space potential which will give an electron sheath of the same thickness 
as that of the ion sheath on the adjacent surface. 

From equation (10) we see that the condition that an electron sheath shall 
have the same thickness as the positive ion sheath x, is that » for the electron 


collector shall be 
, ol, V m,. 
y = tae 55 
i m, (55) 


where ¥, is the value of » for a negatively charged collector at which the total 
current to it is zero. Because the current-voltage curve for the electron collec- 
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tor is comparatively flat in the region given by »’, very approximate values of 
I, and I, are usually sufficient. Thus in all experiment with the collector H it 
was found that the positive potential equivalent to »’ ranged from 60 to 70 per 
cent of the negative potential V, corresponding to ¥. 

An analysis of typical data taken with collector H is contained in Table II. 

The current-voltage data are taken from the run which is plotted in Fig. 4. 
The values of » are calculated by equation (11) using T = 9200 found from 
the curve of Fig. 1. The values of jy in the third column were plotted against 
the square roots of é,, in the fourth column (expressed in amperes). The points 
corresponding to voltages (V) from 2.5 to 7.5 lay accurately along a straight 
line, but the points at lower voltages diverged considerably. The currents corre- 
sponding to the straight line for the various values of yy are given in the fifth 
column. It is seen that the lower four observed values of i, agree excellently 
with the calculated values while the first points show increasingly great diver- 
gences as we pass to lower voltages, so that when the collector is at the space 
potential it collects only about 72 per cent of the electrons impinging on it. 
This is probably the result of electron reflection, experiments of other kinds* 
having shown reflection coefficients of approximately this magnitude. The 
fact that the currents agree with the straight line relation for collector poten- 
tials of 2.5 volts or more above that of the space indicates that most of the ref- 
lected electrons leave the surface with energies less than about 2.5 volts. 

The slope of the straight line was S = 0.0047. and by comparing this value 
with equation (52) we find 

y = 1.53, 


a value somewhat larger than obtained for the collection of positive ions, but 
still of the order of magnitude of unity. 

Taking an approximate preliminary value of J, and using the values J, = 0.71 
and ¥ = 21.6 from Table I, we find from equation (55) a value of »’ from 
which we can obtain by interpolation from Table II an accurate value of J,. 
We thus find »’ = 13.6 and i, = 97.6 ma. for the potential V = 3.3 which 
should be the potential for which the edge corrections disappear. This gives 
for the electron current density J, = 27.0 ma./cm?. 

The electron sheath thickness x, calculated by equation (10) from this value 
of I,, is given in the last column. It is seen, in fact, that for the voltage V’ = +3.3 
the electron sheath has the same thickness (x = 0.0108 cm) as that of the posi- 
tive ion sheath for the voltage V, = —5.3 for which the total current was zero. 
The ratio V’: (—V,) is 62 per cent. In general, to determine J, with a plane 
collector it is not necessary to plot /i against y/» as we have done here, for the 
current corresponding to »’ (976 ma. in Table II) can be obtained directly by 
interpolation as soon as V’ is determined, according to equation (55) or more 
conveniently by assuming V’ to be 65 per cent of (—V,). 


* Langmuir and Jones, Science 59, 380 (1924). 
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Tasie II 


Plane Electron Collector H 
Run No. 49-b. Same Conditions as for Table I except Collector is Positive. Slope S = 0.0047 
= 1.53; Ie = 270 ma cm-*. v Calculated from T = 9200 























1 | 2 3 i 4 5 | 6 
En V Vv | _iqma cat, x 
12.4 +01 055 680 948 0.002 
—12.0 0.5 1.22 | 800 954 | 0,004 
11.5 1.0 184 | 890 960 0.005 
—11.0 1.5 232 | 930 964 0.007 
10.5 2.0 275 | 950 968 0.008 
—10.0 2.5 3.12 | 970 971 0.009 

(3.3) (3.68) (976) 0.0108 
— 9.0 3.5 3.84 | 980 978 “0.011 
— 8.0 4.5 450 | 985 984 0.013 
— 5.0 15 6.20 | 1000 1000 0.018 





we If make the reasonable assumption that the positive ions have average 
energies less than those of the electrons, and if the space charge of the electrons 
were neutralized by an equal number of positive ions per unit of volume, we 
can readily see that the currents carried by the electrons should exceed those 
carried by the ions by a ratio greater than 605:1 (the square root of the ratio 
of the masses of the mercury ion and the electron). Actually, however, the 
ratio I,:J, from the data of Tables I and II comes out to be 380:1. In connec- 
tion with the general discussion of the data obtained with various kinds of 
collectors, it will be shown that the small value of this ratio is probably due to 
the presence of negative ions in the ionized gas. 

The data of Tables I and II and Figs. 1 and 4 have been selected as typical 
of those obtained with collector H. About 40 such sets of data (or ‘‘runs’’) 
were obtained with this electrode, the current i, being varied from 0.1 to 8.0 
amp., and the pressure of mercury from 1.0 to 34.0 bars. The effects of trans- 
verse and longitudinal magnetic fields (up to about 150 gauss) were also studied. 
A longitudinal field has relatively little effect on the characteristics of collector 
H, but a transverse field at sufficiently low pressures of mercury vapor deflects 
the arc to one side, so that it travels along the glass surface, the electrons, by 
successive reflections from the sheath that forms on the glass, being enabled 
to travel along the tube in spite of the transverse field. 

Under these varied conditions the straight-line relation between //i and y/» 
for negative potentials on the collector was found always to hold, but the value 
of y calculated from the slope varied somewhat, though in a manner that bore 
no obvious relation to any of the known variables. The average value of y was 


y = 1.00 + 0.22 


where the 0.22 is the ‘“‘probable error of a single observation.” 
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The semi-logarithmic plots, like those of Fig. 1, were in most cases satisfac- 
torily straight over a range covering a 1000-fold increase in #. A few of the curves, 
however, showed deviations from straight lines greater than the probable 
errors in the measurements, and these probably indicate deviations from a Max- 
wellian distribution of velocities. But in nearly all cases all the points within 
a 1:1000 range lay within 1 volt of a straight line. In a good many cases the 
deviations were of such a kind as to make all the points lie exactly on two straight 
lines meeting at an intermediate point. For example, Run No. 34-b (see Table 
III), which showed the most marked kink of this kind, gave 16 evenly spaced 
points which all came within 0.2 volt of the broken straight line, the average 
deviation being less than 0.08 volt. The average deviation from the best single 
straight line was 0.30 volt. The total voltage range covered by the straight por- 
tion of the curve was 16 volts. The slope of the single straight line corresponded 
to T, = 27,500 deg., while the broken line gave T, = 23,000 deg. for the lower 
portion and 30,200 deg. for the upper portion, the kink occurring at about 
—11 volts with respect to the space potential. 

Deviations of this character, however, seemed to bear no definite relation 
to the known variables and are therefore probably to be looked upon as a type 

















Tasiz III 
Summary of Typical Data Obtained with Collector H 
1 2 { 3 | 4 [| 5s | 6 7 | 8 | 9 | 10 
Bulb | Vapor | is ' { | | 
No | oe | Ree | amp. | ec | Bsn | Te | te | ty | telly 
Cc. Bars j 

20-a 32.0 | 43 3.95 | 41.0 2.72 
20-b 34.5 5.3 5.0 | 39.1 3.77 
34-b 15.5 | 1.05 0.5 — 7.0} 27,500} 78.4| 0.17 | 450 
35-0 15.5 | 1.05 1.0 | 37.0 | — 82] 29,000] 886] 0.25 360 
35-b 15.5 1.05 2.0 — 7.0 | 26,600] 183.0] 0.44 | 415 
36-a 15.5 1.05 4.0 — 6.0} 25,200} 388.0] 1.11 350 
36-b 15.5 1.05 5.9 — 7.0| 21,600] 635.0] 1.67 381 
37-8 15.5 1.05 8.0 | 35.0 | — 6.0] 19,500] 775.0] 2.29 338 
4 30.0 | 3.7 0.1 33.0 | — 9.0} 16,000] 17.2] 0.059 | 443 
45 30.0 | 3.7 0.2 | 36.0 | —10.0| 16,700] 16.9] 0.041] 410 
46 30.0 | 3.7 05 | 40.0 | — 8.0] 20,600! 42.1] 0.086] 493 
47 30.0 | 3.7 1.0 | 390 | — 7.0] 21,000] 97.0] 0.205] 473 
48-0 60.0 | 33.0 02 | 400 | -190] 8400] 24.2] 0.065] 375 
48-b 60.0 | 33.0 05 | 380 | —15.0| 8300] 68.0] 0.172] 394 
49-8" | 60.0 | 33.0 1.0 | 380 | —135]| 9660] 133.0] 0.338 | 394 
49-b* | 60.0 | 33.0 2.0 | 37.0 | --125] 9200] 272.0] 0.710] 380 








Average 405 + 25 


* The values of i, for Runs No. 49-a and 49-b are plotted in Fig. 1. In order to pre- 
vent overlapping of the curves, the curve for Run No. 49-a (lower curve) is displaced one 
volt to the right. 
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of experimental error due to some uncontrolled factor. The probable errors 
of the values of T, are therefore about 10 per cent. 

A summary of typical data obtained with collector H without magnetic 
fields is contained in Table III. The second column gives the temperature 
of the water bath in which the lower part of the tube was immersed, and the 
third column gives the corresponding vapor pressure of the mercury. The current 
to the anode B is given in the fourth column, while the next column gives Ex, 
the potential of the anode B with respect to the cathode C. The sixth column 
gives the space potential in the neighborhood of electrode H referred to that 
of the anode B. The temperature T, in the seventh column is determined from 
the best single straight line that can be drawn as a semi-logarithmic plot of the 
type of Fig. 1. The electron and positive ion current densities J, and J, in the 
eighth and ninth columns are expressed in ma. per cm?. 

It will be noted that the ratio J,:J, in the tenth column is fairly nearly cons- 
tant, having the average value 405 + 25. 

The current densities J, and J, increase roughly in proportion to the arc 
current #,. For very low currents, such as that in Run 44, the ionization near H, 
resulting from diffusion of electrons from the 6-amp. arc maintained in the 
vertical arm containing anode A, outweighed that produced by the current #5, 
so that J, and J, were about the same as for larger values of #5. 

The electron temperatures T, decrease very markedly as the mercury vapor 
pressure is raised, but are nearly independent of the arc current, showing, 
if anything, a tendency to decrease as the arc current is raised. The average 
values are 








Pressure | Te 
1.05 bars | 25,000 deg. 
3.7 ,, ; 18,500 ,, 
33.0 , | 8900 ,, 





High Negative Voltages on Collector H 


A few runs were made to study the behavior of a positive ion collector at 
negative voltages as high as 1340 volts (direct current), while a 2-amp. arc 
flowed through the tube and the mercury vapor pressure was 8.0 bars (40 deg. C). 
When the potential was first raised to this value there were occasional brilliant 
flashes of light (arcing-back) on the surface of the collector, and upon subse- 
quent examination it was found that tree-like branching figures had been etched 
into the metal. However, after a few such flashes they ceased and the current- 
voltage data, which had been previously somewhat erratic above about 500 volts, 


became perfectly steady up to 1330 volts, and no further signs of breakdown 
occurred. Table IV gives some of the typical data obtained under these condi- 


tions. The values of }/i were plotted against j/v in the manner described in 
connection with Table I. The points came very close to a straight line of slope 
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Taste IV 
Collector H at High Negative Voltages 


Mercury Vapor Pressure 8.0 bars. Ip = 4.0. Slope S = 1.39x 10-*. y = 1.12. J, = 1.05 ma. 
cm-* T, assumed to be 5000 deg. in calculating » 























1 2 3 | 4 | 5 

Vv iy vr ical, | x cm 
- 30 3.95 14.7 3.91 0.028 
— 115 44 37.6 4.32 0.072 
— 295 49 4A 5.01 0.142 
— 470 5.6 105.0, 5.66 0.202 
— 650 | 6.4 132.8 6.26 0.254 
— 815 6.9 158.0 6.82 0.302 
— 990 74 181.0 7.36 0.347 
—1160 7.6 | 207.0 7.99 0.396 





S = 1.39x 10-4, which gives y = 1.12, nearly the same as the value (1.14) 
obtained from Table I. The fourth column gives the values that the currents 
would have if the points came exactly on the straight line. It is seen that the 
agreement between i, and i,.,, is excellent, although with these high potentials 
the sheath became 4 mm thick. 

Thus the increase in the current i, with increasing voltage is wholly accoun- 
ted for as an edge correction in accordance with the theory we have developed. 
Even at potentials as high as 1300 volts, the current density of the collected 
current is independent of the voltage. This must mean that only a negligible 
proportion of electrons is emitted as a result of the intense positive ion bombard- 
ment of the collector. It may seem remarkable that at such high voltage the 
cathode does not act like a self-sustaining cathode of a glow discharge. It must 
be remembered, however, that at pressures as low as 8 bars such discharges 
do not occur in pure mercury vapor. The breakdown which was at first ob- 
served at 1300 volts is of a totally different nature and involves extremely high 
local current densities. It is probably more in the nature of a cold-cathode effect 
in which electrons are pulled out of the metal by intense local fields, in accor- 
dance with a theory proposed by Schottky. 


Visual Observation of Sheaths 


In the experiments with the tube of Fig. 3 it was frequently observed, when 
high negative voltages were used on collectors or when the arc current was 
low, that the sheath became visible as a dark space around the collector. The 
electrodes of this tube, however, did not lend themselves to measurements 
of the sheath thickness. In a subsequent experiment, with a tube containing 
spherical electrodes, measurements were made which showed that the observed 
thickness agreed well with that calculated by the space charge equation. These 
will be discussed again in connection with a study of the data obtained with 
spherical collectors. 
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A special tube, which is shown in Fig. 6, was then constructed in such a way 
that the sheaths could be observed without the necessity of looking through 
a layer of glowing gas, which greatly hindered observation and measurement. 
In this tube the arc is made to pass into a bulb about 7.5 cm diameter, so that 
it becomes diffused throughout the bulb. Two electrodes B and G are placed 
in the bulb, B being a cylindrical wire which can be observed end-on through 
a plain glass window W, and G being a flat metal disk in a plane perpendicular 
to the axis of the wire. At present we shall consider only some of the measure- 
ments of the thickness of the sheaths observed on the collector G, and their 
relations to the currents and voltages. 

The experimental data given in Tables V, VI, VII, and VIII were obtained 
with the tube of Fig. 6 while the entire bulb containing the conical molybdenum 
auxiliary anode D was maintained at 12 or 13 deg. C, in order to fix the vapor 
pressure of the mercury in the upper bulb which contained the collector G. 
A ccurrent of about 5 amp. to the anode D was maintained throughout the experi- 
ments. By using a large choke coil with an inductance of several henries in 
series with the anode A, it was found possible to work with steady currents 
i, to this anode as small as 0.003 amp., but current up to several amperes could 
be obtained if desired. With all these currents the interior of the bulb was filled 
with a very uniform glow, except that at low currents there was a distinct dark 
sheath covering all the glass surfaces as well as the electrodes. With large currents 
the intensities of ionization in the upper bulb were so great that the dark sheaths 
on the electrodes and on the glass were too thin to measure accurately. With 
currents below 0.05 amp. the light intensity was not sufficient to favor accurate 
measurements of sheath thickness with a cathetometer, but with the naked 
eye the sheaths could be seen and measured within 0.2 or 0.3 mm even down 
to currents i, = 0.003 amp. 

In general, whenever the collector was at potentials of 25 volts or more, 
negative with respect to the space, the positive ion sheaths seemed perfectly 
dark and had apparently perfectly sharp edges. As the potential was raised 


Taste V 
Visual Observations of Sheath Thickness on Plane Collector 


Run No. 108. Bulb at 12 deg. C. Hg pressure 0.75 bars. Current i4 = 0.15 amp. Egc = 
26.8 volts. S = 1.6x 10-*; y = 1.03; Ip = 0.065 ma. cm-*; T, = 39,400 deg. 








1 | 2 Yoh 3 | 4 te 5 | 6 
Boa | Ve i tga, ssn mm |r. am 
—90 | -39 | 31.5 i -0.450. | 24 2.42 
-50 | -49 | 206 —0.379 | 14 ‘ 1.58 
-30 | -2 | 144 =| 0.340 0.8 1.11 
21 | -20 | 12 | 0.000 | 0.7 . 0.86 
i 0.86 


Sheath on glass window ...............6- | 0.7 
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Taste VI 
Cathetometer Measurements of Sheath Thickness on Plane Collector 


Run No. 114. Bulb at 13 deg. C. Hg pressure 0.81 bars. Current i, = 0.10 amp. Eyg = 27.9 
volts. S = 1.36x 10-4; y = 0.88; Ip = 0.045 ma. cm™*; T, = 38,000 deg. 


























1 2 3 | 4 5 | 6 
Eca V [ Vy ig ma, obs, mum. cal, mm 
—300 —295 4.5 | —0.481 6.40 6.89 
—200 —195 55.5 ~0.412 5.10 5.13 
—150 —145 44.7 —0.368 4.27 4.13 
—100 — 95 33.2 0.322 3.00 3.07 
— 80 — 75 28.5 | 0.300 | 2.58 2.64 
— 60 — 55 22.6 —0.280 2.10 2.09 
— 50 —45 | 196 |  —0.262 1.82 1.81 
— 40 — 35 16.4 —0.246 1.33 1.52 
— 30 -2 | 12.8 —0.230 1.12 1.18 
— 25 —20 | 11.0 —0.179 0.98 1,02 
— 20 —-15) | 9.2 +0.195 0.91 0.85 

Tape VII 


Cathetometer Measurements of Sheath Thickness on Plane Collector 


Run No. 117. Bulb at 13 deg. C. Hg pressure 0.81 bars. Current i, = 0.40 amp. Eyc = 
27.5 volts. S = 1.77x 10-4; y = 1.14; Ip = 0.119 ma. cm™*; T, = 29,100 deg. 

















1 ; 2 3 | 4 [oe 6 
Ec | UV yr | toma. | %ope, FAM %eal, TM 
—400 | —393 924 |  —1.208 | 5.24 5.27 
-300 | —293 74.2 | 1,090 4.12 4.24 
— 80 93 276 | 0708 | 1.54 1.57 
— 60 — 53 21.9 0.662 | 1.19 1.25 
— 50 | — 4 19.0 | —0.633 | 1.05 1.08 
—-30 | —23 12.20 | 0570 | 0.77 0.70 





toward the space potential and as electrons thus began to be collected in spite 
of the retarding field, the sheath became less sharply defined and some 
light was clearly produced within it. The presence of the dark sheath could 
be detected until the electrode was within 2 or 3 volts of the space potential, 
but measurements under these conditions were almost useless because the 
edge was not definite. 

When the collector was made 2 to 5 volts positive with respect to the 
space, a much less distinct dark space could be seen which increased in thickness 
as the voltage was made more positive. The indistinctness of this electron sheath 
did not appear to be due to indefiniteness in the boundary, but rather to 
the lack of contrast between the light intensities within and without the 
sheath. It was also frequently observed, although only with difficulty, that 
just outside this dark sheath there was a faint increase in light intensity which 
was never observed in the case of positive ion sheaths. 


4 Langmuir Memorial Volumes IV 
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When the collector potential was raised to a definite value (which in dif- 
ferent runs varied from 9 to 12 volts above space), a bright film or sheath 
appeared quite suddenly on the surface of the collector within the dark sheath 
already referred to. Upon raising the potential this bright sheath increased 
rapidly in thickness. This sheath seems to result from ionization within the 
electron sheath by the electrons when they acquire energies a few volts in 
excess of the ionizing potential. 





Fic. 6. Mercury vapor tube for obser- 
ving sheath diameters and thicknesses. 


At the low pressures employed in these experiments, the number of ions 
formed in this way is not sufficient to have any appreciable effect on the 
space charge within the sheath, for the positive ions are promptly ejected by 
the field and the number formed is a very minute fraction of the number of 
electrons flowing. But when the sheath thickness and the voltage increase, 
the number of ions increases until finally, when the number of ions formed 
becomes about equal to 1/605th of the number of electrons flowing to the 
collector, the electron sheath breaks down and the current (with sufficiently 
low external resistance) increases indefinitely. 

Experiments now in progress show that when two positively charged plane 
collectors are placed opposite one another at a distance comparable with the 
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mean free path of the positive ions, the positive ions ejected from the sheath 
of one collector have the effect of breaking down the electron sheath of the 
other. The trapping of the positive ions by their reflection from the opposing 
sheaths has the effect of breaking down the anode drop which otherwise occurs 
with high anode current densities. This is the explanation of the effects ob- 
served with small hollow anodes in mercury arc tubes!®. 

In Tables V to VIII, i, is the sum of the currents to A and to G; Ey, 
is the potential of anode A with respect to the cathode C; E, is the potential 
of G with respect to the anode A; V is the potential of G with respect 
to the surrounding space, the space potential having been determined from 
the kink of the semi-logarithmic plot of 1, against E,. 

The third columns of Tables V, VI, and VII contain )/y which has been 
calculated by equation (11) as usual on the assumption that 7, = 5000 deg. 
Although 7, undoubtedly varies with the conditions, this value is believed 
to be sufficiently accurate, considering that it only comes into equation 
(11) as a correction term involving y7,. 

The square roots of the currents i, in the fourth columns were plotted against 
Vv», and in each case the points lay nearly on a straight line of the slope 
given by S, until at values of V greater than about —30, electrons began 
to be collected. From S the values of y were calculated by equation (53), placing 
p = 2, and changing the coefficient to 1.10, since the collector G is circular 
and is exposed on both sides to the ionized gas. 


Tasie VIII 
Visual Observation of Sheath Thickness on Glass Window with Low 
Intensities of Ionization 
Bulb at 13 deg. C; Hg pressure 0.81 bar 

















Run No. | i | Exc T,ma./cm* | xo9;,.™mm | » | V Volts | TT 
104-a 0.013 28.0 0.0063 4.1 | 275 | 35.6 48,400 
104-b 0.010 27.1 0.0050 40 } 208 29.0 47,000 
105-a 0.006 26.2 | 0.0026 5.5 204 28.5 45,000 
105-b 0.003 26.0 , 0.0016 7.5 234 31.6 60,000 

1 








To calculate the positive ion random current J,, the current fg was first 
obtained, corrected for edge effects by extrapolating to » = 0 on the straight 
line plot just referred to. This corrected current was then divided by the ef- 
fective area of collector G, which was taken to be 4.0 cm*®. This value was 
arrived at as follows. The diameter of the disk G was 1.90 cm so that its sur- 
face was 2.84 cm? for each face. Observations of the sheaths on the front and 
back faces showed, however, quite uniformly that the sheath on the back 


bd Giinther-Schulze, Zeit. f. Physik, has suggested that the lowering of the anode drop 
in such cases is due to the effect of radiation reflected back into the gas from the walls of the 
hollow anode. Such an explanation is found to be contrary to many experimental facts. 
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was about 1.5 times thicker than that on the front. This was due no doubt 
to the too close proximity to the glass surfaces of the bulb and the tubing 
covering the leads from electrodes B and G, which surfaces robbed the ioni- 
zed gas of positive ions. From the space charge equation (10) it can be seen 
that the current density on the back was only 0.44 of that on the front face. 
Thus the effective surface of the whole collector should be 2.84 x 1.44 = 4.09. 
Considering the direct screening effect of glass tubing in covering up a por- 
tion of the back face it was considered that the round figure 4.0 cm* was 
the most probable for the effective surface. 

The electron temperatures T, given in Tables V to VII were obtained from 
semi-log plots which gave very good straight lines. It will be noted that the 
temperatures at these low vapor pressures are unusually high and that they 
decrease considerably as the arc current is raised to 0.4 amp. The temper- 
ature data in the last column of Table VIII were obtained with a cylindrical 
collector B, 1.3 mm diameter, and at these very low arc currents it was found 
that the semi-log plots were not very straight, so that the temperatures in this 
table are very rough, the probable error being estimated at = 8000 deg. The 
values of J, in Table VIII were also derived from the cylindrical collector 
B, no measurements of currents to G having been taken in these runs. 

The observed sheath thicknesses, x,,,, in Tables V and VIII, were made 
with the unaided eye holding a millimeter scale in front of the tube. The cal- 
culated sheath thicknesses, x,.,, (in mm) in the last columns of Tables V 
to VII, were obtained from the current densities J, given by equation (10) 
which took the form 

x = 0.621/%/I’ mm, 
where J’ is the value of J, expressed in microamperes per cm?. 

The agreement between the calculated and observed sheath thicknesses 
seems to lie within the experimental error, even with voltages ranging from 
V = 15 to 393. Not.only does the observed sheath vary with the voltage 
according to the theory, but it varies in the correct manner with the intensity 
of ionization. Thus J, in Table VII is 2.64 times as great as in Table VI, and 
the sheath thickness at V = 80 volts is in the ratio 1:1.67 which is close to 
the theoretical value 1:1.63 (1.63 being the square root of 2.64). 

The sheath thickness 0.7 mm observed on the plane glass window, according 
to Table V, was the same as that observed on the collector G when its poten- 
tial was adjusted so that the current i, became zero. The existence of these 
sheaths under these conditions is the most direct proof that insulated surfaces, 
whether conducting or not, acquire potentials as much as 20 volts negative 
with respect to the gas. 

The data of Table VIII show that with very low arc currents, the sheaths 
on the glass surfaces become very thick, as much as 7.5 mm being observed. 
Again the results are in accord with the theory. From the observed values 
of x and the observed current density J, the value of » (sixth column) can 
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be calculated by equation (10). From this, taking 7, = 5000 deg., the values 
of V (seventh column) were calculated. These then represent the potentials 
of the glass surface with respect to the ionized gas. These values are higher 
than those usually found but not more so than should correspond to the high 
values of T, observed in these runs (eighth column). In general the negative 
potential acquired by an insulated collector should be proportional to the 
electron temperature T,. 


PART III: TYPICAL EXPERIMENTAL DATA ILLUSTRATING 
THE USE OF CYLINDRICAL COLLECTORS 


Review of the Characteristics of Cylindrical Collectors 

We have seen that when a cylindrical electrode is so charged that it collects 
only ions of one sign and the mean free path of an ion is large compared 
to the radius of the sheath, the volt-ampere characteristic will obey one of 
two different laws, depending upon the relative values of the radius of the 
collector r, the sheath radius a, the drop of potential in the sheath V, and 
the temperature T corresponding to the Maxwellian distribution of velocities 
among the ions. We shall make use of the variable before defined: 

eV 
1= 7F° (56) 

where ¢ is the charge on the electron, and k is the Boltzmann constant. Then 
when 7 is large compared to a/r (Case I), the current i taken by the col- 
lector will be limited by the size of the sheath and will be determined by 
the equation: 


. a 
i= Al (57) 


in which J is the current density of ions of the sign collected in the ionized gas 
outside the sheath, and A is the surface area of the collector. In this case the 
volt-ampere characteristic will follow the space-charge formula: 


~6 3/2 tT 
14.68 x 10-* IV’ (47/5 T (58) 
Vml[m, rp? 1640V. 
where m is the mass of the ion, m, the mass of an electron, / the length 
of the cylinder, and f is a function of a/r. 


On the other hand, when 7 is small compared with a/r (Case II), the 
orbital motion limits the current which is given by the equation: 


i = Alfoo, (59) 
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Here f,. stands for the limiting value reached by the function f of equation 
(25) in Part I when a/r becomes large. For 7 > 2, foo is given with great 
accuracy by the formula: 


Dp 
Peet ke (60) 


By combining equations (56), (59) and (60), it is seen that in this case 
a straight line should be obtained when the square of the current is plotted 
against the voltage. The intercept of this line on the V-axis is 


Vo= ae (61) 
while from the slope S can be found the number of ions per cubic centimeter 
n, from the equation: 


_ ml VS_,/m 
n = 4.03 x 10" Vz TF = 852x100 yz: (62) 


Near the space potential the square of the current will no longer follow 
the straight line law, because the function f,. is not accurately represented 
by equation (60) in this region. The exact value of f., for 7 positive can, 
however, be calculated from equation (25) of Part I. For negative values of 
n, f is independent of a/r, and according to equation (1) is given by 


f=e, <0. (63) 


Fig. 7 shows a plot of the square of f.. against 7 calculated in this way’ 
This should be the actual form of the curve obtained by plotting the square 
of the current against the voltage for a cylindrical collector when the current 
is determined by the orbital motion of the ions. 

Let us put 





ga Ayre: (64) 
Va 


Then g will be a function of 7 which will rapidly approach unity as 7 be- 
comes positively infinite. The values of g* are given in Table IX. If experi- 
mentally measured values of the square of the current are multiplied by 
the appropriate values of g?, points are determined which should lie in a straight 
line even near the space potential. 

With given values of the current density J and temperature T of the ions, 
we can obtain volt-ampere characteristics following either Case I or Case II 
by a suitable choice of the collector radius. If the collector is sufficiently 
large, the sheath formed about it will only slowly increase in size as the po- 
tential is raised, a/r will be small compared to 7, and the space charge equation 
will hold. For a sufficiently small collector large values of a/r will be reached 
at low voltages and the current will be limited by the orbital motion along 
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the whole characteristic. Now from the current collected by a large cylinder 
and the observed size of the sheath around it, we can determine J from equ- 
ation (57), while the characteristics of a small collector will enable us to find 
n by using equation (62). Thus, if we have two cylindrical collectors of suitable 






































Fic. 6. Mercury vapor tube for ob- Fic. 7. Plot of square of f-function and 
serving sheath diameters and thick- approximation formula [See equation (60)]. 
nesses (Repeated from Part II). 

radii placed near each other in an ionized gas, we can calculate from their 
characteristics and from the observed radii of the sheaths the values of the. 
quantities n, J, and 7, provided only that the ionized gas is sufficiently ho- 
mogeneous that these quantities are the same in the region about each col- 
lector. 

As with plane collectors, the volt-ampere characteristic of a cylindrical 
collector consists of three parts: (1) a range of potential where positive ions 
only are being received; (2) a transition region where the electrode collects 
both positive ions and electrons moving against a retarding field; (3) a part 
where the potential is accelerating the electrons and the positive ion current 
received is negligible compared to the electron current. The parts (1) and 
(3) will follow the laws just discussed, while from part (2), after correcting 
for the positive ion current, the law of distribution of velocities among the 
electrons (or negative ions) can be found. We have seen that if this law is 
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the Maxwellian one, a straight line should be obtained when the logarithm 
of the current is plotted against the voltage, regardless of the shape of the 
collector. The experimental data show that with a cylindrical collector as well 
as with a plane one such a straight line is actually obtained, under normal 


Tasie IX 


Values of the Function ¢ 
[See equation (64)] 








1 ¢ n | ¢ 
—1.0 0.000 0.8 1.064 
—0.8 1.261 1.0 1.0518 
—0.6 1.691 1.4 1.0360 
—0.4 1.700 1.8 1.0265 
—0.2 1.520 2.2 1.0207 

0.0 1.273 2.6 1.0167 
0.2 1.159 3.0 1.0138 
0.4 1.108 ! 4.0 1.00970 
0.6 1.082 5.0 1.00724 














conditions. The deviations from a straight line are usually much less for the 
cylinder than for the plane, especially when a small wire is used as a collector. 
This is probably due to the fact that the wire draws much less current than 
the plane, and so does not disturb appreciably the equilibrium conditions 
in the ionized gas. 


Typical Experimental Data for Cylindrical Collectors 

As an example of the logarithmic plot obtained with a cylindrical collector 
under normal conditions, we may take Fig. 8. The data for this plot were 
obtained by using electrode B of the mercury arc tube illustrated in Fig. 6, 
the dimensions of the collector being: length } in., diameter 7 mils. The 
current to the main anode at the time the data were taken was 0.15 amp., and 
the water bath temperature was 12 deg. C, corresponding to a mercury vapor 
pressure of 0.73 bar. It is seen that a very good straight line is obtained over 
a range corresponding to a hundred-fold increase of the current. The lower 
points were located by subtracting from the total current the positive ion 
current extrapolated from the :2—E plot for positive ions; this amounted 
to a considerable correction for the lowest points (about 50 per cent of the 
total current at —20 volts), yet these points fall closely on the straight line 
determined by the upper points. The change of slope above the space poten- 
tial is very gradual because of the rapid growth of the electron sheath, but 
by plotting the square of the current against the voltage a straight line can 
be found by means of which the space potential is located quite closely. The 
value found is indicated at the upper end of the curve, and is —3.3 volts. 
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In order to study the behavior of two cylindrical electrodes of different 
radii in the same arc, a tube was constructed similar to that of Fig. 6, but hav- 
ing two straight wires placed one above the other, perpendicular to the axis 
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E,,VOLTS (FROM ANODE) 


Fic. 8. Semi-logarithmic plot of current-voltage curve for collector B. 


of the tube, and arranged so that the sheaths formed could be observed through 
a plain polished glass window. The dimensions of these electrodes were: 


Collector F: 
radius 0.00635 cm, length 1.91 cm 
(surface area 0.0762 cm?) 
Collector G: 
radius 0.156 cm, length 1.91 cm 
(surface area 1.87 cm?) 


The ratio of the radii was therefore 25 to 1, and it was found possible to 
adjust the arc current so that the current to the larger collector was limited 
by space charge, while the current to the smaller was determined by the orbital 
motion when positive ions were being collected. 

The collecting wires were sealed into a bulb five inches in diameter, which 
was joined to the cathode chamber below and the anode chamber above by 
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short connecting tubes 1} in. in diameter. When the pressure of mercury 
vapor was of the order of one bar, the glow in the bulb was quite uniform, 
but the relatively narrow constriction at the lower end caused a beam of 
high-velocity electrons to issue from the connecting tube. This beam distor- 
ted the positive ion sheaths formed when negative voltages were applied to 
the collectors. Instead of being circular, the sheaths were narrower on the 
side exposed to the beam than on the other or upper side. Beyond the upper 
edge of the sheath was a slightly darkened region bounded by a hyperbolic 
curve, and it was apparent that this was the ‘‘shadow” cast by the sheath 
in the beam of high-velocity electrons. 

Under these circumstances we should no longer expect that the distribution 
of velocities of the electrons entering the sheath would be Maxwellian, and 
as a matter of fact it was found that the logarithmic plot of the electron cur- 
rent showed marked deviations from a straight line. It was possible, further- 
more, to interpret these experimentally determined curves as being due to 
a Maxwellian distribution upon which was superimposed another distribution, 
non-Maxwellian but centering about a mean velocity higher than that of the 
Maxwellian one. At a pressure of one bar the mean free path of an electron 
was comparable with the dimensions of the bulb, so that the high-velocity 
electrons starting from the lower part of the bulb were able to reach the sheath 
without losing energy by collisions. At higher pressures, however, the beam 
should be destroyed through collisions with mercury atoms, and the distri- 
bution of electrons in the center of the bulb should be of the normal or Max- 
wellian type. This was found to be the case, for at a temperature of 60 deg. C 
when the mean free path was only a tenth of the bulb radius, the logarithmic 
plot became straight and the sheaths were circular. 

By means of a magnet it was found possible to deflect the beam away from 
the sheaths, so that approximately normal curves could be obtained. This 
magnet was used throughout in working at temperatures less than 40 deg. C. 
A typical set of data obtained in this way is illustrated by the curves in Figs. 9, 
10, 11 and 12, and in Table X. The arc current was one ampere and the 
temperature of the water bath 14.1 deg. C, so the vapor pressure of the 
mercury was 0.91 bar. The voltages of F and G were all measured with 
respect to the anode A. 

Fig. 9 is a plot of the results obtained by using F to collect positive ions. 
The sheath diameters were not measured in this run as their values do not 
enter into the calculations; but observations made in previous experiments 
had shown that under the conditions of the present run the characteristic of F 
should fall in Case II, the current being entirely determined by the orbital 
motion. In accordance with this conclusion we see that the square of the cur- 
rent when plotted against the voltage gives a line nearly straight. From cal- 
culations to follow it will appear that the space potential is —9.4 volts measured 
with respect to the anode A, and that the velocities of the electrons correspond 
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to a temperature of 42,500 deg. If we estimate the energies of the positive 
ions to be roughly one-half of this, we arrive at a value of about 2 volts for 
the V, of equation (61), which means that the straight line should pass through 
the point —7.4 on the V-axis in Fig. 9. The line shown was drawn so as to 
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E,, VOLTS (FROM ANODE) 
Fia. 9. Plot of square of positive ion current against voltage for collector F. 


have this intercept and fit as closely as possible the experimentally determined 
points. The slope of the line is 0.771 x 10“ amp.*/volt, and by equation (62) 
this gives directly for the number n, of positive ions per cm* in the ionized 
gas near the collector: 

n, = 23.2 10° amp.?/volt. » (65) 
The deviation of the points at the lower end of the graph from the straight 
line is caused by the arrival of electrons, which begin to be collected in ap- 
preciable numbers at potentials higher than —40 volts. Using the straight 
line of Fig. 9 to calculate the extrapolated values of the positive ion currents, 
the electron current to F was computed and plotted on semi-logarithmic paper. 
The result showed the ionized gas about the sheath was still disturbed from the 
normal condition, for the points did not lie upon a single straight line. It was 
possible to represent them as lying upon three straight lines; one extending 
from the space potential over a range of 84 per cent of the total current with 
a slope of 3.41 volt-!; a second covering 14 per cent of the current with a slope 
of 5.14 volt-4; and a third corresponding to the remainder of the current, 
2 per cent with a slope of 3.13 volt-?. When the current to a collector is de- 
termined by the orbital motion, each class of electrons having a given velo- 
city will contribute its quota to the current collected independently of the 
presence of electrons of other velocities. The currents due to two different 
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classes will simply add. Hence in the present case, since 84 per cent of the 
electron current has a Maxwellian distribution corresponding to a*value of 
3.41 for V,, we should expect that the current taken by F with voltages accel- 
erating the electrons should be-nearly the same as if all the electrons had the 
velocities proper to this Maxwellian distribution. To obtain a better approxi- 
mation which cannot be seriously in error, it seems logical to take the weighted 
mean of the three slopes. If this is done the value 3.66 is obtained for V4. 
We are justified in assuming that the electron current taken by F will be lim- 
ited by the orbital motion because the positive ion current was so limited, 
and the characteristics of an electrode depend essentially upon the values 
of n and of T, which cannot be very different for positive ions and for electrons 
in the same mass of ionized gas. 

Continuing the volt-ampere characteristic beyond the space-potential point 
or kink in the logarithmic plot, we once more obtain a line nearly straight when 
the square of the current is plotted against the voltage, as in Fig. 10. Tak- 
ing the value of V, to be 3.66 volts and using the g-function to correct the 
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Fic. 10. Graph illustrating sue of i*-E plot to obtain space potential of collector F. 


position of the lower points we obtain the straight line shown, the crosses 
marking the points obtained by the use of the g-function. The intercept of 
this line is —13.06 volts, and the space potential is consequently determined 
to be 

—13.06+3.66 = —9.4 volts (66) 
measured from the anode. This gives by far the most certain method of find- 
ing the space potential. The kink in the logarithmic plot of the electron cur- 
rent gives a value which is usually subject to an uncertainty of a volt or two 
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even with large plane electrodes; but the value of the intercept of the straight 
line in Fig. 10 can easily be estimated to within a few tenths of a volt. 

When the potential of the collector is more than ten volts above that of 
the space, the electrons falling through the sheath will be accelerated sufficiently 
to ionize the gas molecules, and as a result the equations developed will no 
longer hold. This causes the deviation from the straight line of the upper 
points in Fig. 10. Therefore only the points lying between the limits of about 
4 to 12 volts positive with respect to the space are available for the location 
of the straight line, unless use is made of the g-function, in which case the 
best straight line will be determined by a series of approximations since the 
value of the argument 7 of the q-function depends upon the value assumed 
for the space potential. 

The slope of the straight line in Fig. 10 is 10.4 x 10-* amp.?/volt, which gives 
by equation (62) for the number of electrons per cm® in the ionized gas 
about F: 

n, = 14.0 10°/cm?® (67) 


From equation (62) we can also find J,/y 7,. Taking the value T, = 42,500 deg. 
found above from the slope of the logarithmic plot, we thus find for the electron 
current density 

I, = 71.6 X 10-® amp./cm? (68) 


It might be thought that an independent way of finding J, would be to read 
off directly from the volt-ampere characteristic the current taken by the col- 
lector when it was at the space potential and divide this by the area of the 
collector. This is not an independent method, however, because the value 
of the space potential itself was calculated from the 7?-E plot. But the fact 
that the value so found for the space potential falls within the limits that are 
estimated from the kink in the logarithmic plot, as well as the fact that the 
plot of the square of the electron current against the voltage gives a curve 
of the theoretical type illustrated in Fig. 7, justifies our assumption that the 
electron current to F is limited by the orbital motion. It is to be noted that 
the fact that the points in Fig. 10 fall close to a straight line does not prove 
that assumption, for a good straight line can be obtained even when the current 
is limited entirely by space charge, as well as in cases intermediate between 
the two extremes. In general, however, these lines will give values for the 
space potential and for m that are clearly in error. 

Turning now to the observations made with the large collector G, let us 
first consider the electron current characteristic. In the range from —40 to 
—10 volts G collected an electron current which, when corrected for the 
positive ion current and plotted on semi-logarithmic paper, gave a line ap- 
proximately straight with a slope corresponding to V, = 2.70 volts. The 
kink in this line showed that the space potential was —10.5+0.5 volts. Beyond 
this point the current increased more slowly, and on plotting the square of 
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the current against the voltage the points shown in Fig. 11 were obtained. 
In the range from —13 to —5 volts the points fit fairly well with values 
calculated from equation (59), assuming the space potential to be —10.6 volts. 
This is shown by the fact that the points marked by crosses, which were obtained 
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Fic. 11. Plot of square of electron current against voltage for 
collector G. (Crosses mark points obtained by use of g-function), 


from the observed currents by the use of the q-function, lie fairly close 
to a straight line. The slope of this line is 14.7x 10-* amp.*/volt, which b: 
equation (62) corresponds to an electron density: % 


n, = 6.80 x 10°/cm!. (69) 
Using the value of V, found above, the electron current density is found to be 
I, = 29.8x 10-* amp./cm*. (70) 


In using equation (59) we have tacitly assumed that the characteristic of G 
falls under Case II. The value of the space potential found under this as- 
sumption agrees well with that estimated from the logarithmic plot, and the 
value of n, calculated from the slope is of the right order of magnitude. 
This points to the rather remarkable conclusion that even with a collector 
as large as G the current is limited entirely by the orbital motion for suf- 
ficiently low accelerating voltages, while at higher voltages the current is 
limited entirely by space charge as is indicated in Fig. 11 by the falling off 
of the current beyond E, = —5 from the value corresponding to the dotted 
line. Experiments made under different conditions show that the result 
holds up to quite high values of the arc current and at high mercury vapor 
pressures, even though under these conditions the ion velocities are small. 
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The explanation is probably as follows: For each value of the accelerating 
voltage there is a certain minimum value which the sheath radius must exceed 
in order that the current be effectively limited by the orbital motion, the 
minimum value increasing with the voltage. At low voltages the actual sheath 
radius exceeds this critical value even with a large collector, but as the vol- 
tage is raised the sheath radius eventually falls below the critical value, since 
the sheath increases only slowly in size around a collector of large radius. 
At first, therefore, the current will be limited by the orbital motion, then 
there will be a transition region, and finally the current will be limited by space 
charge. However, the conclusion cannot be regarded as completely proved 
since it is not known how much the slope and intercept of the straight line 
will deviate from the values given by equations (61) and (62) when some 
case intermediate between the two extremes holds. Pending a more detailed 
theoretical analysis of this problem, the conclusion can at least be regarded 
as a convenient working hypothesis, since it leads to reasonable values for the 
space potential and for m, under a wide range of variation of the experimental 
conditions. 

The results of using G to collect positive ions are shown in Table X and 
Fig. 12. Column 1 of the table gives the potential applied to G, measured 
from the anode; column 2 is the potential with respect to the space. The ob- 
served positive ion currents are given in column 3, while in column 4 are 
the values of the sheath radius which in this case were measured directly with 
the cathetometer. Dividing these by the radius r of the collector gives the 
ratios shown in column 5. Using these observed values of a/r and the correspon- 
ding values of V, it is found from a consideration of the f-function that with 
any reasonable assumption as to the velocities of the positive ions the cur- 
rent should be wholly limited by space charge. Consequently the current 
should be proportional to the sheath radius, and the constancy of the values 
of ¢ (r/a) given in column 6 shows that this is so. The average value of i(r/a) 
is 0.266 ma., and on dividing this by the area of the collector the positive 
ion current density is found to be 


I, = 1.42x 10 amp./cm* (71) 


On comparing the data obtained with F and G there are seen to be wide 
divergences in the values of n,, I,, and T, for the two collectors. This makes 
it impossible to correlate the values of J, obtained from G and of 2, obtained 
from F to calculate 7,, the temperature of the positive ions. These diver- 
gences were undoubtedly due to faults in the construction of the tube, which 
are now being corrected. The data just given serve, however, to illustrate the 
method, which should certainly succeed in a tube of proper design. Ordi- 
narily the calculated value of 7, would be used together with the observed 
values of the sheath radius about G to compute the current to G by the 
space charge equation (58) as a check upon the observed values. In the pre- 
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Tasts X 


Positive Ion Current to Cylindrical Collector G 
(radius 0.156 cm, length 1.91 cm) 


Run 133-b. Arc Current = 1 amp. Mercury Vapor Pressure = 0.91 bar. 

















1 2 3 es 5 6 7 

Eg volts V volts ima. Qops, cm alr i = ma. icate, Ma. 

+ —400 —389.4 0.795 0.472 3.02 0.263 0.812 
—350 —339.4 0.750 0.451 2.89 0.260 0.749 
—300 —289.4 0.705 0.422 2.70 0.261 0.715 
—250 —239.4 0.662 0.393 2.52 0.263 0.662 
—200 —189.4 0.615 0.362 2.32 0.265 0.612 
—150 —139.4 0.545 0.305 1.95 (0.279) (0.717) 
—125 —114.4 0.518 0.295 1.89 (0.274) (0.606) 
—100 — 89.4 0.487 0.285 1.83 0.266 0.488 

- Ave. 0.266 























sent case it is found that if 7, is assumed to be 3500 deg. the values of the 
current given in column 7 of Table X are obtained, which are in good agree- 
ment with the observed values in column 3, except for the bracketed numbers 
which are probably affected by experimental error in determining a. This 
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Fic. 12. Plot of square of positive ion current 
against voltage for collector G. 


value of T, is undoubtedly much too low, however, and no weight can be 
put upon this method for its estimation, since the values of T, found by it 
are greatly affected by errors in measuring the sheath radius. 

In Fig. 12 is shown the plot of the square of the positive ion currents 
to G against the voltage. It is seen that a straight line can be drawn so as to 
fit the observed points fairly closely, even though the current in this case 
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is entirely limited by space charge. This illustrates the remark previously 
made, that the straightness of the i?-E plot cannot be used as a criterion 
to find whether the current is limited by the orbital motion. It is obvious, how- 
ever, that the straight line in Fig. 12 cannot be made to fit equation (59), 
for the intercept on the V-axis is 77 volts measured from the space potential, 
a quantity certainly much greater than e7,/k. The meaning of this intercept 
and of the slope could be found by eliminating the sheath radius a from equ- 
ations (57) and (58) to obtain the relation between the current and the voltage. 
This is difficult to do on account of the complicated form of the space charge 
equation unless the effect of the initial velocities is neglected. The resulting 
formula can be expected to hold when the potential applied to the collector 
is large compared with the initial velocities. 





























TaB.e XI 
Summary of Data Taken with Collectors F and G 
1 2 3 4 5 6 7 8 9 10 
Bulb | Vapor 
a temp. | pres- | i, Avoid sonal T. fe I, Ny In 
deg. | sure,| amp. *) deg. K |x 10-*| ma./em* | x 10-*| ma./cm* 
c bars used | volts 
128 13.0 | 0.81 | 0.080} F —9.5 28,800 | 1.12 4.76 1.18 
G —8.1 | 39,200 | 0.532) 2.61 0.0108 
130 13.0 | 0.81 | 0.30 F -—7.0 50,400 | 4.73 | 27.4 7.96 
G —9.6 | 41,300 | 2.12 9.29 0.0445 
133 14.1 | 0.91] 1.0 F —9.4 | 42,500 | 14.0 11.6 23.2 
G —10.6 31,300 | 6.80 | 29.8 0.143 
134 40.1 | 8.0 0.30 F —9.3 19,900 | 1.87 6.54 4.93 
G —-9.0 18,100 | 1.23 4.14 0.0170 
135 40.1 | 8.0 1.0 F -91 16,900 | 7.20 | 23.2 17.3 
G —9.6 | 14,300 | 4.71 | 13.9 0.0603 
136 0 0.23 | 0.30 | F —6.4 | 29,900 | 6.30] 24.3 11.7 
G —6.5 | 26,600 | 4.29] 17.3 0.0603 
137 0 0.23 | 1.0 F -7.9 31,500 | 18.3 79.5 30.3 
| G -9.1 32,100 | 9.75 | 43.4 0.196 




















Table XI summarizes some of the data obtained with collectors F and G. 
Column 1 gives the temperature of the water bath; Column 2, the corresponding 
pressure of the mercury vapor; Column 3, the current to the anode A main- 
tained during the run, Column 4 specifies the collector used. In Column 5 
are the values of the space potential, referred to the anode A, obtained as in 
Figs. 10 and 11. In every case the values of these space potentials fall within 
the nearest limits that can be estimated from the kink in the logarithmic plot 
of the electron current. Column 6 gives the temperature of the electrons, 
as determined from the slope of the logarithmic plot. Column 7 contains the 
value of the electron density determined as in Figs. 10 and 11 from the slope 


5 Langmuir Memorial Volumes IV 
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of the #?-E plot. Using values of n,.and of 7, from Column 6, the electron 
current density given in Column 8 was calculated. Column 9 gives n, found 
from the positive ion characteristic of F, and Column 10 the positive ion 
current. density near G found by using the observed sheath diameters. 


PART IV: DATA ON. DISCHARGES IN MERCURY VAPOR 
OBTAINED WITH CYLINDRICAL COLLECTORS 


In. the previous installment it was shown that the volt-ampere charac- 
teristics of cylindrical collectors can be used to determine the random current 
densities (J, and J,) and concentrations (m, and m,) of electrons and ions in 
the discharge and also the temperature (7,) of the electrons. A collector of 
such large radius that the current is limited by space charge yields data for 
I,, I,, and T,, while a collector of very small radius where the current 
is limited by the orbital motions of the collected particles gives m,, m,, and T,. 
Since the positive ion concentration (n,) is expressible in terms of I,//T, 
it should be possible by the simultaneous use of two collectors (one of large 
and the other of small radius) to determine the value of T,, the temperature 
or equivalent average velocity of the positive ions. 

The data in the preceding section showed such discrepancies between the 
values of n, obtained from the two collectors that they did not justify a cal- 
culation of the temperature of the positive ions, although the data will prove 
useful in other respects. 

In the present section we shall review some of the data obtained with 
the tube shown in Fig. 3,; page 767, using the cylindrical collectors F and G. 
These data will be’ compared with those previously obtained"? with the plane 
collector H and we shall see that they permit a saan estimate to be made of 
the temperature of the positive ions. 


Dimensions of Tube of Fig. 3 

The tubing which contained the various collectors had a diameter of 3.2 cm. 
The distance along the axis of the tubing from the junction of the side arm 
to the lower end of the anode A was 23 cm and to the tip of anode B, 25 cm. 
The collector F was 7.6 cm from the junction and the distance from F to G 
was 16.5 cm, and the tip of the anode B was 1.3 cm from G. Collector E 
was 5 cm from the junction and the distances E to D and D to C were each 
7.6'cm while the top of the anode A was 3.5 cm above C. The collector H 
was a square nickel plate 1.90 cm on a side; J and K were each squares of sheet 
nickel 0.95 cm on a side. The collectors C, D, E, F, and G were small hair- 


1 Past. III, p. 491. - 
4 Part II, p. 473,. 
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pin filaments'* with leads carefully enclosed in fine glass tubes:so as to pre- 
vent any current being collected except by the filament itself. 
The diameters and exposed lengths of the filaments were: 








" Collector | Length, cm | Diameter, cm | Ares, em* 
c } aaa 0.00778 0.0271 
D | 1.27 0.0180 0.0720 
E 1.59 0.00778 0.0389 
F _ 1.27 0.00778 0.0310 
G 1.59 0.00778 0.0389 





Explanations of the Tables 


A summary of the data obtained from a study of the volt-ampere charac- 
teristics of the filamentary collectors F, G, D, and E is given in Tables XII 
to XV. The methods used in calculating the fundamental quantities 7,, J,, 
I,, ,, and n, have been described in the previous installments and will there- 
fore be only briefly outlined here. 

Table XII. gives the data’ obtained in Run 24 in which the bulb was 
at 48 deg. C and the mercury vapor pressure was therefore 14.6 bars. A con- 
stant exciting arc of 6 amp. was maintained to the anode A and various cur- 
rents J, (Column 1) were passed to anode A through the horizontal arm. Co- 
lumn 2 gives Es,, the potential of B with respect to the mercury cathode 
(below the condenser), For each value of the current J three different vol- 
tages of approximately —40, —65, and —90 were applied to the collector F, 
these potentials E,, being measured from that of the anode B, and for 
each potential the current ép in milliamp., which flowed from F into the mer- 
cury vapor, was measured. Column 3 in Table XII gives the values of ip obtained 
with the ‘intermediate voltage Ep, = —65, the values of i, for the other vol- 


48 These collectors were considered in effect to be cylindrical, care having been taken 
that the two legs of the loop were so far apart that they should have relatively little influence 
on one another. However, such a construction is in general undesirable. It was used in the 
experiment under discussion for two reasons: (1) By heating the filament when it was at a high 
negative potential, electrons in any number and of known velocity could be injected into the 
arc; (2) by adjusting the potential of the collector and varying its temperature, a point could be 
found where the electrons emitted were just unable to escape; this furnished an independent 
means of measuring the potential of the space around the collector. 

4 The designation “Run” was used for convenience to identify various experimental data 
and refers to the page number of the “record sheet” on which the original data were recorded. 
The numbers thus give the sequence of the observations. a 

™ By the use of the special construction (illustrated in Fig. 3) resembling that of a con- 
densation pump, the blast of mercury issuing from the cathode spot is deflected down into a con- 
densing chamber. Careful measurements with ionization gauges in other experiments have 
proved that with this construction the mercury vapor pressure in the upper part of the tube 
is independent of the main arc current and is in fact the pressure of. saturated mercury vapor 
at the temperature of the water bath surrounding the condenser. soba 
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tages being omitted for the sake of brevity. As will be shown in the follow- 
ing, each value of i, may be used to calculate the positive ion current density 
I,. The values of J, given in Column 6 are the averages of the values obtained 
‘at the three different voltages. The three values, however, differed from the 
corresponding average by a mean error of only 3.2 per cent and in an irre- 
gular manner, so that the data in Columns 3, 4, and 5 of Table XIV based 
as they are on the measurements at the intermediate voltage may be regarded 
as typical. 

From the positive ion currents i, the values of f* were calculated’* from the 
space charge cquaticn (13), taking » as given by equation (11) with T, = 10,000. 
The potential V used in these calculations is the potential of the collector with 
respect to the surrounding space. Since subsequent measurements showed 
that the space potential near F was about 9 volts below that of the anode B, 
the value of V used in the calculations was —56. From f* the value of 
ajr, the relative sheath radius, can be obtained by equations (14) and (15) 
or, more conveniently, from plots of the function 6? prepared from tables'’. 
These results are given in Column 4. The justification for assuming velocities 
for the positive ions corresponding to T, = 10,000 will appear later; it should 
be remembered that even doubling TJ, has only a very small effect upon the 
value of a/r. 


Tasis XII 


Positive Ion Data for Collectors F and H in the Tube of Fig. 3 
Run 24. Bulb at 48 deg. C. Mercury vapor pressure 14.6 bars. 7, = 10,000 deg. K. 
















1 2 3 4 5 6 7 8 9 | 10] 11 
COLLECTOR F COLLECTOR H | dy 

ip Exc tg I I ax 
amp. | volts ma. id > | Volts 


exp. | cal. cm-? 


coon | cece 0.50 
B . 0.154 0.038] 0.038) 0.42 
0.3 39.5 | —0.064 | 14.6 | 8.38 0.247 0.264 —0.265 








0.065) 0.062} 0.40 
0.5 | 39.3! —0.127| 9.6 | 7.38 0.53 0.52 —0.45 | 0.114) 0.114) 0.41 
0.75 | 39.0 | —0.185 | 7.68 | 6.66 0.90 0.88 —0.78 | 0.203} 0.185} 0.44 
1,00 | 38.8 | —0.26 | 6.35 | 5.89 1.41 1.29 —1,02 | 0.265} 0.260) 0.46 
1.50 | 38.6 | —0.37 5.13 | 4.93 2.31 2.20 —1.68 | 0.445) 0.42] 0.47 
2.0 | 385 | —0.47 | 4.71 | 4.60 3.32 ! 3.22 —2.30 | 0.61 | 0.59 | 0.46 
3.0 | 38.3 | —0.66 | 4.05} 4.02 5.42 5.50 —3.55 | 0.95 | 0.97] 0.44 
4.0 | 37.0| —0.88 | 3.66 | 3.65 8.10 8.0 —5.1 1.38 | 1.37 | 0.43 
5.1 36.7 | —1.10 | 3.25 | 3.25 | 10.7 11.1 -6.9 1.86 | 1.79 | 0.41 


6.0 | 36.5} —1.29 | 3.05 | 3.05 | 13.9 13.7 —8.2 2.20 | 2.21 0.40 





36 Equations 1 to 48 appear in Part I, p. 461; Equations 49 to 55 in Part II, p. 473; 
end Equations 56 to 71 in Part III, p. 491. 
47 Langmuir and Blodgett, Phys. Rev. 22, 347 (1923). 
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To calculate the positive ion current density J, we make use of the general 

equation (24) which becomes ; 
i, = A,I,f (72) 
A, being the collecting area (0.0310 cm*) and f being the function defined by 
equation (25). This involves a knowledge of 7 defined by equation (26), which is 
_ 11,600 V 
n aes | aa 
Taking, as a provisional assumption, T, = 10,000 deg. K, we have 7 = 1.16 V, 
and thus find 7 = 65. From this value!® and the corresponding value of a/r, 
J was read off from a series of plots of this function’® which had been prepared 
and the results are recorded in Column 5. 

The values of the positive ion. current density J, in milliamperes per cm? 
in Column 6 are the averages calculated by equation (72) from the correspon- 
ding values of i, and f. When these values of J, are plotted on double lo- 
garithmic paper with i, as abscissa, a very good straight line is obtained which 
corresponds to ; 


(73) 


I, = 1.29 i4 


where i, is in amperes and J, in amperes per cm*. The values of J, read 
off from this straight line are tabulated in Column 7; it is seen that they 
agree excellently with those in Column 6 which were calculated from the 
experimental data. 

Column 8 gives the positive ion currents which flowed to the plate-s haped 
collector H as measured with a potential E,,—= —40 volts applied to this 
collector immediately after the corresponding measurements on collector F. 
From these readings the positive ion current density J, (in Column 9) was 
calculated by dividing the current i, by the collector area (3.61 cm*), cor- 
recting for the edge effect in the manner that has been described.”° In this 
case also it was found that the values of J, plotted on double logarithmic paper 
with i, as abscissa gave a straight line corresponding to 


I, = 0.260 14” 


Column 10, which gives the values of J, calculated from this equation, 
shows by comparison with Column 9 that the relation is accurately fulfilled, 
The fact that the values of J, obtained by H are much lower than those 
by F, being only 24 to 16 per cent of the latter, is in accord with the fact that 
the arc tends to concentrate along the axis of the tube, particularly at higher 
pressures. The intensity of the light emitted from the central part is consider- 


%# The actual values of 7 used in the calculation of f were only approximately equal to 
65, since the voltages Erg varied by 2 or 3 volts from the average value —65. 

¥ Tables of f with curves will probably be published in a later installment. 

%° Part II, 477-480 pp. 
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ably greater than that near the walls. The fact that the double-log plots obtained 
from the two electrodes are both straight and nearly parallel is, however, 
held to be of significance as indicating the substantial accuracy of the methods 
used in calculating J, from the data from the cylindrical collector F. It should 
Be noted that the sheath radius @ was of vital importance in calculating the 
values of J, for the larger currents, for the current under these conditions is 
limited by space charge, as is evidenced by the practical equality of f and a/r. 
On the other hand, at the low currents, #,, the current is limited almost 
entirely by orbital motion, since f is about independent of a/r and is nearly 
equal to the value F = 9.05 calculated from the limiting equation (38). In 
this lower range of currents, the resulting value of J, (Column 6) comes out 
to be proportional to the square root of the assumed value of 7, (since 7 and 
fo depend on T,), while in the upper range the values of J, are nearly in- 
dependent of 7,. 

It thus appears that the straightness and parallelism of the double-log 
plots can occur only with a value of 7, fairly close to the value 10,000 deg. 
assumed in these calculations. This method of determining the temperature 
or effective velocity of the positive ions is only a rough one but probably 
fixes this quantity within an accuracy of about 30 per cent. Experiments of 
this kind for other mercury vapor pressures have not yet been carriéd out 
with sufficient accuracy to determine how T, varies with the pressure, so it 
has been assumed that the value 7, = 10,000 may be provisionally used in 
all calculations of J, at low intensities of ionization where the currents are 
li mited by orbital motion. It must be remembered that at high currents a know- 
ledge of T, is not needed to get J, for the currents are then limited by space 
charge, but under these conditions T, is needed if we wish to calculate 2,. 

The last column of Table XII gives data on the potential gradient in volts 
per cm along the axis of the tube between F and G, determined merely by 
finding for each electrode the potential which brought the current to zero. 
This method is only justifiable if the conditions at the two electrodes are exactly 
similar. The results are not considered to be very accurate and experiments 
are now in progress to measure these gradients by better methods. Another 
probable source of error in all measurements of potential gradient between 
electrodes’ F and G in the tube of Fig. 3 is the disturbance of the arc by 
the collectors J and K. 

Table XIII contains a summary of Runs 30 and 31 made with collector G 
while the condenser was maintained at 16 deg. C. The currents i, in Co- 
lumn 3 are the positive ion currents obtained with a potential E,, = — 80 
volts. The potentials V, with respect to the space, which were used in calculat- 
ing a/r and f were obtained from the measurements of the space potential 
given in Column 10, which were based on the plots of the squares of the 
electron currents i,? by the method previously described.” 

" Part III, p. 49. 
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* Tasre XIII 
Data obtained with Collector G 


Rims) $0'a0d 31> Tube of Fig. 3. Bulb at 16 deg. C. Mercury vapor pressure 1.10 bars. 
_ Tz = 10,000 deg. C Te =-24,000 deg. K. 





1/2 3 4165 6 | 7 “T 8 9 10 | 11 | 12 {13 
ig dp ma. cm-* ‘ _ 
ip | Eno { (for —80| a tenn fi mX | pe | 7 | eX | Te 
amp. | volts | volts) | > | f — a {mm | sore] SF) | p00 | 7 
ma. r foo : 











0.1 32.5 | —0.018 | 54.0 | 10.81) 0.042) 0.009) 0.042) 1.02) 0.0) 15] 0.39/365 
0.2 32.5 | —0.029 | 38.5 | 10.70) 0.070) 0.020) 0.068} 1.71) —0.4, 34] 0.891485 
0.5 38.0 | —0.064 | 22.9 | 10.3 | 0.159) 0.073) 0.149} $3.8.) —1.0) 100] 2.6 |630 
1.0 39.1 | —0.132) 14.4] 9.51] 0.37] 0.25] 0.32] 9.0] —1.3) 193 5.0 |520 
2.0 40.0 | —0.272| 9.4] 8.07) 0.88 | 0.76 | 0.65 | 21.5 | —1.7) 438 | 11.4 |497 
4.0 39.0 | —0.580 | 6.28! 6.11] 2.46 | 2.38 | 1.38 | 60.0) —2.0) 800} 20.8 (325 
61 38.1 | —0.875 5.10} 5.07) 4.63 | 4.57 | 2.16 | 113.0 | —1.4] 1360 | 35.0 |294 
8.1 36.9 | —1.15 4.49 4.48) 6.65 | 6.64 | 2.80 | 162.0 1.0] 1800 | 47.0 |271 

















Column 6 gives the value of I, obtained from i, and f and thus involves 
at the lower current densities the assumption 7, = 10,000. Column 7 gives 
the values of J, that result if f is assumed to be equal to a/r, i.e., if the cur- 
rent is assumed to be limited by space charge. At the higher currents the fig- 
ures in Columns 6 and 7 agree but they diverge widely at the lower cur- 
rents. Column 8 shows what values of J, would result if the current were limi- 
ted by orbital motion only (f = f..). Here Columns 6 and 8 agree for the 
lower values but diverge at the higher values. 

Plotting all three sets of values of J, on double-log paper against I,, we 
can see that all except the two lower points of Column 6 lie on a straight line 
of slope 1.35 (exponent), which agrees well with that from Table XII. The 
unusually low arc drop (Column 2) corresponding to these two points suggests 
that they are in some way abnormal. A comparison of the plots of Columns 6, 
7, and 8 and consideration of the modifications that would result from a change 
in the assumed value of 7, seem to a the general correctness of this 
value. 

Column 9 gives the positive ion density calculated from J, in Column 6, 
and T,, by equation (44), while Column 12 shows the electron density from J, 
and T,. The electron temperature T, = 24,000 deg. and the electron random 
current density J, were obtained from the volt-ampere characteristics by 
methods previously given. 

Table XIV is self-explanatory and the methods of calculation are the same 
as those already described. In many cases the 'low-current positive ion data 
were calculated directly from f,. without a calculation of alr, for the current 
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was limited strictly by orbital motion. In other cases, at high current densi- 
ties, it was known that the currents were strictly limited by space charge, 
so that f did not need to be calculated. In all cases it was found that the electron 
currents, both at high and at low current, were limited by orbital motion, 
so that the method involving the plotting of i* could be used in determining 
E;, and I,. The data for the potential gradient in the last column were deter- 
mined by taking the differences in the values Ey, for electrodes G and F, 
so that these determinations should be more reliable than those given in the 
last column of Table XII. 


Ratio of Random to Drift Current 

The straightness of the semi-log plots of the current-voltage characteristics 
of both the cylindrical and plate-shaped collectors proves that with a tube 
like that shown in Fig. 3 the electron velocities are distributed substantially 
in accord with Maxwell’s Law.** Superposed upon this random electron cur- 
rent is the drift current along the axis of the tube towards the anode. In the 
tube of Fig. 3, the drift current is equal to the arc current J,. 

The ratio of the random current density J, to the drift current density J, 
is a quantity which is of the utmost importance in any analysis of the fundamen- 
tal nature of gaseous discharges. The fact has been impressed upon us parti- 
cularly by a study of the anode drop occurring with anodes of various sizes 
relative to the enclosing tube. 

A cylindrical anode 1 cm in diameter and 3 cm long in the axis of a tube 
3 cm diameter will reach a dull red heat when it carries about 5 amp. in mer- 
cury vapor at a pressure corresponding to 20 deg. C. But if the tube surrounding 
this anode is made larger, or particularly if the anode is placed in a 5 inch 
bulb placed at the end of the 3 cm tube, the anode reaches a bright red heat 
with a smaller current, even less than one ampere. Measurements of the dif- 
ference of potential between the anode and the space near it, by means of 
collecting electrodes (s?—¥v plots) also prove that the anode drop may assume 
very large positive values (25 volts or more) if the anode is placed within a large 
bulb, especially if the pressure of mercury is low. 

This phenomenon is readily explained in terms of the relation of the 
random current to the drift current. Thus let us consider a long, cylindrical 
tube having unit cross-section through which a one-ampere mercury arc passes 
so that the drift current density is one ampere per unit area. Let us assume 
that the random current density is two amperes per unit area, being thus twice 
the drift current density. 


3 Schottky and J. von Issendorff, Zeit. f. Physik 26, 85 (1924), in a recent paper have 
also found the Maxwellian distribution of electron velocities in a mercury arc. They have mea- 
sured the heating effect at a negatively charged collector and their results confirm by a very 
convincing method our conclusion that the currents are due to positive ions and not to electrons 
emitted. 
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Taste XIV 
Data obtained with Cylindrical Collectors F, G and D 
Tube of Fig. 3. T, = 10,000 deg. 


















































1 2 3 4 5 6 a 8 | 9 10 | 11 | 12 | 13 

Bulb dy 
temp.| pup | is | Enc | Col-| Ess | 7° | 2 | mex | % | ux | a 

Roun deg. | bars | amp. | volts | lector | volts deg. | ma. _| 19-10 | ™a. 10-*° | volts 
Cc K cm-* cm? | ona 

20-a | 33.0| 4.7| 40| 410| G 16.0 | 

20-b | 35.0| 5.5] 5.0} 39.2| G 23.0 | 

20-c | 36.0! 5.9] 9.0] 330] G | | 55.9 | 

25 15.0 | 1.0] 20] 390] G | — 2.0)30,200] 355.0, 8.2 | 0.88 

26 15.0} 1.0] 02] 335] G | — 1.2)34,700] 340] 0.74 0.073) 1.8 | 

27 15.0} 1.0] O41 G | — 1.8} 36,000} 16.0) 0,34} 0.043) 1.05 | 

28a | 32.0] 43] 2.0] 390] G | — 3,0/23,300| 430.0) 11.4 | 1.17 

28-b | 32.0] 43) 0.2 G | —2.5]22,600] 35.0) 0.94! 2.05 | 

32 16.0} 11] 40] 401: F | — 5.8| 28,000} 750.0) 18.1 | 2.1 | 0.24 

34 15.5} 1.05} 0.5 F | —7.9|30,100] 121.0) 2.8 

35-a | 15.5 | 1.05] 1.0 | F | — 7.8]32,900| 171.0) 3.8 | 0.24 | 

35-b | 15.5 | 1.05} 2.0 F_ | — 7.6|26,200| 367.0 9.1 | 0.58 

36-a | 15.5 | 1.05) 4.0 F | — 7.1]25,000| 775.0} 19.7] 2.9 | | 

36-b | 15.5 | 1.05) 5.9 F | — 6.6] 22,400] 1580.0) 42.5 | 5.5 | 

37 15.5 | 1.05} 8.0} 35.0| F | — 6.1) 22,000) 1840.0) 50.0 

44 30.0| 3.7| O14] 330) F | — 9.0/20,900 | 

45 30.0} 3.7| 0.2 | 36.0} F | —11.0/19,100] 14.5] 0.4 | 1.6 

46 30.0] 3.7| 0.5 | 40.0] F | — 9.0)24,800; 50.0! 1.3 172.7 

47 30.0| 3.7 | 1.0] 39.0| F | —9.0/19,000| 175.0) 5.2] 04 | | 0.32 

48-a | 60.0 | 33.0| 0,2} 40.0} F | —17.0/10,600] 96.0) 3.8 

48-b | 60.0 | 33.0) 0.5 | 38.2| F | —14.0) 9,240) 260.0) 11.1 | | 

49-a | 60.0} 33.0| 1.0| 38.0| F | —12.0\ 14,200} 480.0) 16.3 | | 0.46 

49-b | 60.0] 33.0] 2.0! 37.0| F | —11.0/ 14,700) 940.0} 31.2 | 0.53 

76 15.0 | 1.0 |i, 2.0 D 30,000) 474.0] 11.0 | 1.7 

79 | 40.0| 8.0 |i, 2.0 D 18,400] 490.0) 14.5 | 1.7 | 

83 60.0 | 33.0 |i, 2.0 D | 12,200) 1530.0) 55.8 | 5.0 | 





Consider now a disk-shaped anode having the same diameter as the tube 
and in a plane perpendicular to the axis of the tube. Let us assume* that the 
presence of the anode does not materially alter the state of ionization in the gas 
except within a sheath of relatively small thickness which may cover the 
anode. 


™“ This is a useful approximation to the truth. Actually the removal of electrons from 
the discharge tends to decrease me even beyond the edge of the sheath. Furthermore, since 
the direction of motion of the positive ions is only partly a random motion, there will be 
a deficiency of positive ions (np) outside the sheath. This must tend to reduce also the electron 
concentration but produces a potential distribution the reverse of the normal gradient in the 
arc and this in turn brings positive ions towards the anode and partly compensates for the 
deficiency. These points will be considered in more detail in subsequent publications. 
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Across any given cross-section of the tube there will thus be a current of 
three amperes of electrons towards the anode (two amperes of random and 
one of drift) and two amperes of electrons in the opposite direction. Thus 
the anode, in order to take a current of only one ampere (fixed by the external 
circuit), must be sufficiently negatively charged with respect to the gas to 
repel % of, the electrons which are moving towards it. Thus because of the 
random current there will be a negative ‘anode drop.* 





Fic. 3. Mercury vapor tube with various types of 
‘collectors. (Repeated from Part II), 


If the area of the disk-shaped anode is reduced until it is only } of that 
of the cross-section of the tube, the number of electrons moving spontaneously 
towards the surface of the anode is just sufficient to carry the current flow- 
ing from the anode so that the negative anode drop disappears. If, however, 
the anode is reduced in size until its area is only 0.1 of the tube cross-section, 
it would only collect 0.3 amp. of electrons if the anode drop were to remain 
zero. If the anode current is to be maintained at one ampere, the voltage 
of the circuit must concentrate at the anode until one ampere of electrons are 
drawn to that electrode. 

We have seen,?* however, that a plane collector at a small positive potential 
with respect to the ionized gas becomes surrounded by an electron sheath and 


8 Measurements with collectors confirm the existence of negative anode drops with anodes 
of large area in proportion to the surrounding tube. The negative drop may become very 
large if the random current is raised by the injection into the arc of high-speed electrons as 
from a negatively charged hot cathode. 

* Part II, p. 473. 
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the electron current which flows is then limited by the rate at which the electrons 
reach the edge of the sheath, or in other words the current increases with the 
voltage only in proportion to the surface of the outer edge of the sheath. 

Thus if the diameter of the anode is large compared to the thickness of the 
sheath, the current cannot increase very much even if a positive anode drop 
does develop. When the anode drop increases sufficiently there is a marked 
increase in ionization produced by the higher velocity electrons. Since one 
positive ion neutralizes the space charge of several hundred electrons (because 
the positive ions remain longer in the sheath) the anode sheath breaks down 
when one electron out of every few hundred collides with a mercury atom 
within the sheath. The sheath thickness is nearly independent of the gas pres- 
sure, so the number of collisions in the sheath is approximately proportional 
to the pressure. Thus if the anode sheath is 0.05 cm thick and the free path 
of the electrons is 20 cm (at about 3 bars pressure) only one electron out 
of 400 will collide with an atom in traversing the sheath. As only a fraction 
of the collisions result in ionization, there would be too few ions produced 
under these conditions to neutralize the space charge. At higher pressures, 
or with the thicker sheaths and more efficient ionization that occur at higher 
voltages, the positive ions that are formed decrease the space charge and cause 
an increase in the sheath thickness, which in turn still further increases the 
ionization. Thus it is that the electron sheath at a plane collector or an anode 
breaks down suddenly at a certain voltage and the anode drop falls discon- 
tinuously to a lower value. Similarly as we decrease the size of an anode in 
a tube of given diameter, the anode drop first increases and then suddenly 
the sheath breaks down and the anode drop decreases. 

When this breakdown occurs an anode glow appears usually in the form 
of a sharply defined globular or semispherical region several times more highly 
luminous than the surrounding region. Within the glow the intensity of ioni- 
zation is much greater and the conductivity much better than it was before 
breakdown, but outside of the glow the conditions are much the same as before. 
Thus the outer surface of the anode glow now becomes the collecting area for 
the electrons and the extent to which the glow develops depends on the ratio 
of the random and drift currents. 

For example, in the illustration we have considered, the glow which forms 
over the surface of a collector having 0.1 unit area and carrying one ampere 
will grow until its boundary is of approximately 0.33 units of area, for this 
area is required to give the proper anode current with the electron current 
density of 3 amp. per cm}. 

It is clear from this theory that the effect of transferring an anode from 
a small tube into a large bulb is to decrease the random current density so that 
a positive anode drop develops and causes abnormal heating of the anode. 

Similar phenomena occur when an arc passes through a tube of variable 
dia meter. If the tube gradually decreases in diameter as we pass towards the 


Google 


76 Studies of Electric Discharges in Gases at Low Pressures 


anode the random current and the drift current densities can both increase 
in the same proportion, so that no discontinuity arises in the potential. But 
if there is an abrupt decrease in diameter and if the area of the cross-section 
of the smaller tube multiplied by the random current density in the larger 
tube is less than the drift current in the smaller tube, then it is clear that a po- 
tential difference must develop between the two regions sufficient to furnish 
the ionization needed for building up the random electron current in the 
smaller tube. To get such a potential difference there must be an electric 
double layer or double sheath in the gas, negative on the cathode side and 
positive on the anode side. Experiments show that a sudden decrease in the 
tube diameter in the direction towards the anode produces a glow with a sharp 
boundary extending from the smaller out into the larger tube. 

C. G. Found with one of the writers has used collectors to study the po- 
tential distribution and the intensity of ionization, etc., along the length of 
a typical glow discharge in nitrogen. The concentration of electrons and ions 
(n, and n,) have relatively very high values in the cathode glow and decrease 
steadily as we pass through the Faraday dark space until the beginning of the 
positive column is reached after which no further change occurs. We believe 
that the Faraday dark space is primarily the result of the abnormally high ratio 
of the random current to drift current. The high random current allows the 
drift current to flow with a very low potential gradient. In fact, if the rate 
of decrease of ionization is sufficiently rapid the high mobility of the electrons 
causes them to diffuse from the region of high concentration to that of lower 
concentration near the head of the positive column and thus produces a nega- 
tive potential gradient throughout the Faraday dark space. The intensity 
of ionization decreases because of recombination and particularly by the loss 
of positive ions on the negatively charged walls, and also because of the low 
rate of production of ions resulting from the small gradient. 

In the positive column the potential gradient, because of the lower con- 
centration of electrons, has risen so high that the rate of production of ions 
just balances the loss by recombination on the walls. In the case of a striated 
discharge, the number of electrons produced in a striation is more than enough 
to yield the random current needed to maintain the discharge, so that a new 
dark space appears as the electrons diffuse towards the anode. This subject 
is being investigated in detail by Karl Compton. 

When electrons of 20- to 50-volt velocity are injected into a mercury arc 
by heating a negatively charged filament (such as E in Fig. 3) the luminosity 
of the arc is greatly decreased for a length of several centimeters in a direction 
toward the anode. This artificial production of a Faraday dark space is a direct 
result of the increase in the electron concentration and random current by 
the injected electrons. There is also a marked decrease in the voltage drop 
through the arc. To get these effects it is often sufficient to inject a current 
of electrons which is only a few per cent of the arc current. These experiments 
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are being continued and promise to throw a great deal of light on the mechanism 
of the arc. 

These phenomena furnish striking proof that the light in the mercury arc 
is not caused by recombination of ions but is due to the excitation of atoms 
by electron impacts. The same is true of the positive columns of glow or Geissler 
discharges in general, although the light produced in the negative glow is pro- 
bably due in large part to recombination. 


Tasts XV 
Electron Temperatures, Ratio of Random to Drift Current Densities, and Ratio 
of Electron and Positive Ion Random Currents. Tube of Fig. 3 























1 2 3 4 5 6 | 7 8 { 9 | 10 
CYLINDRICAL COLLECTOR 

Bulb Hg No. -F, CORD COLLECTOR H TABLE III 

Source temp. ! pressure | of ; ; ; ; 
deg.C| bars bs. e € e e 

=| |e]al a [E/E 

Table 

XIV 15 1.0 11 28,900 | 1.60 | 420 25,000 0.84 | 382 
XIII 16 11 9 24,000 | 1.57 | 422] ...... arated, Pua ciacs 
XIV 30 3.7 6 21,600 | 1.18 400 18,500 0.87 | 455 
XIV 40 8.0 1 18,400 | 1.94 | 290] ...... avis vee 
XIV 60 33.0 5 12,200 | 4.3 305 8900 1.04 | 385 











In Table XV will be found a summary of the data on the ratio between the 
random and drift currents. The data in Columns 5, 6, and 7 represent the aver- 
ages of the values given in Tables XIII and XIV corresponding to the mer- 
cury vapor pressures given in Column 3. The drift current density J, was ob- 
tained by dividing the arc current i, by the area of the cross-section of the tube 
(7.9 cm?), thus neglecting the fact that the current density near the axis of the 
tube was greater than near the walls. 

The data for collector H contained in Table III?” were taken simultaneously 
with those for the corresponding runs recorded in Table XIV. Columns 8, 9, 
and 10 of Table XV give the average values for collector H calculated from 
the data of Table III. 

A comparison of Columns 6 and 9 shows that the random electron current 
density J, was greater near the axis of the tube at collector F, than close to the 
walls at collector F. The ratio was about 2 to 1 at the lower pressures of mer- 
cury and increased up to 4 to 1 at a pressure of 33 bars. It is well known that 
at much higher pressures (of several centimeters of mercury) arcs in all gases 
tend to concentrate along a definite arc path, and these experiments indicate 


47 In referring to Tables, it may be noted that Tables I to VIII appeared in Part II, p. 473; 
and -Tables IX to XI in Part III, p. 491. 
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that the effect begins gradually at pressures as low as 33 bars. Observation 
of the arc at this pressure shows that the light intensity is markedly greater 
along the axis, while at lower pressures it is much more uniform. 

The data of Column 6 show that the ratio of random to drift current in 
a tube decreases at the lower pressures. This is undoubtedly the main cause 
of the great increase in anode temperature which occurs when the bulb of a mer- 
cury arc is cooled below a certain temperature. 

A comparison of these data with those of Table XI shows that: although 
the actual value of J, for a given arc current is much lower when an arc passes 
into a 5-inch bulb, yet the ratio J,/I, is considerably larger. Thus the average 
values of this ratio from Table XI (5-inch bulb) are 

8.2 at a bulb temperature of 0 deg. C 

6.6 at a bulb temperature of 13.4 deg. C 

2.3 at a bulb temperature of 40 deg. C 
The main reason for these high values is probably the presence of the high-s peed 
electrons which came through from the lower bulb (see Fig. 6)** and whose 
effects have been observed and described.*® The longer electron free path at 
the lower pressures explains the greater effect at the lower bulb temperatures. 
With tubes of different design, such as those used in our earlier studies,®® the 
ratio I,/I, observed in 5-inch bulbs ranged from 1 to 4 according to the posi- 
tion of the collector in the bulb. © 

When hot cathodes are employed in place of the mercury cathode and the 
cathode temperature is lowered until the current is limited by the emission 
of the filament, very high values of J,/I, are obtained. Thus the data in Table IV, 
of the article just referred to, show that J,/J, was equal to 40 with an anode 
voltage of 50 and a pressure of 16 bars. ; 


Ratio of Electron to Positive Ion Concentrations 

The ratio I,/I, as shown in Columns 7 and 10 of Table XV has an average 
value of about 420 and appears to be practically independent of the arc current, 
but perhaps decreases a little as the pressure of mercury vapor is raised. For 
equal energies, electrons move 605 times faster than mercury ions, so that if 
the temperatures T, and 7, were equal and if J,/I, were equal to 605, the con- 
centrations n, and n, would be equal. But since the energy put into the arc by 
the field is delivered first to the electrons, the temperature of the ions 7, must 
necessarily be lower than that of the electrons. Thus, even if I,/I, were 605, 
the value of n, would exceed m, and this difference must be still greater with 
the lower value of the ratio I,/I, given by experiment, Direct determina tions 


** In referring to illustrations, it may be ‘noted that Figs. 1 rr 2 appeared in Part L p. 461; 
Figs. 3 to 6 in Part II, p. 473; and Figs. 7 to 12 in Part III, p. 491. 

* Part III (Sept., 1924, p. 616). 

%° Langmuir, “Positive Ion Currents in the Positive Column of the Mereury.: Arc.”? Gen. 
Elect. Rev. 36, 733 (1923). 
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of n, by means of collector currents limited by orbital motion give us the ratio 
more accurately. Thus the data of Table XIII obtained with the bulb at 16 deg. C 
indicate that the ratio n,/n, had an average value of 0.45 for a range of arc cur- 
rents from 0.1 to 8.0 amp. The average of the values from Table XIV is 0.38, 
and the data of Table XI show that in the 5-inch bulb the ratio decreased from 
0.60 to 0.40 as the bulb temperature was raised from 0 to 40 deg. C. 

The space charge in any arc, except in the regions of sharp potential gra- 
dients (as in the sheaths), must be practically zero, i.e., the total negative charge 
per unit volume must be very closely equal to the positive charge per unit volume. 
Any large difference between m, and n, must therefore be due to the presence 
of negative ions. For example, if n,/n, = 0.40, the number of negative ions 
must be 0.6 of the number of positives, or there are present 1.5 times as many 
negative ions per unit volume as electrons. Of course these negative ions would 
carry only a negligible part of the total current. 

Tables III and XIV show that the first run with the tube of Fig. 3 gave 
positive ion currents about 10 times as great as those obtained later under nearly 
similar conditions. The second set of runs (Run 24), Table XII, gave currents 
about three times the normal values. Unfortunately, the electron currents 
were not measured in these first runs. We believe that these high positive ion 
currents are due to impurities in the mercury vapor which produce negative 
ions and thus lead to a corresponding increase in the number of positive ions. 
Experiments are in progress to measure the effect of electro-negative gases 
on the ratios I,/7, and n,/n,. 


Degree of Ionization of the Mercury Vapor 


It is of interest to know what fraction of the mercury atoms in an arc are 
ionized. The number of ions per cm* (n,) increases roughly in proportion to 
the arc current, hut obviously this relation cannot continue to hold if the ioni- 
zation of the mercury atoms should. become:complete. ‘Table XVI gives a sum- 
mary of the data for n, cortesponding to the highest arc currents used and the 
lowest mercury vapor pressures. 

Column 7 gives m,, the number of mercury atoms per cm%, calculated on 
the assumption that the temperatyre of the mercury atoms corresponds to 
1000 deg. K. The last column gives the degree of ionization. With a current 
density of 1.0 amp. cm-* in mercury vapor at 1.1 bars, the degree of ionization 
reached 20 per cent. Thus if the current were raised five-fold (to 40 amp. in 
a 3.2-cm tube) with the mercury vapor at this pressure the normal current-car- 
rying capacity of the mercury vapor should be reached and a further increase 
in current could occur only by increasing the velocities of the electrons. 

To test out this conclusion and to determine what phenomena occur when 
the ionization becomes nearly complete, a special tube was constructed in which 
the arc was made to pass through a quartz ‘‘capillary’’ 24.5 cm long with an 
internal diameter of 0.232 cm. The anode and cathode constructions were 
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Taste XVI 
Degree of Ionization in Mercury Arc 

Data Bulb Are | Current 
from temp. Pressure, current, — My X 107¥ing x 10-4 Ny[ng 
table deg. C bars amp. 2 4 

amp. cm’ 
xI 0 0.23 1.0 0.008 3.0 0.17 0.018 
XII 48 14.6 6.0 0.76 340.0 10.6 0.032 
XIII 16 1.1 8.1 1.02 162.0 0.80 0.20 
XIV 15 1.0 0.2 0.025 1.8 0.73 0.0025 














similar to those of the tube of Fig. 6,2° and these sections were connected with 
the intermediate capillary section by tubing 2.5 cm in diameter. Spherical 
collectors in this larger tube about 10 cm from the ends of the capillary were 
used to measure the space potentials and thus obtain the voltage drop in the 
capillary. Table XVII gives a summary of the data obtained with this tube. 


Tasre XVII 


Mercury Arc in Quartz Tube 
Inside diameter 0.232 cm. Length 24.5 cm 











1 2 3 4 5 6 7 8 
i a WE he I a | Current 
Bulb Vapor Mi- Voltage L? . os Current density 
temp. pressure | nimum | gradient Critical Critical density divided 
deg. C | bars voltage jvolt. cm-? volts amp. lamp. cm-| by square 
\ | of pressure 
1 
50.0 16.4 42 1.72 >46 > 1.65 > 39.0 aoe 
40.0 8.0 39 1.60 56 1.58 36.7 0.58 
30.0 3.7 34 1.40 58 0.36 8.5 0.62 
25.5 2.5 51 21 70 0.22 5.22 0.84 
20.0 ; 1.53 oasis eal 180 0.065 1.54 0.66 























It was found that when the current was raised to a certain rather sharply 
defined critical value, the voltage across the tube rose suddenly to several hun- 
dred volts and violent electrical surges were produced which caused sparks 
of several centimeters length to jump across the terminals of a choke coil placed 
in series with the arc. The inner surface of the capillary then became incan- 
descent. Columns 5 and 6 give the voltage and current observed just before 
the break occurred. The voltages given in Columns 3 and 5 represent the drop 
in potential through the capillary tube which was found from the difference in 
potential between the two spherical collectors by subtracting 6 volts as the 
estimated drop in potential through the 20 cm of 2.5 cm tubing located between 
the collectors. 
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At currents below the critical current the tube behaved normally. The poten- 
tial drop through the capillary decreased gradually, usually about 30 per cent 
in all, as the current was raised from low values (of about 50 or 100 milliamp.) 
until a minimum potential drop was reached when the current was roughly 
one-half of the critical current. These minimum potential drops and the corres- 
ponding potential gradients are given in Columns 3 and 4. The potential drop 
rose gradually as the current was raised toward the critical value. 

The critical current density (Column 7) is roughly proportional to the square 
of the pressure of mercury vapor at it is shown by the figures in the last column. 

Experiments on this effect are being continued. 


PART V: THE USE OF SPHERICAL COLLECTORS AND THE 
EFFECTS OF MAGNETIC FIELDS 


We have seen that the current that flows to small collecting wires in ionized 
gas enables us to determine the concentrations of electrons and ions, while 
cylindrical collectors of large diameter yield values of the electron and the 
positive ion random current densities J, and J,. But with cylindrical collectors 
of large diameter there may be very troublesome end corrections. The diffi- 
culty usually cannot be overcome by increasing the length of the collector, 
for the electron current taken by the collector becomes so great that the con- 
ditions in the discharge are seriously modified by the withdrawal of so many 
electrons. With plane collectors similar difficulties are met because of the edge 
corrections.*! For these reasons it is sometimes desirable to use spherical collec- 
tors. Such collectors are easily supported from small insulated wires so that 
edge corrections are practically avoided. The current i collected by a sphere 
of surface A is given by 


i= AIF (74) 


where I is the random current density of the electrons or ions in the ionized 
gas and F is a function given by*?-*8 


F=S(l-e%)+6° (75) 


*. Part II, p. 473. 

33 In referring to equations, it may be noted that equations (1) to (48) appeared in Part I, 
p. 461; equations (49) to (55) in Part II, p. 473; equations (56) to (71) in Part III, p. 491; 
and equations (72) and (73) in Part IV, p. 504. 

*® Equations (31), (46), (47) and (48) were given incorrectly in this article as it appeared 
in the General Electric Review, but have been corrected here. The object of giving equations 
(75) to (79) was to correct these errors. 


6 Langmuir Memorial Volumes IV 
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where 
ri 
o> ar (76) 
and 
11,600V 
T 


When @ > 3, the function F becomes almost exactly equal to a*/r* so that 
the current collected is that which reaches the sheath. Thus under these condi- 
tions the current is calculated by the space charge equation for spheres, equa- 
tion (16). 

When the radius of the sheath is large compared to that of the collector, so 
that a/r >> 1, equation (75) reduces to 





Ve 
1=47= (77) 


ar 


F=ntl—- za 





(78) 


or if a/r is sufficiently large 

F=n+1 (79) 
Thus the current to a very small spherical collector with accelerating field 
should be a linear function of the applied potential, and the intercept on the 
V-axis corresponds to 7) = —1 or Vy = —T/11,600 volts which is the same 
as in the analogous case for cylinders. 
Typical Experimental Data with Spherical Collectors 

In some experiments with spherical collectors molybdenum spheres 0.95 cm 
in diameter mounted on molybdenum rods about 0.15 cm in diameter were 
used. The rods were insulated from the ionized gas by closely fitting (although 
not touching) glass tubes which extended to within about 0.16 cm of the surface 
of the sphere. The small current collected by the unprotected part of the rod 
was assumed to compensate for the shielding effect of the end of the glass tube 
where it was near the surface of the sphere. 

The spherical collectors gave volt-ampere characteristics very much like 
those obtained with the plane collector.*! With all reasonable current densities 
the sheath thickness is so small compared to the diameter of the collector that 
the currents are limited by space charge. It does not seem practicable to make 
spherical collectors of such small diameter that the equation for currents limited 
by orbital motion (equations 78 or 79) can apply. Thus with the collector either 
negative or positive, good ion- or electron-saturation currents were obtained. 
The electron currents in the intermediate region (retarding potentials) gave 
straight semi-logarithmic plots corresponding to a Maxwellian distribution as 
in the cases of plane and cylindrical collectors. 

In many cases, particularly at low pressures of mercury vapor such as 1 bar, 
the dark positive-ion sheath was sufficiently distinct around a negatively charged 
collector to make possible cathetometer measurements of the sheath diameter. 
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Of course since these sheaths must be viewed through a considerable thickness 
of luminous gas, the conditions for observation are not as favorable as with 
planes or cylinders. Table XVIII gives some measurements of the volt-ampere 
characteristics and the observed sheath diameter for a spherical collector in an 
arc of low current density (which thus gave thick sheaths). 

Column 1 gives the potential of the collector with respect to the surrounding 
space. The current in milliamperes ¢ is given in Column 2. Column 3 gives 
the ratio of the observed sheath radius to the collector radius (0.475 cm). Column 
4 gives the function a* calculated from V and from i by equation (16) which 
is the space charge equation for spheres. The quantity » which enters into 
equation (16) was found by equation (11) assuming a temperature T, = 10,000 
for the positive ions. Column 5 gives the value of a/r found from a* by means 
of a plot of this function.** Column 6 gives the positive ion random current 
density I, calculated by dividing ¢ (in Column 2) by the surface area of the 
collector (2.84 cm?) and then dividing by the square of (a/r) cal. given in Column 
5. This is in accord with equation (74) since F = a*/r?, the current being limi- 
ted by space charge, as we may see from the fact that ® lies between 70 and 
180 whereas orbital motions are only important when @ is less than 3. 


Taste XVIII 


Typical Data with a Spherical Collector 
Collector diameter 0.95 cm. Tube diameter 3.2 cm. Arc current 0.2 amp. Arc current 
density 0.025 amp. per cm’. = pressure of mercury 1.0 bar (15 deg. C) 














1 4 | 5 6 

Vv ° a I, 
volts ) obs | i | (2) eet ma. cm7* 
—251 0.67 | 1.67 0.333 1.638 0.088 
— 88 0.44 1.32 0.115 1.360 0.084 
— 60 0.36 1.20 0.0825 1.303 0.075 
— 20 | 0.30 


1.11 | 0.0225 1.155 0.079 





The agreement between the calculated and observed values of a/r and the 
practical constancy of I, confirm the theory of spherical collectors with cur- 
rents limited by space charge. The increase in current i with the negative volt- 
age is thus explained by the increase in sheath area which may be determined 
either by direct observation or by calculation from the space charge equation. 

Table XIX gives some data obtained in another tube having an internal 
diameter of 5.1 cm with very much higher arc current density. Data are given 
for accelerating fields with the collector both positive and negative. In the inter- 
mediate region where electron currents were flowing against a retarding field, 
the electron currents gave an excellent straight-line plot on semi-logarithm ic 
paper whose slope indicated an electron temperature T, = 18,100 deg. 


* See Part I, equation (17) and footnote 4. 
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Taste XIX 
Positive Ion and Electron Data with Spherical Collectors 


Collector diameter 0.95 cm. Tube diameter 5.1 cm. Arc current 10.0 amp. Arc current 
density 0.500 amp. per cm*, Mercury vapor pressure 8.0 bars (40 deg. C). Electron 
temperature T, = 18,100 deg. 























1 2 3 4 5 6 
V i Fe x ( a ) ais Ip 
volts ma. cm r ma. cm~* 
—75 12:5 840 0.0270 1.06 3.92 
—65 12.4 675 0.0244 1.05 3.94 
—35 12.1 | 290 0.0162 1.035 3.96 
—15 11.8 95 0.0094 1.020 3.98 
| Ie 
+1.0 2260 4.3 0.0033 1.006 890 
2.0 3250 | 8.6 0.0042 1.008 1120 
3.5 3630 47.5 0.0057 1.012 1240 
5.0 3720 26.5 0.0069 1.015 | 1270 
10,0 3950 63 0.0103 1.021 | 1320 
15.0 4100 106 0.0131 1.027 1360 





With high-current densities where the sheath becomes thin compared to 
the radius of the collector, the collector may be assumed to have a plane sur- 
face and the space charge equation for planes may be applied with very little 
error. This is illustrated in Table XIX. Column 3 gives the value of » by equa- 
tion (11), taking 7, = 10,000 when the collector is negative and T, = 18,000 
when it is positive. The values of x in Column 4 are the sheath thicknesses 
calculated from i and » by the space charge equation (10) taking j/m/m, equal 
to unity when the collector is positive and 605 when it is negative. Column 
5 gives the ratio of the sheath radius to the collector radius (0.475 cm) 
calculated from the values of x. Finally, in Column 6 are the values of J, 


and J, in milliamperes per cm® calculated from i and a/r in the same way as 
in Table XVIII. 


The constancy of J, indicates that the variation of i with voltage is fully 
accounted for by the change in sheath diameter. It should be noted that this 
variation with voltage is much less than for the data of Table XVIII, but this 
results from the thinner sheaths corresponding to the higher current densities. 
The electron currents 7 show a very definite approach to saturation as the posi- 
tive potential is increased but, as may be seen from the gradual increase in J,, 
the increase in i cannot be wholly accounted for by the change in the sheath 
diameter. The two factors discussed®* in connection with plane collectors, viz., 
electron reflection as low potentials and increased ionization at higher poten- 
tials, are probably responsible for the variations in J,. 


85 Part II, p. 473. 
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Potential Gradients in Ionized Gases 

The observations of sheath thickness which were possible at the lower cur- 
rent densities nearly always showed a sheath of uniform thickness around the 
whole sphere. In view of the fact that positive ions must lose energy on collision 
with atoms, it would seem that the positive ions should move principally in a 
direction towards the cathode so that the part of the surface of a spherical collector 
which faces the anode should receive more positive ions than the opposite side. 
The observed uniformity of the sheath thickness, however, seems to show that the 
positive ions move as much in random directions as the electrons do. This effect, 
however, may perhaps be brought about by the presence of the collector itself. 

For example, imagine a case in which we have a volume of uniformly ionized 
gas in which the electrons move in random directions while the positive ions 
all move in a definite direction C. Let us now consider the effect of introducing 
a spherical collector. If no potential gradients were set up in the gas, except within 
the sheath surrounding the sphere, then there would be a positive ion shadow 
or region in the space extending from the sphere towards C which would be 
devoid of positive ions, but would contain the normal concentration of electrons. 
The resulting space charge would, however, exert an enormously great field, 
which would extend even outside of the shadow and which would deflect posi- 
tive ions into it. 

Thus we see that if the concentration of the electrons is to be the same on 
both sides of the sphere, potential gradients must be set up sufficient to bring 
the positive ions in nearly equal numbers to both surfaces. The potentials 
needed to do this will be comparable to the average energies of the positive 
ions (about 1 volt). Thus the space towards the cathode side of a large collector 
will in general be at a potential of a volt or so negative with respect to the space 
on the anode side. 

Similar potential gradients must exist between the space near the axis and 
near the walls of a tube. Since the positive ions are generated in the tube and 
disappear on the walls, the positive ion concentrations m, at the axis must be 
higher than near the walls at a point near the edge of the sheath. To prevent 
large space charge effects, the concentrations of negative and positive particles 
per unit volume must be equal, at least to a first order. Therefore the concen- 
tration n, of electrons near the axis must also be greater than near the sheath 
on the walls. These electron concentrations, however, can only be brought 
about by potential gradients in accordance with the Boltzmann equation (equa- 
tion 2). Thus the potential of the gas near the axis of an arc must be positive 
with respect to that nearer the walls and we may estimate this potential gra- 
dient by the Boltzmann equation. If the concentration of positive ions at the 
axis of a tube is twice that nearer the walls, the potential difference between 
these points must be 


T, 


71,600 X log, 2 volts 
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With T, = 30,000 this gives 1.8 volts. With such radial potential gradients 
the positive ions are accelerated outwards and are thrown against the walls. 
It is probable that such factors as these determine the velocities of the positive 
ions.?¢ 


Effects of Magnetic Fields 


A magnetic field of strength H exerts a force equal to eHv on a moving elec- 
tron of charge e. Here v is the component of the electron’s velocity which is 
perpendicular to the magnetic field. The force is exerted on the electron in 
a direction perpendicular to the direction of motion and also perpendicular 
to the magnetic field. Thus any motion of the electron in the direction of the 
magnetic field remains unaltered by this field, and may for the present be disre- 
garded. 

Consider a magnetic field parallel to the Z-axis acting on an electron moving 
with velocity v in the X—Y plane. The force due to the field causes the electron 
to describe a circular path of radius r given by 

r= a = 5.65x 10-* cm (80) 
where 1, v, and H are in electromagnetic units. The direction of motion is clock- 
wise as seen in the direction of the magnetic lines of force. 

Let us now consider the effect of an electric field. Any component of electric 
field parallel to the magnetic field produces its effect on the motion of the elec- 
tron independently of the magnetic field and therefore may be disregarded for 
the present. Let the electric field component perpendicular to the magnetic 
field lie in the direction of the X-axis. Then a mathematical analysis*? shows 
that the effect of an electric field of strength X is to superpose upon the circular 
motion due to the magnetic field a uniform motion of velocity X/H in a direc- 
tion perpendicular to that of the electric field and also perpendicular to the mag- 
netic field. Thus the electron describes a trochoidal path in the X—Y plane. 

With a transverse magnetic field sufficiently strong to make the radius of 
curvat ure r small compared to the diameter of a discharge tube, the electrons 
in free space in a perfect vacuum could not move in the direction of the applied 
electri c field so that no current should flow. Such conditions are in fact realized 


36 The use of the Boltzmann equation to calculate radial potential gradients and other po- 
tential distributions was discussed in a short paper by I. Langmuir and H. A. Jones (Science 
459, 380 [1924]) and also in more detail in a paper by Langmuir, Found, and Dittmer (Science 
60, 392 [1924]). Schottky has apparently arrived independently at similar views and is deve- 
loping a “diffusion theory” of potential distributions in gaseous discharges along somewhat 
similar lines. See W. Schottky, Physikalische Zeitsch. 25, 342 (1924) and a paper by him which 
is to appear in the Zeit. f. Physik. 

37 See for exampie Conduction of Electricity Through Gases, J.J. Thomson, 2nd Edition 
(1906) p. 111. 
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in the magnetron where there are crossed electric and magnetic fields. With 
tubes such as those that we have been studying there are, however, two factors 
which make it possible for current to flow in spite of strong transverse magnetic 
fields: (1) the effect of collisions of the electrons with gas molecules; and (2) 
the effect of the walls of the tube. 


Effects of Collisions. — Townsend has developed the theory of the motion 
of electrons in gases under the combined action of electric and magnetic fields.** 
After each collision the electron starts to move along its new path in a direction 
which is random. Thus each collision affords an opportunity for the electron 
to progress a step (less than 27) in the direction of the electric field. The average 
direction of motion therefore makes an angle @ with the direction of the electric 
field where @ is given by 


tan @ = =" (81) 


where A is the mean free path of the electrons among the gas molecules. Since 
A is inversely proportional to the pressure, we see that 6 approaches zero deg. 
at very high pressures or at vanishing magnetic fields and tends to become 
90 deg. at low pressures or with very strong fields. In this theory v has been 
assumed constant. Without serious error we may put v equal to the root-mean- 
square velocity of the electrons perpendicular to the magnetic field. We thus 
find 





v = 6.23 x 1087, cm sec (82) 
Substituting this in equation (81) gives 
Ha 
tan 6 = 28.4——_ 83 
VT. ¢ ) 


Townsend finds that the diffusion coefficient D,, of electrons in a transverse 
magnetic field is given by ; 
D 


Dg I+ tan? 


(84) 
where D is the diffusion coefficient in the absence of a magnetic field (or in 
the direction of the magnetic field). With mercury at 20 deg. C, the pressure 
is 1.5 bars and the free path A of electrons is about 30 cm. Taking T, = 30,000 
deg. this gives 

D 


ea 1+24H? 


(85) 


We see that with these low pressures of mercury, the mobility of electrons, 
which is proportional to D,, should be decreased to one twenty-fifth by a field 
of only one gauss. 


%* J.S. Townsend, Proc. Roy. Soc. 86, 197 and 571 (1912). 


Google : Saeeeee 


88 Studies of Electric Discharges in Gases at Low Pressures 


Effects Due to the Walls. — Because of the magnetic field the electrons are 
caused to move towards one side of the tube and are thus made to collide with 
the walls of the tube, or rather are brought to the edge of the positive ion sheath 
on the glass from which they are specularly reflected, being repelled by the 
negative charge on the glass. The electrons which are thus reflected progress 
in a series of approximately semi-circular paths along the surface of the tube 
wall in a direction towards the anode, so that in the immediate neighborhood 
of the wall the mobility is not much decreased by the transverse magnetic field, 
although the mobility along the axis of the tube may be negligible. 

Another effect comes into play which increases the mobility near the tube 
wall on the side towards which the electrons are deflected. From equations 
(80) and (81) we see that to deflect positive mercury ions a given amount will 
take a magnetic field 605 times stronger than to give a similar deflection to 
electrons having the same kinetic energy. Thus moderate fields sufficient to 
control the motions of electrons will have a negligible effect upon positive ions. 

If by a magnetic field the electrons have been forced close to one side of 
the tube so that n, is larger near one wall than at the axis of the tube, there 
must be a similar difference in the positive ion concentrations n,, for other- 
wise enormous potential differences would be set up as a result of the space 
charge that would develop. Since the positive ions cannot be concentrated near 
the walls by the magnetic field, the required concentration must be brought 
about by transverse potential gradients Y sufficient for the purpose. Thus 
the region of high electron concentration near the wall must be at a negative 
potential with respect to the region near the axis where the lower concentration 
prevails. 

This transverse potential gradient Y is in such a direction as to cause the 
electrons to drift towards the anode with a velocity Y/H. This effect tends 
to increase the mobility near the walls. 

Townsend gives the following differential equations for the motions and 
the partial pressure of electrons in gases in presence of magnetic and electric 
fields. 





p dx _— dp YHe 
EG = — Ba ne(x- ne 
pd a xz) 
Dede B+ ne(y 4 2HA 
p dz dp 

D dt =~ dz tneZ 


The magnetic field is taken parallel to the Z-axis with the lines of force in the 
direction of the + Z-axis. The electric field strengths X, Y, and Z are defined 
by 

dV dV 


gee: hag 


etc. 
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The velocity components dx/dt, dy/dt, etc., are the average drift velocities of 
the electrons under the combined magnetic and electric field while o is the 
actual velocity of thermal agitation (parallel to the X-Y plane) ‘along the path 
of the electron (assumed constant in this derivation). The partial pressure of 
the electrons p is related to the concentration # by the relation 


p = kT, 


so that we may eliminate p and obtain 











1 dx _diogn e 

re ca + RT, [X—Y tan 6] (86) 
1 dy ___ dilogn e 

Dy d= 5 + RT, [Y+X tan 6] (87) 
1 dz —dlogn , e@ 

Se Semon “ae (88) 


Let us consider a portion of a discharge close to the wall of a tube. Let the 
wall be represented by a plane which includes the X- and Z-axes and let the 
anode lie along the + X-axis, the distance y being measured from the wall. 
By taking the magnetic field negative, the motion of the electrons in the X-Y 
plane will be clockwise and the electrons will be forced towards the walls of the 
tube. 

Since the number of electrons that strike the walls must be equal to the 
number of positive ions, all but about one in 400 of the electrons which move 
towards the walls will be specularly reflected from the sheath. Thus, neglecting 
the small fraction that reach the wall, we may say that the average velocity 
component dy/dt of the electrons normal to the walls must be zero. Thus equa- 
tion (87) reduces to 

dlogn 
dy 
When the magnetic field is zero this equation after integration reduces to the 
Boltzmann equation 





e 
= pp, [Y+X tan 6) (89) 


ey 
n= Ne “fe (90) 
Since H is negative we see that the effect of the field is to concentrate the elec- 
trons near the wall. 

The potential gradient Y is determined by the ease with which the positive 
ions can be held within the region of high electron concentration. Assuming 
that the positive ions acquire by collision a random velocity of agitation corres- 
ponding to 7, we may apply the Boltzmann equation to calculate the potential 
gradient Y from the concentration gradient of the positive ions, But, outside 
of the positive ion sheath, the concentrations m, and n, (neglecting the possible 
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presence of negative ions) must be very nearly equal so that we obtain by differ- 
entiation of equation (90) (or by direct use of equation (89) placing m =o) 
dlogn se 

dy —sRT ,, 








(91) 


the negative sign being due to the fact that the charge of the ions is opposite 
to that of the electrons. Combining equations (89) and (91) we get 


Xx T, 
—-p tan 6=1+4+ T. (92) 
This equation enables us to calculate the transverse potential gradient Y in 
terms of the longitudinal gradient and other quantities which can be measured. 
It is interesting to note that Y is not a function of y, the distance from the wall. 
Of course this equation by its method of derivation does not apply within the 
positive ion sheath on the wall. 
We may obtain another useful relation by means of equation (86). If we are 
dealing with a discharge which is longitudinally uniform, the first term in the 
second number of equation (86) vanishes and we get 


dx Dg 


“em pr, XY tan 6] (93) 


By combining this with equation (92) we may eliminate Y and thus obtain 
after insertion of the value of D, from equation (85) and simplification, 
T 
dx Dex 7+ TF tant 
dt =RT, T,+T, 


With weak fields where tan @ by equation (81) is small compared to unity, this 
equation reduces to 


(94) 








dx  DeX 
a ae, v? 
while for strong fields where tan @ is large compared to unity, it reduces to 
dx  DeX 1 
wir. ere Te (96) 
+ z. 


In both cases the mobility of the electrons towards the anode, which is measured 
by dx/dt, is independent of the magnetic field strength and of the distance 
from the wall. 

From equation (96) we see that the effect of even a strong field in cutting 
down the flow of current toward the anode is relatively small. For example, 
if T, is 4 of T, the mobility is only decreased to one-quarter by a very strong 
field. 
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The reflection of electrons from the sheath on the glass wall causes the elec- 
trons which reach the sheath to drift towards the anode with a mobility nearly 
equal to that which they would have in the absence of the magnetic field. Since 
this action of the negatively charged walls could occur in absence of gas, it 
does not depend on the velocities of the positive ions as does the action in the 
body of the gas such as is described by equation (94). The longitudinal drift 
of the electrons which are reflected from the sheath is due of course to the 
transverse electric field which acts on them while they are within the sheath, 
but since in this region the concentration of electrons and ions are not equal, 
equations (92), (93), and (94) will not apply. 

The assumption that the positive ions have a Maxwellian velocity distri- 
bution and that the Boltzmann equation (90) may be applied to them is pro- 
bably only approximately true and any observed disagreement between experi- 
ment and equation (94) will be most likely due to a different velocity distri-. 
bution from that assumed. As the positive ions lose on the average about one- 
quarter of their energy on each collision with a gas molecule, there seems to 
be no mechanism by which ions can acquire the high velocities which a few 
of them should possess according to Maxwell’s distribution law. Thus we 
should expect that the transverse potential gradient Y, instead of being constant 
across the tube as indicated by equation (92), should at first remain constant 
but then further from the wall, as the concentration of ions and electrons decrea- 
ses, Y should also decrease because of the deficiency of the ions of unusually 
high velocity. 

It is felt, however, that these equations should give a general representation 
of the phenomena to be expected with transverse magnetic fields. A more com- 
plete mathematical analysis will probably be made in connection with experi- 
ments now in progress. It is planned to develop the theory also for the case 
of low pressures where the normal free path is large compared to the diameter 
of the tube, although the equations already presented are probably more or 
less applicable to this case in spite of the tacit assumption in their derivation 
that the pressures are high enough to make the free path small. 

Experimental Study of the Effect of Magnetic Fields on the Positive Column of 
Mercury Arcs 

A series of experiments was made with longitudinal and transverse magnetic 
fields with the tube shown in Fig. 3. All these experiments were made long 
before the foregoing theory had been worked out. Longitudinal fields up to 
100 gauss had surprisingly little effect on the arc. The values of J,, J,, T,, and 
dV dx were all practically unaffected by the field except in some cases when 
the field caused a non-uniform distribution of current across the tube. There 
was a marked tendency for the electrons of the arc to follow the lines of magnetic 
force. Thus if the field was not quite parallel to the axis of the tube, the arc 
by following the direction of the field would be deflected to one side of the 
tube. 
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In the literature there are numerous statements that a longitudinal field 
causes a gaseous discharge to concentrate near the axis of the tube. Our obser- 
vations have convinced us that a longitudinal field does not have this effect, 
and that a concentration near the axis is due only to the radial field at the cath- 
ode end of the longitudinal portion of the field, which occurs, for example 
at the end of a solenoid used to produce the field. 





Fic. 3. Mercury vapor tube with various types of 
collectors. (Repeated from Part II), 


If an electrode or other body is placed near the axis of the tube carrying 
an arc in a longitudinal field with mercury vapor at low pressure, a very definite 
shadow extends from the object toward the anode, showing that the electrons 
which are responsible for the luminosity travel along the lines of force (in helical 
paths). At higher pressures these shadow effects were less distinct and re quire 
stronger fields to produce them. 

Effect of Transverse Fields. — A ring-shaped coil 30 cm in diameter was 
mounted in a vertical plane close to the tube, of Fig. 3, so as to produce a uni- 
form transverse field in the neighborhood of the collectors D and E of such 
polarity that the arc was deflected to the right, i.e., against the smooth wall 
of the vertical tube which faces the anode B. With a mercury vapor pressure 
of 8.0 bars (40 deg. C), the following phenomena were observed as the field 
intensity was increased. 

The arc, which without the field gave a nearly uniform luminosity across 
the tube, was thrown by the field against the wall so that the light appeared 
to come only from a segment of the circular cross-section. Thus with an arc 
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current of 4 amp. and a field of 15 gauss, the luminosity was confined to a region 
about 7 mm thick (measured along a radius perpendicular to the magnetic 
field). This luminous band was divided longitudinally by faint striations about 
4 cm apart, which seemed to depend on the presence of the side arm containing 
the anode B. The striations become closer together and less distinct as the 
field is increased, and they are most distinct with lower arc currents. 

Each striation is sharp on the cathode side but indefinite on the anode side. 
The sharp surface is concave upward and from the point where it meets the 
glass (on the right) it curved downward and then radially inward toward the 
axis of the tube. If, as seems probable, the surfaces of these striations are approx- 
imately equipotential surfaces, we have here a direct indication that the region 
of high arc density near the wall is negative with respect to the region near 
the axis where the arc density is less. The curvature of the surface thus indicates 
that the transverse field Y decreases as we go from the wall out to the region 
of lower arc density. 

As the field is increased, the band of light as seen along a radius perpendi- 
cular to the field contracts in width but its edges are diffuse. At a certain critical 
field strength which depends on the arc current (and the mercury-vapor pres- 
sure) a narrow sharply defined and brilliantly luminous strip appears running 
down the middle of the original diffuse band. This phenomenon is more distinct 
at larger arc currents (2 amp. or more). The width of this brilliant strip was 
about 12 mm and remained practically independent of the arc current and 
the field strength. With an arc current of 2 amp. the critical field was 27 gauss, 
while with 3.6 amp. it was 64 gauss. 

With a mercury-vapor pressure of 33 bars (60 deg. C) much stronger magnetic 
fields are required to produce these effects. When moderate fields (up to 45 
gauss) are applied, there is only a relatively small change in the distribution 
of the light and this does not increase rapidly as the field increases. At the cri- 
tical field strength, however, there appears quite sharply an exceedingly intense 
narrow strip of light (10 mm wide) along the side of the tube. Faint striations, 
about 18 mm long, could be seen in the bright strip, although at the lower 
pressure (8 bars) the striations disappeared above the critical field strength. 
With an arc current of 0.5 amp. the critical field was 45 gauss, while with an 
arc of 4 amp. it was 60 gauss. 

Some experiments were undertaken to determine the transverse concentra- 
tion gradients resulting from a transverse magnetic field. A ring-shaped coil 
was mounted so as to deflect the electrons against the collector H (Fig. 3) or 
by reversing the polarity away from this collector. With an arc current of 2 amp. 
and mercury vapor at 1.0 bar (15 deg. C), the data of Table XX were taken. 

The positive sign for H refers to a field which forces the arc against the col- 
lector. The random current densities J, and J, are expressed in ma. per cm?. 
With the field H = +40 gauss, it was impossible to measure J,, as the collector 
drew the whole arc current before the current became saturated. With the 
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Taste XX 
Effect of Transverse Magnetic Field on Random Currents Measured 
by Collector H 

ut 2 | 3 4 
H | Te | I, Te 
+40 eee 4.4 23,000 

0 170 0.4 22,000 
—40 25 Of) eeate 





field H = —40, the semi-logarithmic plot of the electron currents was far 
from straight, being concave downward. The lower part of the curve gave 
a slope ranging from T, = 19,000 to 23,000 deg. With the field H = +40, 
the arc was in a narrow band not over one-half the width of the collector. The 
actual current density J, was thus probably at least twice the uncorrected value 
4.4 given in the table. 

The positive-ion currents J, were also measured at a series of different field 
strengths. A field of +5 gauss approximately doubled this current, while a field 
of —5 decreased it to about one-half. With negative fields from 20 to 50 gauss, 
I, remained constant at about 0.1 and then increased at H = —60 to about 
0.2 and remained again constant up to H = —90. With positive fields, J, in- 
creased approximately linearly from 0.4 at H = 0 to 8.0 at H= +90. 


Taste XXI 


Effect of Transverse Magnetic Fields 
Runs 76 to 83. Tube of Fig. 3. Collectors D and E 











1 2 3 4 5 6 7 
Bulb Hg Field a 
temp. pressure H Ea Te a 1 dx 
deg C bars gauss volts mem maser volt cm-* 

15 1.0 0 36.0 474 1.74 0.2 
9 43.4 210 0.50 0.3 

18 47.0 260 0.65 0.4 

37 ' 60.6 250 0.63 1.1 

60 | 72.0 250 0.82 2.3 

40 8.0 0 37.0 490 1.67 0.3 
9 42.5 220 0.66 0.4 

18 45.5 100 0.24 0.5 

37 54.2 110 0.19 0.7 

70 711 115 0.31 1.0 

60 33.0 (1) 35.6 1530 5.0 0.5 
55 56.1 90 0.19 1.1 

92 64.2 45 0.08 1.5 
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A study of the longitudinal potential gradients with transverse fields was 
made with a transverse field in the neighborhood of collectors D and E (Fig. 3) 
and the results are summarized in Table XXI. The direction and polarity of 
the field was such as to force the arc (to the right) towards the smooth wall 
of the tube. Since the distance between the collectors was small (7.6 cm) the 
data for the potential gradient (in Column 7) are probably not accurate to within 
less than + 0.15. Column 4 gives E,, the voltage drop between the anode A 
and the mercury cathode. The current densities J, and J, are the averages of 
those obtained by the two collectors D arid E. The electron temperatures were 
30,000, 18,400, and 12,200 deg. at the three temperatures 15, 40, and 60 deg.®® 


Comparison of Experimental Data and the Theory 

It is seen that the phenomena observed agree qualitatively with the theory 
as outlined. The arc is deflected by a relatively weak transverse magnetic field 
but the concentration of electrons and ions on the side of the tube, where the 
concentration is lowest, does not continue to decrease as the field is increased 
but approaches a constant value independent of the field in general accord 
with the teachings of equations (89) and (92). Such behavior is undoubtedly 
due to transverse electric fields. 

When, however, we use the ordinary values of the free paths of electrons 
in mercury vapor as calculated from the kinetic theory (for example 30 cm 
at one bar), and thus calculate tan 6 by equation (83), and use this value to 
calculate by equation (92) the transverse potential gradient, and the: mobility 
by equation (93), we find that the actually observed effects of the magnetic 
field are much less than those calculated. If we assume that the error lies in 
the value for the free path, we may proceed as follows to determine this free 
path from the data. 

Let us assume that the transverse concentration gradient represented by 
d log n/dy is known from the experiments. By combining equations (89) and 
(91) we can eliminate Y, obtaining : 





— o(T.+T,) 
tan 6 = yo (97) 
where a is a measure of the transverse concentration gradient and is defined by 
_ dlogn 
5 (98) 


Let us assume as a reasonable approximation that the total number of elec- 
trons involved in the carrying of current remains the same when the field is 
increased. Thus to carry a given arc current, dx/dt must remain constant. From 
equation (94) we then obtain 





xXx 
T. ae 1+ tan? 6 
i aa (99) 


** Runs 76, 79, and 83 of Table XIV are the same as those without field in Table XXI. 
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where X, is the longitudinal potential gradient in the absence of the magnetic 
field. 
By eliminating T,, from equations (97) and (99) we find 


tan? 0+ tan 6+1=0 (100) 
where f is defined by 
p=- sky (101) 
Solving equation (100) for tan 6 gives 
tan = —4 (6 + V4) (102) 


Let us apply these equations to the data obtained with arcs in mercury vapor 
at 33 bars pressure. With a field of 92 gauss the current density J, at the collec- 
ting electrodes D and E was 3 per cent of that observed in the absence of the 
field. According to equation (91) the concentration at any distance from the 
wall may be represented by 

n= new (103) 
a being defined by equation (101). 

The average concentration , across the tube (considered as of square cross- 

section) from y = 0 up to a point y,, where the concentration is #,, is then 
n,—TNo 

1, = “ay, (104) 

If we let y, = 2 cm corresponding to the position of the collectors D and E 

and consider that the diameter of the tube is about 3 cm, then if the total ioni- 

zation is to remain constant we must put 2, = } of the average ionization 

observed in the absence of the field. Thus from the experimental data we know 


* = 0.02 
Nq 
Placing y = 2 and solving equations (103) and (104) for a we find 
a = —2.82 
ny = 5.66n, 
and my = 280n, 


_ For the mercury arc with 33 bars pressure we have T, = 12,000, a = —2.82, 
and from Table XXI X,=0.5 and X = 1.5 volts per cm. Placing these togeth- 
er with the value e/k = 11,600 deg. per volt in equation (101) we obtain 


B = 2.92 
and from equation (102) we get 
tan@ = —2.52 or —0.30 
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The first of these values substituted in equation (99) gives 
T, = 2950 deg. 
whereas the second value corresponds to negative values of 7, and must be 


rejected. 
From equation (91) we find 


Y = 0.72 volts per cm. 
Similarly from equation (83) placing H = —92 we find 
A= 0.106 cm. 


This value of the free path of the electrons, although of the right order of 
magnitude, is about 8 to 10 times smaller than that calculated by the kinetic 
theory from the viscosity. Direct experimental determinations of the free paths 
in this laboratory have given values of about 30 cm at 20 deg. C and one bar, 
which would correspond to at least 1 cm under the conditions of the experi- 
ment we are considering. 

The other data in Table XXI, although the conditions are less in accord 
with those assumed in the derivation of the equations, agree in general with 
values of the free path, roughly about one-tenth of those usually found. 

A similar discrepancy in the free path of about the same amount is also 
found when we attempt to calculate the longitudinal potential gradient in a mer- 
cury arc in the absence of a magnetic field from n,, T,, 4, and I, (the drift cur- 
rent density) according to the Langevin (or other) equation for the mobility 
of electrons. The cause of this discrepancy is now being investigated experi- 
mentally and theoretically in this laboratory. 

Goldstein's Experiments with Magnetic Fields 

Many of the effects of magnetic fields which we may predict from the theory 
that we have developed are illustrated by some experiments made by Gold- 
stein.4? ; 

Cylindrical discharge tubes of rather large diameter were used containing 
hydrogen at very low pressure. A cold cathode was used, the discharge being 
of the type of that in a Crookes’ tube. The anode placed near one end of the 
tube was a piece of sheet metal (usually rectangular) in a plane which passed 
through the axis of the tube. A glass rod was usually mounted opposite the 
center of the anode and perpendicular to the plane of the anode, so that its 
nearer end was perhaps a centimeter from the anode. With a strong magnetic - 
field parallel to the plane of the anode and perpendicular to the’axis of the 
discharge tube (and the rod) some very remarkable effects were observed. 
A brilliant luminous skin formed on one side of the glass rod and passed along 
it to the point which was nearest the anode. Then instead of jumping across 


“° E. Goldstein, Verh. deut. physik. Gesell. 21, 559 (1919). Very striking photographs of the 
discharges in tubes of various shapes are given in this article. 


7 Langmuir Memorial Volumes IV 
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to the anode it passed through the space as a fine brilliant line in a direction 
nearly parallel to the surface of the anode and in a direction opposite to that 
side of the rod which was covered by the luminous skin. This brilliant line fol- 
lowed a nearly elliptical path around the anode until it intercepted the glass 
stem upon which the anode was mounted (even if it had to pass three-quarters 
of the way or more around the anode to do so). It then followed the surface 
of the glass stem as a luminous skin until it reached the anode. In many cases 
a beaded rod was used opposite the anode. A brilliant line, following an ellip- 
tical path, then started from each of the spaces between the beads, forming 
a beautiful family of concentric ellipses. 

Examination of Goldstein’s paper shows that practically all the phenomena, 
which he illustrates in much detail, are completely explainable in terms of the 
theory we have given. 

In the free space the ‘‘brilliant lines” follow paths which are perpendicular 
to the direction of the electric field and thus form approximately elliptical paths 
around the rectangular anode. The reason for Goldstein’s emphasis on the 
necessity for very low pressure becomes apparent, since to have 6 = 90 deg., 
A by equation (83) must be large. The luminous skins on the glass conductors 
are due to the reflection of electrons from the positive ion sheaths on the glass 
(and from the transverse fields near the glass resulting from concentration gra- 
dients). 

Goldstein points out that these effects disappear if the anode is mounted 
on a metal rod instead of a glass stem. The ‘‘brilliant lines” in the glass are 
observed only when both ends can terminate on insulators. Goldstein calls 
them for this reason ‘‘insulator discharges.” 

The reason is that only by the presence of insulators can electrons pass 
to the anode and still move in a direction perpendicular to the field while in 
free space. A metallic support for the anode would be positively charged and 
therefore would produce a field which would cause the discharge to pass parallel 
to the surface of the support. Under these conditions the electrons, of course, 
do ultimately get to the anode but only by building up space charges which 
distort the field and destroy the simplicity of the phenomena. 
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ABSTRACT 

When a cylindrical or spherical electrode (collector) immersed in an ionized gas is brought 
to a suitable potential, it becomes surrounded by a symmetrical space-charge region or “‘sheath’’ 
of positive or of negative ions (or electrons). Assuming that the gas pressure is so low that the 
proportion of ions which collide with gas molecules in the sheath is negligibly small, the current 
taken by the collector can be calculated in terms of the radii of the collector or sheath, the dis- 
tribution of velocities among the ions arriving at the sheath boundary and the total drop of po- 
tential in the sheath. The current is independent of the actual distribution of potential in the 
sheath provided this distribution satisfies certain conditions. 

“Orbital Motion” equations for spherical and cylindrical collectors— General formulas for 
the current are derived and the calculations are then carried out for collectors in a group of ions 
having velocities which are (A) equal and parallel; (B) equal in magnitude but of random 
direction; (C) Maxwellian; (D) Maxwellian with a drift velocity superimposed. In all cases 
the collector current becomes practically independent of the sheath radius when this radius 
is large compared with that of the collector. Thus the volt-ampere characteristics of a callector 
of sufficiently small radius can be used to distinguish between the different types of velocity 
distribution. General equations are also given by means of which the velocity distribution can 
be calculated directly from the volt-ampere characteristics of a sphere or cylinder. 

Special properties of the Maxwellian distribution.— For a collector of any shape having a con- 
vex surface, the logarithm of the current taken from a Maxwellian distribution is a linear function 
of the voltage difference between the collector and the gas when the collector potential is such 
as to retard arriving ions, but not when this potential is accelerating. This is a consequence 
of the following general theorem: Supposing for simplicity of statement that the surface of 
an electrode of any shape immersed in a Maxwellian distribution is perfectly reflecting, then 
the ions in the surrounding sheath will have a distribution (called Dy) of velocities and densi- 
ties given by Maxwell's and Boltzmann’s equations, even in the absence of collisions between 
the ions, provided that there are in the sheath no possible orbits in which an ion can circulate 
without reaching the boundary; but if such orbits exist, the distribution will be Dy except for 
the absence of such ions as would describe the circulating orbits. As another corollary of this 
theorem there is deduced an equation relating the solution of problems having inverse geometry. 
Finally it is indicated how the theorem can be applied to calculate the volt-ampere characteristic 
of A. F. Dittmer’s “pierced collector” when placed in a Maxwellian distribution. 

The effect of reflection of ions at the collector surface in modifying currents calculated by 
the preceding equations is discussed. 


ibd [99] 
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IN A sERtEs! of articles the authors have given an account of a new method of 
studying electrical discharges through gases at rather low pressures. The meth- 
od consists in the determination of the complete volt-ampere characteristic 
of a small auxiliary electrode or collector of standard shape placed in the path 
of the: discharge, and in the interpretation of this characteristic according to 
a new theory. In this way it is found possible to obtain an accurate value for 
the potential of the space near the collector, and much information concerning 
the nature, velocity and space density of the ions. This method has already 
been applied extensively by us in an investigation of the mercury-vapor arc,! 
and it has also been used by Compton, Turner and McCurdy in a study of the 
striated discharges.? 

The idea of using a sounding electrode or “‘probe”’ is, of course, not new, 
but has been applied by Stark and others* in an attempt to measure space po- 
tentials and cathode drop in an arc. The measurements made were in most 
cases confined to a determination of the potential assumed by the probe when 
it was “‘floating,”’ i.e., taking no current. As has been pointed out by one of us,‘ 
the conclusions drawn from these, and from similar measurements, are mostly 
in error because of neglect to take into account the effect of the proper motions 
of the ions striking the probe, and of space charge effects in the neighborhood 
of the collector. An exposition of the new theory, together with a condensed 
derivation of some of the formulas used, was given in the first of the series of 
articles already mentioned. This article will be referred to as ‘‘Part I” through- 
out the rest of the present paper, whose purpose is to complete the derivation 
of the equations and to extend the application of the theory to some new cases. 

In many types of discharges, we observe regions where a very uniform state 
of ionization seems to exist. It is apparent that the densities of the different 
kinds of ions remain sensibly the same from point to point, and that their velo- 
cities can be described in terms of distribution functions which are independent 
of the space coordinates. In a region of this kind we imagine to be situated 
a small electrode whose potential is varied. Our problem is to calculate the 
current to the electrode contributed by each kind of ion as a function of the 
applied potential, in terms of the assumed velocity distribution functions. 

For example, let us consider the collector to be a wire of small diameter, 
whose potential is made negative with respect to the region about it. The wire 
then repels negative ions and electrons, but attracts positive ions, and so beco- 
mes surrounded by a cylindrical positive ‘‘sheath” or region of positive space 
charge. This sheath is of such dimensions that the total positive charge in it 


1 Langmuir and Mott-Smith, Gen. Elect. Rev. 27, 449, 538, 616, 762, 810 (1924). See also 
Langmuir, Gen. Elect. Rev. 26, 731 (1923); Science 58, 290 (1923); ¥. Franklin Inst. 196, 
751 (1923). 

® Compton, Turner and McCurdy, Phys. Rev. 24, 597 (1924). 

® Stark, Ann. d. Physik 18, 212 (1905). 

4 Langmuir, ¥. Franklin Inst. 196, 751 (1923). 
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* equals the negative charge on the wire, so that the field of the wire does not 
extend beyond the edge of the sheath. The current taken by the wire therefore 
cannot exceed the rate at which ions arrive qt the sheath edge in consequence 
of their proper motions. 

If we suppose the negative potential of the collector to be large compared 
with the voltage equivalent of the ion velocities, then the sheath may be divided 
roughly into two parts. In the center will be a region in which is concentrated 
most of the drop of potential between the gas and the collector, so that in this 
region there will be present only positive ions and possibly a few electrons 
or negative ions which had exceptionally high velocity. Outside of this is a region 
in which both negative and positive ions are present in comparable quantities, 
but in which the normal conditions existing in the discharge are modified through 
the withdrawal of positive ions by the collector. The two regions merge into 
each other more or less gradually in a way depending upon the distribution 
of velocities among the ions. In the outer region, as a rough calculation shows, 
the potential approaches the space value asymptotically but never reaches 
it in finite distance. Actually, therefore, the sheath does not have a sharply 
defined edge. Since, however, the whole drop of potential in the outer region 
is small compared with the total, it will be convenient to take as sheath boun- 
dary the surface at which the sharp drop of potential begins, and to regard 
the distribution of density and of velocity of the ions as known at this surface. 
This convention simplifies the discussion, and as we shall see, does not restrict 
the validity of the equations derived in the present article. Accordingly, we 
shall speak of the sheath as though it has a sharp edge; the potential at this 
boundary we shall speak of as the space potential. 

We shall further assume that the gas pressure is so low that there are only 
a negligible number of collisions in the sheath between ions or electrons and 
gas molecules. The ions in the sheath then describe free orbits, some of which 
end on the surface of the collector. Now if the sheath has axial symmetry so 
that the equipotentials are coaxial circular cylinders, it is found from simple 
mechanical principles that the condition for a positive or a negative ion to reach 
the collector depends not upon the nature of the field of force along the whole 
orbit, but only upon the initial and final potentials and the initial velocity of the 
ion on entering the sheath. The total current to the collector can thus be found 
by summing the contributions of the ions of different signs and initial velo- 
cities, and this current will be a function of the drop of potential in the sheath 
and of the sheath radius only. Another relation between these three variables 
can only be found by actually calculating the distribution of potential in the 
sheath through the use of Poisson’s equation. It is thus seen that the problem 
of calculating the volt-ampere characteristic of the collector in general divides: 
itself into two parts, the first of which is the purely ‘‘mechanical” problem 
outlined above, while the second is a “‘space charge” problem. From the solu- 
tion of these two problems there are obtained two independent equations re- 
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lating to the three variables just mentioned, and by elimination of the sheath 
radius between these two equations a single equation can be found expressing 
the current in terms of the potential. 

On account of its great difficulty, the second or ‘‘space charge” part of the 
problem has been solved for only a few cases, so that in general we are not 
yet in a position to calculate the volt-ampere characteristic of a collector, unless 
we use experimentally determined values of the sheath size. On the other hand, 
the solution of the ‘‘mechanical” or ‘‘orbital motion” problem is relatively 
easy, and it is with this side of the question that we shall deal in the rest of the 
present paper. Under certain conditions, as we shall see, the current is inde- 
pendent of the sheath size so that the ‘‘orbital motion” equation actually give 
the volt-ampere characteristic of the collector. 

So far we have taken as example illustrative of the general theory, the case 
of a small wire charged to a negative potential. If we imagine the wire now 
to be charged positively there will be formed about it a sheath of negative ions 
and electrons moving toward the wire. The discussion of the two cases is exactly 
simil ar except for reversal of the sign of the charges and of the potential invol- 
ved, and this reversal does not change the form of the ‘‘orbital motion” equa- 
tions. Throughout the remainder of the paper, we therefore shall not specify 
the sign of the ions involved, and the term “‘ion”’ is to be taken as applying indis- 
criminately to positive ions, negative ions and electrons.* 

The difficulties involved in the calculation of the current makes it neces- 
sary for us to restrict ourselves to cases where the geometry is simple. The 
three cases which can be treated by comparatively elementary means are those 
of a plane collector in which edge effects are neglected, of a cylindrical col- 
lector in which the end effects are neglected, and of a spherical collector in 
which the disturbing effect of the connecting lead is neglected; the approxi- 
mations made in neglecting these corrections amount to assuming that the 
current per unit area is uniform over the surface of the collector. It is seen, 
theref ore, that we cannot realize any of the theoretical cases in practice 
(except by the use of guard rings), although we can approximate quite closely 
to them by choosing proper conditions. On the whole, the cylindrical col- 
lector is the most satisfactory in that. the end corrections can be made 
comparatively small, and the total current taken by the collector can be kept 
low, so as to disturb as little as possible the normal condition of the dis- 
charge. We shall treat in detail the cases of the cylindrical and the spherical 
collector, and for comparison, we shall also give the equations for a plane 
collector receiving current on one side only for the case of a retarding 
potential. 


* It is assumed in the foregoing discussion that every ion which reaches the collector gives 
up its charge to it, i.e., that there is no reflection of either positive ions or electrons. Later 
in the paper we shall consider how the equations which will be derived may need to be modi- 
fied to take into account the effect of reflection. 
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I. General Equations for Cylindrical and Spherical Collectors 


Taking up first the case of the cylinder, we may assume this to be repre- 
sented by a wire whose length / is large compared with its radius r so that 
end corrections can be neglected. The wire is assumed to be straight, or at 
least such that the radius of curvature of the axis is everywhere large compared 
with r. Under these conditions the current per unit length i// is sensibly the 
same for all parts of the wire. For the present we are also assuming that the 
composition of the ionized gas is uniform about the collector, and that the 
ion velocities are random, so that the sheath will be a circular cylinder of 
radius @ concentric with the collector. 

Considering the ions of one particular sign only, let N be the number per 
unit volume in a small element of volume dr bordering the sheath. In a plane 
normal to the axis let u be the radial and o the tangential component of velocity 
of an ion, u being counted positive when directed toward the center. Then if 


Nf (u, v)du do 
is the number of ions in dt which have their velocity components u and v lying 


in specified ranges du and dv, the total number of ions which in unit time 
cross the sheath edge with velocities within the given limits will be 


2naNuf (u, v)du do. (1) 


Let u,, v, be the radial and tangential velocity components of an ion ar- 
riving at the surface of the collector, and V the potential of the latter with res- 
pect to the sheath edge, to be taken positive when the collector attracts the 
ions. Then if « is the charge and m the mass of an ion, we have from the 
jaws of conservation of energy and of angular momentum the equations 


aaa aE aa (2) 
rv, = av 
which solved for u, and v, become 
2 
w= ut— (¢- rose Ly (3) 
o, = 40, (4) 


Only those ions will be able to reach the collector for which 
u>0, ut>O0°* (5) 


* This last condition must be satisfied not only at the surface of the collector but also 
on any intermediate surface lying between the collector and the sheath edge; in other words 
the field of force must be such that the radial component of velocity does not become imaginary 
at any point on the orbit of an ion which satisfied condition (5). We shall tacitly assume this 
to be true throughout the following work, leaving the discussion of this condition to a later 
Part of the paper. 
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If we plot u, v as rectangular coordinates of a point and take V to be posi- 
tive, then the curve u2= 0 will be a hyperbola whose semi-axes are 


V2" /VE-" rer 


on the wv and uw axes respectively. 

The region for which conditions (5) are satisfied is that lying between 
the branches of the hyperbola and to the right of the v axis, and is shown 
shaded in Fig. 1. The total number of ions reaching the collector per second 
per unit length will be found by integrating expression (1) over this region. 
The figure shows that for a given value of u, v must lie between limits 
—v, and v, which are found by solving the equation u%= 0 for v, namely 











r € : 
v= “8 (+ 2 v). (6) 
For V negative the curve u? = 0 becomes a hyperbola with the same axes 
as the previous one, but with its branches lying in the other two quadrants. 
The region for which conditions (5) are satisfied is shown shaded in Fig. 2. 





Fic. 1. Fic. 2. 


It appears that u cannot be less than a certain value u, given by the equ- 
ation 


ui= —2<=V (7) 


while for any value of u greater than this, v lies between the limits —0, and 
v, defined by Eq. (6). 

On multiplying expression (1) by the ionic charge ¢ and the length / of 
the collector and integrating over the regions indicated, we find for the total 
current 7 taken by the collector. 

oy 
i=2nalNe [ [{ uf(u,v)dodu (8) 


Ou —% 
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where the lower limit of u is to be taken 0 for V >0 and u, for V <0. 
It is often convenient to replace N by an equivalent expression involving the 
total current crossing a unit of area at the edge of the sheath. This current I 
will be given by 


I= Wel fares v)dv du. (9) 


As the radius a of the sheath becomes infinite it is found that the expres- 
sion (8) approaches a limiting form, which can be obtained by the application 
of the rule of d’Hopital. If #,. is used to denote this limiting value of the cur- 
rent, then 


F . r dv. 
igo = lim 2nalNe {+20 uf (u,v) aul. 
‘aies J da 


On substituting the value of dv,/da calculated from Eq. (6) intp this expres- 
sion and proceeding to the limit, we find 
ino = 4nrINe fuer Vf (u, 0) du. (10) 
0,4, 

Turning now to the case of a spherical collector, let r be the radius of the 
collector and a that of the sheath, whose boundary is assumed to be a con- 
centric sphere. Let u, v, w be as before rectangular components of velo- 
city of an ion at the sheath edge, u being the radial component, and let 
(u,v, w) be the distribution function for the three components. We replace 
v, w by polar coordinates g, p so that if g is a new function defined by 

Qn 


(q,u) = f f(u,qsin y, g cos y) dp (11) 


then gg(q, u) is the distribution function for the velocity components q and 
u, q being the resultant of v and w. If g,, u, are the values of the quanti- 
ties indicated at the surface of the collector, then the mechanical relations 
give us equations of exactly the same form as (2), v being replaced by ¢ 
and v, by g,. We therefore obtain for the current to the collector at potential 


V the expression 
~ 0 @ 


i= 4aNea* [ f ugg(q,u)dg du (12) 
0.u, 0 


q: being defined by Eq. (6) in which 0, is to be replaced by q,. The limit- 
ing value of the current for a/r increasing is found as before to be 


ig = 2nrtNe f u(e+2-£1)¢(0, 1) du, (13) 


orm, 
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Finally, for the plane collector with retarding potential the condition for 
an ion to reach the collector is evidently that the energy component in the 
direction normal to the plane exceed a fixed value determined by the retard- 
ing potential. The general formulas are derived in an obvious manner, and 
we shall content ourselves with giving the final result for each type of velocity 
distribution taken up. 

We proceed now to apply these general formulas to some specific examples. 


II. Collector Characteristics for Particular 
Types of Velocity Distributions : 


(A) Velocities equal in magnitude and parallel in direction.—This case, which 
corresponds to that of a ‘“‘beam” of ions falling on the collector, strictly does 
not come under the scope of our general formulas, because the sheath for- 
med will not be symmetrical. The results in this case can be obtained by 
the simpler method used in ‘‘Part I,” and are given here for the sake of com- 
pleteness. If V, is the voltage equivalent of the ion velocities, we have for 
a cylindrical collector placed with its axis normal to the path of the ions 


i=2l1VI+V[Vy for V>—V, (14a) 
=0 , for V<—V, (14b) 


I being the current per unit area conveyed by the ions outside the sheath. 
For the spherical collector 


i= mir(1+ 7), forv>—Ve (15a) 
° 
=0 »forV< —Vp. '15b) 


In each case the current is independent of the size of the sheath. This ceases 
to be true, however, when the collector potential is so strongly accelerating 
that the collector receives the entire current entering the sheath. As the 
voltage increases the current increases according to the above formulas unti 
it reaches this saturation value, after which it remains constant unless the 
sheath changes in size. 

For the plane collector the current evidently remains zero until the retard- 
ing potential —V becomes less than the energy component of an ion in 
the direction of the normal to the surface. This energy component is Vy cos* a 
where a is angle between the normal and the path of the ions outside the 
sheath, 

(B) Velocities of uniform magnitude but with directions distributed at ran- 
dom in space.—If ¢ is the common magnitude of the velocities, the velocities 
of ions in an element of volume will be represented in the u, v, w diagram 
by points uniformly distributed over the surface of a sphere of radius ¢c. By 
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considering the projections of these points on the plane it is readily seen that 
the distribution function for the components u, v is given by 

flx,e) = i Vi-(@*+0)/2, for uttor<e 
~~ \o » for wW+oe> ct 
On substituting this in the general formula (9) we find for the current density 


(16) 





I = Nec|4 (17) 
while from (8) the current to a cylindrical collector is 

é=0 » for V<—-YV, (18a) 
=2nrll(1+V|V,), for —Vo<V<0 (18b) 

aes 

= V.—-——V 

aot r Vor V\. o a@—r 

m tthe ee fF 84 AV sa (18c) 
for 0< vs(4-1) V, (184) 
= 2nall , for v>(4-1) Vo (18e) 


where V, is the voltage equivalent of c. We may describe these results briefly 
by saying that for retarding voltages the current is independent of the sheath 
radius and is a linear function of the voltage; for accelerating voltages it is 
expressed by a function which gradually changes from one nearly linear in 
V to one nearly linear in YV as V increases; while for a certain value of 
V it reaches the saturation value (last equation). The limiting value of the 
current for a very large sheath is found by (10) to be in the case of an ac- 
celerating potential 


while for retarding potentials the current has the same value as that given 
by (18b), since this is independent of the sheath radius. If we put 





Vv 
a= +7 (20) 
then Eq. (19) can be expanded as follows 


‘ 1 1 1 
eh (-b-ae-e—") (21) 


which for x sufficiently large reduces to ; 
inn = Selle = anit y/ 4F., (22) 
0 


Thus for large accelerating voltages and wires of small diameter, the square 
of the current is a linear function of the voltage. 
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With the spherical collector it is evident from considerations of symmetry 
that the formulas for the current will be the same as those (15) given for 
the velocity distribution of type (A), except that the projected area xr* 
of the collector must be replaced by its superficial area 4ar*. 

For a plane collector of area A the current is 


i= aris), for Ve<V<0. (23) 
o 


Fig. 3 illustrates the characteristics for the present kind of velocity distribution 
of a plane electrode, a cylinder of small radius and a sphere of small radius. 
In the last two cases the values plotted are those of 1,../i), where i, is the 
current taken by the collector for V = 0. The abscissa is the potential of the 
collector with respect to the space, counted positive when the collector attracts 
the ions; the ordinate is the value of the current at the given voltage, divided 
by the value of the current taken by the collector when it is at space potential. 





Fic. 3. 


(C) Maxwellian distribution of velocities.—If T is the temperature of the 
distribution and k is Boltzmann’s constant, then the distribution function 
for the velocity components, u, wv is 


f(u, v) = SoEF e—(m/2kT)(u+0*) (24) 





On substituting in (9) we obtain the well known formula of the kinetic theory 
for the drift current J of the ions 


RT 
I=Ney/ 5. (25) 
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In evaluating the integrals for the current ¢ taken by a cylindrical collector, 
‘we make the substitution 
ev 
ar7 
which defines a new variable replacing the voltage. Further we use new variables 
of integration defined by 


/m m 
u mr = * oV ar =y. (27) 


Substituting the value of f(u, v) in formula (8) and making these sub- 
stitutions, we find 


(26) 


wo VV 8ti/Va—A 
i = 8y/zxall f f  xeondy de 

on ° 

An integration by parts reduces this to 
a VEY Ome 


i = 8)/nall as os ev a| 
2 f 


jz = Co 


ir=0 











In the second integral make the substitution 
tty = = # 
then 
Vraie—r).0 ‘ © 
i= 41'7 ¥ 7a 
i= 4) walt} i ev dy+ ae a 


or making use of the error function defined by 


) 


2 
fx = —— | e“dy, 
erf x vale ly 


i= aart{2 1 ent y/ es 5 ee (28a) 


for 7>0 (28a) 
= 2arll- e’, for <0. (28b) 
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Thus, for retarding potentials the current to the cylinder is independent of 
the sheath radius and its logarithm is a linear function of the collector voltage, 
the slope of this linear function being e/kT as seen from (26). For accelerat- 
ing voltages the curves expressing ¢ as a function of 7 for a given value of 
a/r are roughly parabolic in shape for small values of 7, but have an 
asymptote which they approach as 7 becomes large, the ordinate of this 
asymptote being the total current which enters the sheath. The larger the 
value of a/r, the greater is the value of 7 required to bring the current up 
to a given fraction of the saturation value.*The limiting value approached 
by the current as a/r becomes infinite is by formula (10) 


ing = Deel {i Vaterert vi. (29) 


For values of 7 greater than 2 it is found that this formula can be replaced 
with good approximation by the following 


2 
bog = 2nrll - —=/T+ 7 30 
i 7 =Vi+n (30) 


V 


which after substituting from (26) takes the following form 


in \? 4 eV 
(ose) =(++ £7): @y 
If therefore we plot the square of the current per unit area to a wire of small 
radius against the applied voltage, we obtain in the case where the distri- 
bution of velocities among the ions is Maxwellian a straight line, provided 
the voltage is accelerating and not too small. The interecept of this line on 
the voltage axis is 





V, = —kT/e (32) 


so that from it we can deduce the origin of potentials, i.e., the space potential. 
The slope of the line is 


£_ ys 


oS Sar 


ale 


which in virtue of (2) can be written 
2e 
Sm ain Ne (33) 


Since the constants e, m are known, this equation enables us to calculate N, 
the number of ions per unit volume in the ionized gas. 


* A figure showing the actual of this graph over the entire voltage range together with 
a table [calculated from Eq. (29)] which can be used to construct the graph in the lower 
range of voltages is given in Part III of the authors’ original article [Gen. Elect. Rev. 27, 617 
(1924)]. 
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It is interesting to compare these results with those obtained under case 
(B), as given by Eq. (22). There we also found that the square of the cur- 
rent to a small cylindrical collector is a linear function of the applied voltage 
for sufficiently large accelerating potentials. If from Eq. (22) we calculate 
the slope of this linear function and insert the expression for I from (17), 
we obtain precisely the result given by (33). We would therefore be unable 
to distinguish between a Maxwellian distribution and distribution (B) or (A) 
by studying the characteristic of a small wire with accelerating potentials. 
On the other hand, for retarding potentials the characteristics are entirely 
different, the current being in one case an exponential and in the other a linear 
function of the voltage. 

In the case of the spherical collector, we start with the Maxwellian distri- 
bution function for the three components u, v, w which is 


3/2 
S(u, 0, w) = (a3) elm 3k7) (wpe +t) (34) 
from which we find according to (11) 
1 m \3!3 
& (9,4) = rod er) ent) 2T) (ul +a"), (35) 


Substituting in (12) and making use of the variable 7 defined by (26), we 

obtain on evaluating the integrals 

a—r 
a 





t= 4na*I (1 - ermie-nl » for 7>0 (36a) 


= 4ar'J- e’, for n< 0. (36b) 


As in the case of a cylindrical collector, the current for retarding potentials 
is independent of the sheath radius and its logarithm is a linear function of 
the voltage. For accelerating potentials the difference between the current and 
its saturation, value 47a*J decreases exponentially with the voltage. The limit- 
ing form of Eq. (36a) as 1 approaches infinity can be found directly or by 
the use of Eq. (13). It is 

feo = 4nr*I(1+7). (37) 
For very small spheres the current is therefore a linear function of the volt- 
age when the latter is accelerating. Thus the form of the characteristic is 
identical in this region with that obtained for spheres under case (B), in con- 
tradistinction to the characteristic of a cylinder for a Maxwellian distribution, 
which as we have seen merely approaches asymptotically the characteristic 
for distribution (B) as the accelerating voltage is increased. 

The volt ampere characteristic of a plane electrode of area A with a Max- 
wellian distribution is 

t=TAe, for <0. (38) 
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Thus the cylinder, the sphere and the plane all have the same characteristic 
for retarding voltage in a Maxwellian distribution of ions. As we shall see 
later, this same characteristic is in fact possessed by a collector of any shape 
whatever. 





Fic. 4. 


The curves of Fig. 4 illustrate the characteristics of the three forms of 
collectors with a Maxwellian distribution. 

(D) Distribution which is Maxwellian with superimposed drift.—In certain 
types of discharge there are groups of ions which presumably have the velo- 
city distribution of a gas with ‘‘mass-motion.” For instance, in the case of 
a mercury-vapor arc passing through a tube of uniform diameter, collectors 
are found to have characteristics which if interpreted according to the results 
of the last section would indicate that the free electrons has a nearly perfect 
Maxwellian distribution of velocities. This would imply that there was no 
net transport of electrons in any direction, but actually the electrons must be 
drifting steadily toward the anode. It becomes important therefore to find what 
interpretation should be put upon the collector characteristics in view of this fact. 

In the case just cited the drift velocity is usually small or at any rate 
of the same order of magnitude as the average absolute velocity of the Max- 
wellian distribution. In other cases there exist in discharges beams of electrons 
which have a common high drift velocity on which is superimposed a Max- 
wellian distribution of relatively low temperature. Both of these cases will 
be treated in the following. 

If the drift velocity is up, then the distribution in question is Maxwellian 
when referred to a set of coordinate axes moving with the velocity uw. Let 
u', v' be rectangular velocity components with respect to a set of axes fixed 
in space, uw’ being taken in the direction of u9. Then the distribution function 
for the components u’, v’ is 


fu’, v') = xaF em (m/2kT) [Cu —uy)"+-0°2] | (39) 
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We assume that a cylindrical collector is placed with its axis perpendicular 
to the direction of u) and choose the direction of v’ to be also perpendicular 
to the axis. The radial and tangential velocity components u and o of an 
ion at the edge of the sheath are now functions of its position on the circum- 
ference. Let an ion be situated at a point on the circumference such that 
the directions of u and u, make an angle 6 with each other, then 


u’ = ucos 6+ sin 0 
ov’ = —usin 0+0 cos 0 | 
du’ dvo' = du do 
In terms of the new coordinates the distribution function becomes 


(40) 


S(u, % 6) = Sar? {- SEF [u?+-v?+-u3—2u9(u cos 0+-0 sin oy} + (41) 


Since conditions are now not symmetrical about the collector, the general 
formulas (8), (9) and (10) need to be somewhat modified. It is clear that 
the sheath itself will be no longer symmetrical and concentric with the col- 
lector, so that the exact solution would be very difficult if not impossible. 
Fortunately the case of most interest is that of sheaths whose dimensions 
are large compared with r and for such sheaths the actual shape can have 
but little influence on the current taken by the collector.* We can therefore 
in the case of a large sheath consider it to be circular, and the current to 
the collector will be found by averaging over the circumference the current 
given by Eq. (10), ive. 


Qn oo 
ino = 2rlNe u}/ w+2— Vf(u, 0, 6) dudd 
{LeVerm 


which on substitution of the value of f becomes 


ino = 2rlNe aT J f “J / w+ 2— Vertnlaxnwt+ui—2u42°*% dy dp, (42) 


It is convenient to introduce here the random current I, which is defined 
as the current per unit area transported in one direction through a plane 
moving with the velocity u). This current will therefore be given by Eq. (25). 
kT 
2xm ° 

The drift current J, is the total current per cm? carried by the ions through 
a fixed plane perpendicular to the direction of uy and is given by 
I, = Neu. (44) 


* This point will be more fully discussed in Section III. 





I,= Ne (43) 


8 Langmuir Memorial Volumes IV 
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We will also define a parameter a as follows 
m 1 I, _ 3 uy 
°=V ur” dal, Vie 5) 
where in the last expression C is the root-mean-square velocity of the Max- 


wellian distribution. In terms of these quantities and of the variables defined 
by Eq. (26) and (27), Eq. (42) may be written 





ing = Lele f fave tie ete de do (46) 
vx © of—n 
The integral on the right cannot be expressed in finite terms, but for 


negative values of 7 (when the right hand lower limit for x is taken) it can 
be evaluated as an infinite series convergent for all a and 7 as follows 








foo = 2nerll,en* s Sree Ji, (2ay/—ni) (47) 


Here i-°J,,(xt) is the Bessel function of the first kind and pth order with a pure 
imaginary argument, and is itself a real and increasing function of x resembling 
the exponential. The series converges very rapidly for small values of a; for 
instance, when a = 0.3, corresponding to J,/J,= 1 approximately, the first 
three terms of the series give the result correct to within four parts in ten 
thousand. 

In the previous case of a Maxwellian distribution the current J crossing 
a unit area of the sheath was identical with J,, the random current in the gas. 
In the present case however, J is not the'same for different parts of the 
sheath circumference, and must be replaced by an average I which is different 
from J,. This average value is found by putting 7 = 0 in (47) or (46) and 
dividing by the area of the collector. We thus find 


= 2 4 6 
fai (4 $-S+8—- (48) 


which for small values of a can be reduced to 


P= 1,(1+a%/2) = 1,[1+0.040(0,/2,). (49) 


Thus when J,/I, does not exceed 1, as is usually true in the case mentioned 
above of the mercury-vapor arcs, the difference between J and J, is not over 
four per cent. 

If we plot the logarithm of #,, calculated from (47) against 7 we obtain 
for different values of the parameter a a series of curves such as is shown 


* Cf. Jahnke and Emde, Funktionentafeln. 
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in Fig. 5. For a=0 we obtain the straight line corresponding to a pure 
Maxwellian distribution. For values of a* between 0 and-2 the curves are still 
sensibly straight lines over a range of about ten thousand-fold change in the 
current, but the slopes of these lines decrease uniformly as a increases. This 
range corresponds to values of the ratio of drift to random current from zero 
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PET Tee ee eet 
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to about 1.6, so that even with these relatively large drift currents the charac- 
teristic of the collector will indicate a Maxwellian velocity distribution for the 
ions. The temperature determined from the characteristic will however differ 
from that of the existing Maxwellian distribution, and the difference can 
be roughly calculated from the slopes of the theoretical characteristics at the 
origin 7 = 0. From the preceding equations we can deduce the following 
formula 








tis High ate bay 2 
Sy = f login lye = 1 Fett at -). (50) 


Since according to (48) the ratio J,/I does not differ much from unity for 
a< 1, we can reduce (50) to the following for small values of a: 


1 
Sy = 1a = 1- F (Hill). (51) 
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The temperature of the distribution is proportional to the reciprocal of the 
slope, hence we can summarize the above results in the following statement: 
when the temperature of the Maxwellian velocity distribution of the ions is 
determined from the characteristics of a small cylindrical collector for retarding 
voltages, the result, in case a drift current exists, will be too large by a fraction- 
al amount which is approximately 1/4(J,/I,)*. 

For larger values of a it can be seen that the curve of log i vs. 7 is not quite 
straight, but becomes concave toward the potential axis. As a becomes in- 
creasingly large, the expression for the current approaches a limiting form 
which corresponds to the case of ions having a large drift velocity on which 
is superimposed a small ‘‘temperature” motion. There are two cases. On the 
one hand, if — 7 is less than a’, the retarding voltage is small compared to 
the voltage equivalent of the drift velocity, and in the limit as the temperature 
decreases the expression for the current approaches that given by Eq. (14) 
for the case of a unidirectional stream of ions of equal velocities. On the other 
hand, when —7 is nearly equal to or greater than a a different limiting 
form will be reached, because in this case the temperature motion although 
small is nevertheless of importance when the retarding voltage is comparable 
with the voltage equivalent of the drift velocity. It will be found convenient 
to replace 7 by a new variable A defined by 


A=a-y—9 (52) 
which in view of Eqs. (45) and (26) defining a and 7 can also be written 


a= VY pW%—WM) (53) 


where V, is the voltage equivalent of up. 

In terms of this variable it is found that the equation for the current can 
be written as a series of powers of the reciprocal of a whose first two terms 
only are retained in the following equation 


in =4 Va r,\ J ee Vedet 5 J etanatias) (54) 


For large values of a and small values of 4 the expression for the current there- 
fore approaches the limiting form 


ee gee 
co = —= II. iiain (2-a x dx. 55 
i ey ; ae x (55) 


When A= 0 we get 


. 2 SSF 1073 
ies 2 nay. 37(3)- 
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If then we put 


Fd) = ce f etx dx (56) 


“h 


the equation for the current i,. can be written 


r(3) x */ kT 
fgg = Dz 2rlTg a F) = 0.344, I, VFO (57) 
where A, is the projected area of te collector. 

The function F(A) can be evaluated’ by expansion in various series, of 
which the most convenient appear to be the following: 


7 Fa = ost eat = The, for |al<1 (58) 


16a 51224 
+[ 3 + or a Je}. for A>1 (59) 


= + = x (4n+1)! ._,, 
= Z (aya a d- 1" a5 2°*(2n) ink Seay 4", for A<—1. (60) 
The first series is convergent for all values of A but is only useful in the range 
indicated. The last two are asymptotic expansions. From these series the ap- 
proximate values given in Table I were calculated. 








Taste I 
a | rm | 4 | wm | 4 | 
—3 1,072x 10-* | —0.2 0.730 1.0 2.685 
—2 0.00264 0 1.000 1.4 3.31 
—1.5 | 0.0200 0.2 1.312 1.8 3.86 
—1.0 | 0.1094 0.4 1.655 2.2 4.33 
—0.6 | 0.338 0.6 2.018 2.6 471 
—0.4 | 0.501 0.8 2.353 3.0 4.98 


The graph of the function is shown in Fig. 6. It can be seen from Eq. (59) 
that when 4’ is large and positive F(A) becomes nearly proportional to y/A. 
Now A is approximately proportional to the difference between the potential 
of the collector and the voltage equivalent of the drift velocity of the ions. 

’ The integral defining F(A) can be reduced to a contour integral which is expressible in 
terms of a certain type of the confluent hypergeometric function. Cf. Whittaker and Watson, 
Modern Analysis, 3rd ed., p. 349 (1920). 
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In this region, therefore, the current is approximately a parabolic function 
of this voltage difference. But we found [cf. Eq. (30)] that in the case of 
a pure Maxwellian distribution the same relation held between the current 
and the potential of the collector with respect to the space, when this po- 
tential was an accelerating one. We see therefore that in the present case when 
the retarding voltage on the collector is less than V, the current is nearly 
the same, except for a constant factor, as though the drift velocity were annihi- 


Natural Scaie 





Fic. 6. 


lated and the collector voltage raised by the corresponding amount. On the 
other hand when 4 is negative Eq. (60) shows that the current decreases very 
rapidly as —A increases, but the logarithm of the current is roughly a linear 
function of the square of the voltage difference A, while with a Maxwellian 
distribution log # is a linear function of the first power of the corresponding 
voltage. 

For comparison there is plotted in Fig. 6 the graph of the function erf(—A). 
This is approximately the volt-ampere charcteristic of a plane collector placed 
perpendicular to the direction of the drift velocity when this velocity is large 
compared with the Maxwellian motion. It will be seen that for negative 4 the 
currents to the kinds of collectors stand in a nearly constant ratio, but for 
positive 4 the current to the plane reaches a saturation value while that to 
the cylinder continued to increase parabolically. That the size of the error made 
in using formula (57) to calculate the current when the ratio of the drift to 
the random current is not very large can be seen from Eq. (54). The second 
integral in formula (54) is approximately equal to the first one for |A| <1 
that the percentage error caused by omitting the second integral is of the order 
of 100/a. 
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For the spherical collector with the present velocity distribution. function 
there can be obtained similar equations which, however, for the sake of brevity 
we shall omit. We will give only the results corresponding to Eqs. (51) and 
(55). In the case of the spherical collector the error made in determining the 
temperature of a Maxwellian distribution which is modified by a small drift 
velocity is only two thirds as much as for the cylindrical collector. When the 
potential of the spherical collector is retarding and greater in absolute magni- 
tude than the voltage equivalent V, of the drift velocity, the current to the 
collector is approximately the same as though the drift velocity were removed 
and the collector voltage raised by V, (the two currents specified being here 
equal instead of merely proportional as with the cylindrical collector). 


II. Discussion of Equations; General Theorems; Effect of 
Reflection at the Collector Surface 


In deriving the foregoing equations we have ignored the distribution of 
potential within the sheath, and have assumed that the current taken by a col- 
lector from a sheath of given dimensions depends only on the total difference 
of potential between the collector and the sheath boundary. But this certainly 
cannot be true without some restrictions on the nature of the field in the sheath. 
For instance, there is the obvious qualification that the potential of any point 
within the sheath must lie between the extreme values of the potential of the 
collector and of the sheath boundary. This condition is sufficient in the case 
of the plane collector, and of the cylindrical and spherical collectors where the 
ions considered are moving in a retarding field. If, however, ions are moving 
in an accelerating field toward a cylindrical or spherical collector some further 
condition must be added, as can be seen for example from the fact that whereas 
our equations for this case give a value for the current greater than i, the cur- 
rent taken at the space potential, the current for any accelerating potential would 
actually be reduced to 1, if the whole voltage drop in the sheath were concen- 
trated in a thin layer covering the collector. 

Let us consider in more detail the case of the cylindrical collector at an 
accelerating potential. It has already been pointed out [cf. footnote to (5)] 
that the conditions expressed by (5) which are satisfied by the initial velo- 
city components of an ion reaching the collector must be supplemented by 
the assumption that the radial velocity component does not become imaginary 
at any point on the orbit of such an ion. The assumption implies some property 
of the field of force which we proceed to investigate. The initial velocity com- 
ponents u, o satisfying conditions (5) are represented by points lying in the 
shaded region of Fig. 1. Now if an ion with certain values of u and v is able 
to reach the collector, it is clear that any ion with the same value of u but a smal- 
ler value of v will also be able to do so. It is sufficient therefore to discuss 
the conditions relative to the points on the hyperbolic boundary of the region 
in question. 
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If u,, v, are the radial and tangential velocity components of an ion at a dis- 
tance s from the center, then the relation between u,, v, and u, v must be given 
by Eq. (3) when ¢ is substituted for r, and V, the potential at the distance 
s for V,. That is 


af = at (S-i)osaty, (61) 
=< (62) 


The relation between the initial velocity components of an ion corresponding 
to a point on the hyperbola in Fig. 1 is given by Eq. (6). Such an ion in order 
to reach the collector, must satisfy for every value of s between a and r the 
condition 

u>0 (63) 
On substituting from Eq. (6) into (61) and transposing, etc., we find that 
this inequality can be written 
a—st rt a—s | m 
rao er [-s44|¢ on 
The quantity in brackets is always positive when s lies between a and r, so 
that if (64) is to be satisfied for every value of u between zero and infinity we 
must have 


a—s 4 
V,> aoa V, (65) 
which can be written 
v,>m(2—1) (66) 


where M is a constant independent of s. This inequality therefore expresses 
the property which must be possessed by the field of force in the sheath 
in order that the equations which we have developed for the volt-ampere 
characteristic of a cylinder may apply. 

In the case of the spherical collector the discussion is the same except that 
v must be replaced by q, the resultant tangential component (regardless of 
direction). The conclusion reached is therefore that the equations which we 
have developed for the sphere will only hold if condition (65) or (66) is sa- 
tisfied. 

From another point of view these conditions define more exactly what 
we have called a ‘‘sheath-edge”; for it can easily be seen that if we assume 
any distribution of potential we like between a and r we can always find a cyl- 
inder (or sphere) of radius a’ intermediate between a and r such that for this 
cylinder (sphere) or any other of smaller radius, condition (65) is satisfied when 
a’ is substituted for a. In other words such a surface can be taken to be the 
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edge of the sheath if the distribution function for the velocities of the ions 
‘crossing it is known. As far as the equations of orbital motion determine it, 
the sheath edge is therefore simply a surface on which we know the velocities of 
the ions and within which the condition (65) is satisfied. 

Additional light is thrown upon this point by an alternative method of 
calculating the current to a cylindrical or spherical collector. Instead of con- 
sidering the distribution of velocity components among the ions in an element 
of volume, we can resolve the whole of the ions outside the sheath into a number 
of swarms consisting of ions moving in parallel lines with equal velocities 
(ie., the direction and magnitude of the velocities in each swarm fall within 
small ranges centering about given mean values), that is, into distributions 
each of which is of the type considered under II (A). For each swarm the col- 
lector will possess an effective target area such that every ion will be collected 
whose rectilinear path outside the sheath when prolonged falls on the target. 
The total current is then found by multiplying this target area by the current 
density of the swarm and adding the products for all the swarms. 

The target area of the collector in general depends only upon the collector 
potential and the velocity of the ions in the corresponding swarm, and not 
upon the nature of the orbits described by the ions in the field of force of 
the collector. In fact, Eq. (14a) shows that the width of the target is 2i/1+-V/Vo. 
But when this quantity exceeds the width of the force-field, it is evident that 
the latter width must be substituted for the former in computing the current 
contribution of the corresponding swarm of ions. Even before the ultimate 
limit is reached the width of the target may be restricted to a smaller limit 
if condition (65) is not satisfied everywhere in the field of force. In this way 
the radius of the force-field or some related quantity enters into the calcula- 
tion, so that the total current to the collector depends upon the ‘“‘sheath radius.” 

It is to be noted, however, that for retarding potentials on the collector the 
calculated target width is less than the diameter of the collector. In this case 
therefore the current to the collector is independent not only of the distri- 
bution of potential in the sheath but also of the actual dimensions of the sheath. 
This has already been found true for all the cases treated in this article, as 
will be confirmed by examining Eqs. (14a), (15a), (18b), (28b), (36b). 

Again in the case of accelerating potentials, for which the calculated target 
width is greater than the collector diameter, simple conditions must be reached 
when the radius of the sheath is made sufficiently large compared with that of 
the collector. In such cases the sheath diameter will eventually become greater 
than the target widths calculated for all the different swarms, so that the total 
current to the collector once more becomes independent of the sheath radius. 
This explains the result already found that the current to a cylindrical or sphe- 
rical collector at accelerating potential reaches a limit as the sheath radius is 
indefinitely increased. By the same argument the current for very large sheaths 
must be independent of the actual shape of the sheath, which justifies the 
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assumption of this kind which we made in treating the cases where unsym- 
metrical sheaths are formed about the collector. 

The equations derived in Section II hold for ions of either sign, subject 
to the conventions already made that the potential of the collector with 
respect to the space is to be counted positive when the collector attracts the 
ions. When ions of both signs are being collected, the contribution from 
the ions of each sign are simply added; in doing this we may need to use 
a different size of sheath for the positive current and for the negative current. 
The calculation of the current assumes that the sheath sizes and velocity distri- 
butions are known but, of course, the real use of the equations lies in the 
determination of the velocity and density distribution of the ions from the 
observed characteristics. This is possible when conditions are such that prac- 
tically all the current comes from one group of ions, as for instance the electrons. 
Unless the sheath sizes are measured directly, it will further be necessary 
to use collectors of each shape and size that the current does not depend upon 
the sheath size. - 

With these conditions it will be possible by examination of the volt-ampere 
characteristic to determine whether the velocity distribution of the ions con- 
sidered is one of the types treated above. But it is also interesting to con- 
sider the inverse problem of calculating directly the velocity distribution func- 
tion from the volt-ampere characteristic. . 

For the plane electrode with retarding voltages this calculation is simple, 
since the slope of the curve of current vs. voltage at any point is proportional 
to the number of ions having a velocity component normal to the plane which 
lies within a chosen fixed small range centering about the value corresponding 
to the collector voltage. In practice, however, the large size of the electrode 
necessary to realize the conditions of the plane electrodes sometimes disturbs 
the normal conditions of the discharge so much as to vitiate the results. It 
is better then to use a spherical or cylindrical collector, chosen so small that 
the current to it will be independent of the size and shape of the sheath. 

The current taken by a spherical collector with retarding potentials when 
the sheath is very large is given by Eqs. (13) and (7). 


i = 2ar'Ne f u(e+2£v) <0, u)du. 


¥ —26V/m 


This equation can only be applied if the ions have no drift motion so that 
the distribution function involves the velocity components only in the form 
of their resultant )/u?-+v?+w*. By two successive differentiations the above 
equation is reduced to 


di 2 
—— (£) arNe 2(0, V -2-£y) (67) 
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Thus an analysis of the volt-ampere characteristic of the collector enables 
us to determine the distribution function g(0, c) where c is the velocity equiva- 
lent to the potential V of the collector. This function actually involves only 
one variable, so that we may call it G(c). Then c?G(c)de is the fraction of 
the number of ions in a given volume for which the resultant velocity ¢ 
falls within the range from ¢ to ¢+de. 

For the cylindrical collector under the same conditions of large sheaths and 
a retarding potential we have from Eq. (10) 


i(V) = 4arlNe f u/ wW+2V f(u, o)du 
V=3°Vim ” 
On introducing a new variable of integration py given by 


ims 
bam ee a 


A=4y2n (<)" Ne, ilV/2kv. 0) = F(y) 


this becomes 
i yee 
ain= J Vor¥ Fiy)ay 


and putting 





which on differentiation gives 





F(y) 
awit = ff%« ie) 


If we regard i(V) as a known function, this constitutes an integral equation 
for F(y), of a type which has been treated by Liouville. The solution can be 
written® 


co 


Fy) = 4) f i"(—y—eyat (69) 


where according to the usual notation the prime denotes differentiation of 
i with respect to its argument. It is to be noted that this formula involves 
only the values of ¢ corresponding to negative potentials on the collector. 
Other formulas equivalent to (69) can easily be derived, which are more con- 
venient in special cases. 

This equation then enables us to calculate the distribution function F(y) 
from the observed characteristic of a cylindrical collector. The derivation of 
the original Eq. (10) assumes only that the distribution function is symmetrical 


® See, for example, Volterra, Les Equations Integrales, etc. 
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in u and v. Thus 2ngF(y)dq is the fraction of the ions for which the re- 
sultant q of the velocity components u and 0 falls in a specified range dg, y 
being the voltage equivalent of q. 

Special properties of the Maxwellian distribution.—The equations which 
have been given show that when a plane, cylindrical or spherical collector 
is placed in a Maxwellian field of ions, the current for retarding potentials 
is given by the same simple formula, namely, 


i= ijesvier (70) 


where #, is the current taken by the collector when it is at the same potential 
as the surrounding space. 

Although we have assumed that the ions describe free orbits in the sheath, 
Eq. (70) is the same as would be derived on the assumption that the ions made 
collisions with each other and reached a state of statistical equilibrium, for in 
such a distribution the law of distribution of velocities at every point is Max- 
wellian, while the distribution of density is given by Boltzmann’s law.® That 
is, Eq. (70) indicates that in the sheaths of the three collectors mentioned, the 
ions retain the distribution of velocities and of densities proper to a state of 
statistical equilibrium, even though they make no collisions with each other. 

That this is so is well known for the plane case, and it can also be shown 
directly to be true for the cylindrical and spherical cases. Taking the cylindrical 
case first and considering only the inward-moving ions, let I,(u, v)dudv stand 
for the current carried across a unit area of the sheath boundary by ions 
having velocity components in the specified range du dv, and I,(u,, v,) du, dv, 
for the corresponding quantity at some intermediate distance s where the velo- 
city components are u,, v,. For a Maxwellian distribution at the boundary 
we have according to Eq. (24) 


I,(u, v)dudv = Ael?kD w+ ududo (71) 


where A is a constant. Since the total currents carried by the ions in question 
across the sheath boundary and the intermediate cylinder are the same, we 
have : 


sI,(u,, v,)du,do, = al,(u, v)dudo. (72) 


The relations between the quantities u, v, u,, v, are given by Eqs. (61), 
(62) from which we obtain the further result 


ou ov 
Ou, Ov, su, 
dudv = ae_dv du,dv, = — —~ du,do, (73) 
| Ou, 04, 





* Compare Part I, p. 450. 
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‘On substituting from (71), (61), (73), in (72) we find 
Dice )duzo, = Ae SFE genetic nave, (74) 


An examination of Eq. (61) of transformation shows that the values of v, range 
from —oo to oo and of u, from 0 to oo since we are assuming that V, is 
negative. Bearing this fact in mind and comparing (74) with (71) we see that 
the ions at s have the same velocity distribution which they had at g, while 
the number of ions in a given velocity range stand at the ratio e'”*" at the 
two places. The first part of this result shows that the velocity distribution 
at s is still Maxwellian while the second part shows that the variation of den- 
sity from point to point is governed by Boltzmann’s equation; excepting of 
course for the fact that only one half the ions of a complete Maxwellian distri- 
bution are included, i.e. those having a positive radial velocity component. 

It is interesting to see how these results must be modified for the case 
when V, is positive so that the ions are accelerated as they move into the 
sheath. Eq. (74) still holds but a consideration of the transformation Eq. 
(61) shows that certain values of u, and v, are excluded. In fact the only points 
in the u,, v, plane which correspond to real values of u and to positive values 
of u, are those lying to the right of the v, axis and outside of the ellipse 


# & 
uit (- Sle-2ty, =0 (75) 


constituting the region shown shaded in Fig. 7. We see then that even with 
an accelerating potential on the collector the Maxwellian nature of the distri- 
bution is not completely obliterated as the ions move into the sheath. At any 
point certain whole groups of ions proper to a Maxwellian distribution are 
absent but the remaining ions have precisely the distribution according to 
velocity coordinates which is characteristic of a complete Maxwellian distribu- 
tion having the same temperature as that of the ions at the sheath boundary. 
Furthermore the space density of ions in each velocity class outside the exclu- 
ded ones satisfies Boltzmann’s equation. 

The argument for the spherical case is the same except that the tangential 
component q, replaces v,. With a retarding potential on the collector the ions 
in the sheath will have a distribution of velocities and densities given by Max- 
well’s and Boltzmann’s equations. With an accelerating potential the distribu- 
tion will be the same except that at any radial distance s no ions will be pre- 
sent for which the velocity points having coordinates u,, v,, w,, fall within 
an oblate ellipsoid which can be generated by revolving the ellipse of Fig. 7 
about the w axis. 

In view of the similarity of these results for the sheaths about the plane, 
the cylindrical and the spherical collector it seems reasonable to infer that 
they hold for force-fields of any shape under the conditions assumed and in 
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fact we can state a general theorem concerning such fields of force which may 
be formulated in the following way. Let us consider a conservative system con- 
sisting of a large number of particles moving in an enclosed space and con- 
tinually exchanging energy and momentum with each other so that a state of 
statistical equilibrium is reached in which there is a law of distribution of 
positional and velocity components which we shall for brevity denote by 





Dy (Dy being then the distribution defined by Maxwell’s and Boltzmann’s 
equations). In this space we imagine to exist a region A in which there is no 
interaction by collision or otherwise between the particles and in which there 
is a field of force acting on the particles. Any interior boundary surfaces of 
A (such as the surfaces of collectors) we shall assume to be perfectly reflecting. 
The particles penetrating into A will then describe ‘‘orbits” under the influence 
of the force-field and eventually return to the exterior boundary of A. If we 
consider not merely the orbits actually described by particles but the totality 
of orbits which may be followed by a particle in A with all possible modes 
of starting from interior points there may be some of these paths which never 
carry the particles outside of A. These we will call ‘‘interior orbits.” Our 
theorem is then as follows: if the field A has no interior orbits the distribution 
of particles throughout it will be D,,; if interior orbits exist, the distribution 
will be D,, except for an excluded class of particles, these being the ones which 
would describe the interior orbits if they were present. 

To prove the theorem let us imagine that after a steady state has been reached 
we introduce temporarily some mechanism allowing the particles in A 
to interchange momenta. For instance we can introduce a sufficient number 
of particles which are not acted upon by the field in A and which are 
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initially given the distribution D, in A and outside of A. Through collisions 
with these ‘‘neutral” particles the original particles without loss of energy 
of momentum as a whole will acquire a distribution which is Dy in A if it 
was not such before. This distribution in A will persist if the neutral particles 
are removed and will remain in equilibrium with the distribution outside 
of A, 

Now it is a characteristic of Dy that it includes particles moving along 
every possible orbit™ in A. If there are no interior orbits all the orbits in 
A eventually return to the exterior boundary. Since in the new state of equi- 
librium the particles are once more moving freely in A, the new state can- 
not differ from the old one, so that even before the introduction of the ‘‘cata- 
lyzing” agent the distribution in A must have been Dy. If there are interior 
orbits, then in the new state of equilibrium there must be present circulating 
particles which describe these orbits. But there orbits never interesect those 
of the other particles in A, so that if we imagine the circulating particles to 
be removed, the resulting distribution must be the same as that which existed 
before the introduction of the catalyst. The original distribution is then seen 
to differ from D,y only in the way stated in the theorem. 

We have so far assumed all ‘‘collectors” in A to be perfectly reflecting. In 
this state, the current of particles moving toward a given collector P is equal 
to that moving away from it. Considering only the ingoing current, this may 
be composed of a current J, consisting of particles which move directly from 
the exterior boundary of A to P, and of a current Ipg of particles which reach 
P after having previously touched another collector or collectors Q. If we 
now assume that the collectors absorb all the particles which reach them, 
it is seen that the current J, will remain unchanged, while the current Jpg 
will vanish. This indicates the way in which the results given by our theorem 
must be modified when they are applied to the calculation of the current to 
a collector in an actual case. 

An interesting and important application of this theorem is the following. 
We consider two closed surfaces S and R, (S enclosing R), which are 
equipotentials in a field of force, and we imagine that particles pass in both 
directions through S with a Maxwellian distribution of velocities and describe 
free orbits in the interior. By the above theorem we know that the distribution 
of velocity and density of particles throughout the interior of S will be given 


© The proof of this statement may be based upon thermodynamic grounds: for according 
to the Second Law the system cannot depart from the state of statistical equilibrium once this 
has been reached through the temporary introduction of the “catalyzing” mechanism. In the 
usual treatment of such problems from the standpoint of statistical mechanics, the assumption 
that the system remains in a state of equilibrium is equivalent to the assumption that the sys- 
tem is “‘quasi-ergodic.” 

13 Since the number of particles in not infinite, it is understood of course that this state- 
ment is not to be taken literally, but in the sense that a particle can be found which describes 
a path which differs but little from a previously chosen path. 
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by Maxwell’s and Boltzmann’s laws except for the absence of certain numbers 
of particles which would describe interior orbits. If we now imagine these 
circulating particles to be supplied, the distribution will be Dy, throughout. 
In this distribution let i$ be the total current leaving S and reaching R, #% the 
total current leaving R and reaching S, and Is, Ip the currents per unit area 
crossing S and R respectively. Then since we are assuming that conditions 
are steady and that the particles meet with no obstacle within S, 


B= i (76) 


Further, the space densities of the particles is uniform over S and uniform 
over R and the ratio of these densities is given by Boltzmann’s equation. Since 
the average velocities of the particles are also equal at the two surfaces, the 
currents J, and J, must be related by the Boltzmann equation, i.e. 


I, = Ige?n-29)*7 (77) 


where 9p, Ps are the potentials of R and of S, and T is the temperature of the 
Maxwell distribution of velocities. On dividing the first of these equations 
by the second we obtain 

48/I, = e%n-%s)!*TiS/], (78) 


The current J, can be divided into two equal parts, of which one is composed 
of outwardly and the other of inwardly moving particles, and similarly with J,. 
The above equation therefore is still valid if we take J, to mean the current 
traversing S from the exterior to the interior, and J, the current traversing 
R in the contrary sense. Finally we can remove the particles which describe 
closed orbits not cutting S or R since they contribute nothing to any of the 
currents considered. Eq. (78) now gives a relation between the solution of 
two problems, in the first of which the surface S emits particles with a Maxwel- 
lian distribution of velocities and a current density J; toward an interior sur- 
face R which collects a total current i; while in the second problem the sur- 
face R emits particles with a Maxwellian distribution and current density I, 
toward an exterior surface S which receives the total current #§. It is to be 
noted that Is, I, are currents per unit area while 1%, 1% are total currents. 
If we let A,, A, stand for the areas of S and of R, ff for the fraction of the 
total current leaving S that reaches R in the first problem, and f§ for the frac- 
tion of the total current leaving R that reaches S in the second problem, then 
Eq. (78) can be written 


f= Fe dearoaittfy (79) 
Ss 


By means of Eq. (79) we can deduce our Eq. (28a) relating to the case of 
concentric cylinders from an equation previously deduced by Schottky who 


8 Schottky, Ann. d. Physik 44, 1011 (1914). 
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considered the problem, inverse to ours, of a cylinder emitting ions having 
a Maxwellian distribution of velocities toward an outer concentric cylinder. 
For a retarding potential of V volts applied between the cylinders Schottky 
found the result which in our notation is 


io orf fi—ety/ + ety (80) 


Here is the current collected by the outer cylinder, ¢, the saturation current 
from the inner cylinder, a and r the radii of the outer and inner cylinders res- 
pectively. Now a retarding potential in this problem is an accelerating one in 
the converse problem where the two cylinders keep their potentials but the 
ions are emitted by the outer one and collected by the inner one. Using Eq. 
(79) and letting S stand for the outer and R the inner cylinder, we find for the 
solution of the converse problem a result which is easily seen to be identical 
with Eq. (80). It is to be noted that in Schottky’s problem the distribution of 
velocities in the space between the cylinders is not Maxwellian even though 
the field retards the outward moving ions. This is in agreement with our general 
theorem since obviously there exist interior orbits in this field. 


As another example of the application of the general theorem, we may con- 
sider the characteristic of a collector which has been used by A. F. Dittmer. 
This consists of a plane, electrode A placed behind and close to a parallel elec- 
trode B which is pierced by a small circular hole, the front plate B shielding 
the back one A from the discharge so that the ions reaching the latter must 
pass through the hole. Let us suppose that the space in front of B is filled with 
ions of which those of one sign, say for definiteness the electrons, have a Max- 
wellian distribution of velocities and a density uniform in space. If now we 
make the potential of B sufficiently negative, a positive ion sheath will be for- 
med in front of B, and the surface C bounding the sheath may be taken to be 
a plane parallel to B if the sheath thickness is not too small compared with 
the diameter of the hole. Taking the potential of C to be zero, we bring A to 
a positive potential sufficient to repel positive ions and allow only electrons 
to reach it. The electrons leaving the sheath edge C move into a retarding field, 
but there will be a certain surface S capping the hole, such that the component 
of electric force normal to the planes A, B, C vanishes at each point of S. Every 
electron which is able to reach this surface S finds itself in a field accelerating 
it toward A, as soon as it crosses S. Most of the electrons crossing S consequently 
reach A, these being the ones moving along some such path as P, in Fig. 8. 
A few electrons having very high transverse velocities on reaching S will move 
along paths like P, and so fail to reach A after crossing S. But these latter elec- 
trons have such high transverse velocity on leaving C that their number, accord- 
ing to the Maxwellian law, is very small. Thus we may take the surface S as 
being effectively the ‘‘collector” determining the current to A. 








9 Langmuir Memorial Volumes IV 
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The potential of this collector varies from point to point, being the same 
as that of B at the edge, but more positive in the middle on account of the 
influence of the positive potential on A. If the potentials of B and A are so 
adjusted that the center of S is negative, the entire surface will constitute a col- 
lector, which repels electrons. A little consideration shows that in this case 
there are practically no interior orbits in the space included between C and 
S+B; that is, there are no paths leading to A and crossing S which do not 





Fic. 8. 


originate from C. Therefore according to the general theorem the distribution 
of velocities among the electrons crossing S must be Maxwellian, and the distri- 
bution of space density must be governed by Boltzmann’s law. This result 
enables us to calculate very simply the current to A if we know the shape of 
the surface S and the potential at each point of it. A particularly simple case 
occurs when the field strengths at the plate B on each side are equal in magni- 
tude, for in this case S is plane. 

Effect of reflection and of secondary electron emission on the characteristics 
of collectors—We come now to the consideration of the question as to how the 
equations of Section II relating to the characteristics of collectors must be 
modified when either reflection or secondary electron emission occurs at the 
collector. In the first place, when the potential of the collector is such as to 
accelerate ions of a particular class, any of these ions which may be reflected 
at the collector surface will eventually be drawn back to the surface, since they 
leave it with less velocity than they had on striking it.* Thus the volt-ampere 
characteristic of a collector can only be affected by reflection when the field 
at the collector surface is such as to repel the ions considered. In accordance 
with our convention with regard to the sign of voltages, this means that the 


* Exceptions to this statement may occur in certain cases which are illustrated by the fol- 
lowing example. Let a plane collector be divided into two parts A and B placed close together, 
the current to each part being measured separately. Suppose that ions are being drawn to 
the collectors by a rather large accelerating voltage, so that they arrive at A or B in a direction 
practically normal to the surface. If an ion is reflected from a point near the edge of A, wheth- 
er it returns to A or to B depends largely on the transverse component of velocity which 
it has after reflection so that a certain fraction only of the current reflected from A will re- 
turn to A, the rest going to B. Thus the ratio of the currents to A and to B will depend to 
@ certain extent upon their relative reflecting powers. 


Google 


Theory of Collectors in Gaseous Discharges 131 


equations of Section II will be in error on account of reflection only in case 
V is negative. 

Although the reflection coefficient of a surface for electrons is usually assu- 
med to be a function of the angle of incidence of the electrons at the surface, 
there is reason to believe that for a surface carefully cleaned by heating or ion 
bombardment the dependence upon the angle of incidence disappears.* Even 
with this simplification the calculation of the characteristics of a collector on 
which reflection takes place will be in general very complicated, since the reflec- 
tion coefficient still depends upon the velocity with which the electrons reach 
the collector. The carrying out of the calculation is scarcely justified, since 
the form of the reflection function is known only approximately and for a few 
different materials, and since in any event it is known that a collector may change 
its reflection coefficient for electrons very greatly in the course of a single series 
of experiments through the deposition of a film on its surface. We shall con- 
tent ourselves with pointing out in a general way the effect of reflection in 
the cases which we have treated. 

The effect of electron reflection on the collector characteristic depends 
upon the velocity distribution of the electrons. In certain cases the result of 
the reflection can be found quite simply. For instance, in case the distribution 
is of type A or B (where the electrons all have equal energies) the electrons 
arriving at the collector surface will all have equal velocities. If now the reflec- 
tion coefficient is independent of the angle of incidence but is known as a func- 
tion of the velocity, it is plain that the actual characteristics of the collector 
can be found by multiplying the current calculated on the basis of no reflection 
1—R(v), where o is the velocity with which electrons arrive at the collector 
as determined by its potential and R(v) is the corresponding reflection coeffi- 
cient. 

Another distribution giving simple results is the Maxwellian one. We have 
seen that in this kind of distribution a collector of any shape whatever gives 
a characteristic for retarding potential which is such that if the logarithm of 
the current is plotted against the voltage a straight line is obtained. Further- 
more the distribution of velocities among the electrons arriving at the collector 
is the same whatever the collector potential may be. Thus the percentage re- 
flection is the same for every value of the collector voltage, and consequently the 
effect of reflection will be simply to displace downward the straight line of fhe 
semilogarithmic plot. The slope of this line will, however, still correspond to 
the temperature of the distribution. The effect of the reflection will only become 
apparent when the collector passes through the space potential when there 
should be a sudden increase of the current due to the recapture of the reflected 
electrons. 

Secondary emission of electrons due to electron bombardment is in general 
indistinguishable from electron reflection, and its effects upon the characteris- 


™* Cf. C. Tingwalt, Zeits. f. Physik 34, 280 (1925). 
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tics of a collector will be the same as those of reflection. Emission of electrons 
due to the bombardment of positive ions, however, would have the effect of 
increasing the total current to a collector whose potential is such as to attract 
positive ions and keep off all electrons from the discharge (i.e., a highly nega- 
tive potential). This increase would be very noticeable, since the positive ion 
current to the collector in this range usually increases only very slowly as the 
collector is made more negative. Thus the study of the characteristics of a col- 
lector under these conditions would show immediately whether or not the 
emission of electrons occur. We may note for instance that the characteristics 
of a large plane collector in a mercury arc discharge at low pressure (8 bars) 
show that the current of secondary electrons due to the bombardment of mer- 
cury positive ions of 1000 volts velocity cannot be greater than 5 per cent of the 
total current to the collector,’ this being approximately the experimental error 
in determining the current. 

We have said that the equations developed in this article are valid even 
when reflection occurs in the cases where the ions are being accelerated toward 
the collector. This is true in the sense that the equations give the correct value 
of the current as a function of the voltage and of the dimensions of the sheath, 
when these dimensions are a factor. But the effect of reflection will be to make 
the dimensions of the sheath different from what they would be in the absence 
of reflections, so that in this manner the value of the current may be affected 
indirectly. If an accurate theory giving the dimensions of the sheath calculated 
from the space charge equation were available, a comparison between the cal- 
culated and observed dimensions would show whether or not reflection was 
taking place. 


14 Langmuir and Mott-Smith, Gen. Elect. Rev. 27, 545 (1924). 
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Proceedings of the International Congress on Physics, Como, 
September (1927). 


Most of the complex phenomena that-characterize the typical glow discharge 
in gases at low pressure are dependent on the proximity of the electrodes (cath- 
ode or anode) and are influenced by the walls of the tube. Only in the positive 
column do we find phenomena that are determined primarily by the current 
density and the nature and pressure of the gas. To obtain any comprehensive 
understanding of gaseous discharges we should, therefore, begin by analyzing 
the relatively simple conditions existing in the positive column. 

In a tube of uniform diameter there is, in the positive column, a constant 
potential gradient and the luminosity and the intensity of ionization, etc., are 
constant along the length of the tube, although not necessarily uniform across 
a section of the tube. 

Still simpler conditions in the ionized gas may be obtained by causing the 
gas to be ionized by electrons accelerated from a hot cathode. For example, 
we may take a spherical bulb 15 cm in diameter containing a short tungsten 
filament, a couple of centimeters long, and an anode of relatively large size. 
The positions and shapes of these electrodes are relatively unimportant. A po- 
tential considerably in excess of the ionizing potential, 40 volts or more, is 
applied to the anode (with respect to the cathode taken as zero) and the fila- 
ment is heated so as to emit 5 to 50 milliamperes of electrons. 

Let there now be in the bulb a gas at such pressure that the mean free path 
of the electrons is of the order of centimeters, for example, pressures which 
may range from 1 to 100 baryes (dynes per cm*). The electrons that are acceler- 
ated from the filament cause intense and very uniform ionization in the gas. 
Except in the immediate neighbourhood of the electrodes and the glass walls, 
the conductivity of the gas is so high that only very small electric fields can 
be maintained by the moderate currents that flow and the free electrons and 
positive ions are present everywhere in nearly equal concentrations. 

The potential of the gas is then approximately that of the anode and close 
to the surface of the filament there exists a cathode drop through which the 
electrons are accelerated, so that they travel with uniform velocity through 
the gas until they collide with gas molecules. The conditions thus obtained 
approximate closely to those which must characterize the ideal uniformly ionized 


(Eprtor’s Nore: This article was also published in Zeit. f. Physik 46, 271 (1927).] 
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gas, i.e, one which is homogeneous, isotropic, and is at the same potential 
throughout. 

Experiments which will be described later have proved that under these 
conditions and also in the positive columns of gaseous discharges at low pressu- 
res, the velocity distribution of the electrons corresponds closely with that 
known as the Maxwellian distribution upon which, in some cases, there may 
be superposed a drift of the electrons toward the anode; the distribution being 
thus analogous to that of the molecules in a moving gas. We may thus speak 
of the electron temperature, T,. The experiments show that this temperature 
depends on the pressure of the gas, decreasing as the pressure is raised, but 
is nearly independent of the current density. Thus, for example, a mercury 
arc, with currents from 0.1 to 5 amperes in a tube 3 cm in diameter gave elec- 
tron temperatures of about 30,000° with a mercury vapor pressure of 1 barye 
while the temperature fell to 20,000° at 5 and to 10,000° at 33 baryes of pres- 
sure. The temperature of the mercury vapor itself, however, could not have 
been more than a few degrees above that of the tube wall. 

A few measurements have also been made of the distribution of velocities 
among the positive ions and these have been found to have approximately 
a Maxwellian distribution corresponding to a temperature 7, which is consi- 
derably lower (about half) than that of the electrons. 

We may, therefore, consider that our ideal uniformly ionized gas consists 
essentially of a homogeneous mixture containing per unit volumie, 2, electrons 
with temperature 7, and an equal number n, of positive ions with a tempera- 
ture T,,3 

' According to the kinetic theory the average velocity of the electrons is 


0, = V BRT ,/(am,) (1) 
where & is the Boltzmann constant 1.37 x 10-* erg. deg.-! and m, is the mass 
of the electron 9.0 x 10-** gram. A similar expression may be used to calculate 
v, the average velocity of the positive ions. 

Let us consider an imaginary plane in the ionized gas. A certain number 
of electrons, corresponding to a random current density I,, pass per second per 
unit area through this plane from one side to the other and an equal number 
pass through the plane in the opposite direction. The value of J, is given by 


1 
I, = Gnre (2) 


where e is the electronic charge. A similar equation gives J, in terms of v, and 
n,. The ratio between I, and J, is then 


fi me V Tym, @) 
I, n,Y T,m, 
1 If: negative ions are also present we have: 
Np = Ne + Mn 


where #, is the concentration of the negative ions. 
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Since n, and m, are equal (in absence of negative ions) and T, and T7, are 
of the same order of magnitude, the ratio is approximately inversely propor- 
tional to the square root of the ratio of the masses of the carriers; thus, for mer- 
cury vapor J, must be about 600 times as great as J,. 

In the case of the ordinary positive column such as that of a mercury arc 
passing through a tube, there will be superposed on this random electron curr- 
ent density I, a drift current density I, which represents the net current density 
across a section of the tube. We shall see that the ratio J,/J, is a factor of great 
importance for many of the phenomena of glow discharges. 

The conditions at the boundaries of the uniformly ionized gas are very diffe- 
rent from those in the interior and require careful analysis. For this purpose 
let us imagine that we introduce into such a gas a large conducting plane sur- 
face, which we may call a collecting surface, and which we maintain at a poten- 
tial V with respect to the uniformly ionized gas. We wish now to consider 
the currents of electrons and ions that may reach this collector. 

If the collector is charged strongly negative it repels all the electrons from 
its neighborhood but gathers all positive ions that move towards it. It thus 
becomes surrounded by a positive ion sheath or region which contains a posi- 
tive ion space charge but no free electrons. The whole drop in potential between 
the ionized gas and the collector is concentrated within this sheath. The thick- 
ness of the sheath becomes such that the total positive charge in the sheath 
is equal to the negative charge on the electrode, and, therefore, the field of the 
collector does not extend beyond the outer edge of the sheath. If the thermal 
energies of the ions and electrons can be neglected compared to the energy 
that an ion acquires in falling through the sheath, then the outer edge of the 
sheath is sharply defined, and all the positive ions which reach this edge fall 
freely through the sheath potential V, the sheath thickness being assumed 
to be small compared to the electron free-path. The current density of the ions 
collected is thus equal to J, and is independent of the voltage V. 

The conditions governing the potential distribution in the sheath are exactly 
similar to those that determine the flow of electrons, in a high vacuum, from 
a plane hot cathode to a parallel plane anode. The current density, in this latter 
case, is limited by space charge and can be calculated from Poisson’s equation, 
determining the boundary conditions from the facts that the electrons leave 
the cathode without appreciable initial velocity and the potential gradient at 
the cathode surface is negligible. The resulting space charge equation which 
is also applicable to the flow of positive ions is: 


I= 2.33 x 10-*V32 4 
= mim, “) 


where J is the current density in amperes cm-*, V the accelerating potential 
of the anode in volts, x the distance between the anode and cathode in cm 
and m the mass of the carriers. 
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Similarly in the case of the positive ion sheath in an ionized gas, neglecting 
thermal energy, we see that the ions start from the outer edge of the sheath 
with negligible velocity and that there is negligible potential gradient at this 
sheath edge. 

Thus, if we put for J in equation (4) the observed current density of ions 
which reach the collector and for m the mass of the ions we can calculate x the 
thickness of the positive ion sheath. We see that the sheath thickness increases 
in proportion to V*“ and is inversely proportional to the square root of the 
random current density. With a 2-ampere mercury arc in a tube 3 cm in dia- 
meter containing saturated mercury vapor at 60°C (33 baryes) J, was found 
to be 0.71 milliampere per cm? and with —38 volts on the collector x was 0.04 cm. 
With —1200 volts a sheath thickness of 0.4 cm was found with a 4-ampere arc 
in mercury vapor at 8 baryes, Using a very low discharge current, such as 3 milli- 
amperes, a sheath thickness of 0.8 cm was obtained with a collector voltage 
of only —30 in mercury vapor at 0.8 barye. 

With moderately low pressures of mercury prova (and also with other gases) 
these positive ion sheaths are plainly visible as dark regions (a kind of Crookes 
or cathode space) so that by suitable experiments, the thickness of the sheath 
can be measured directly. It is found that the actual thickness and its varia- 
tion with voltage and current density are quite accurately given by Equation 4. 

At low collector potentials the thermal energies of the electrons and ions 
are not negligible, the outer edge of the sheath becomes less sharp and Equation 
4 is not strictly applicable, but otherwise the phenomena are essentially in 
accord with the theory we have developed. At the higher pressures required 
for a self-sustaining discharge, where the electron free-path may become less 
than the sheath thickness, Equation 4 will need to be replaced by one in whose 
derivation the effect of collisions on the electron velocities is considered. The 
nature of the Crookes dark space is essentially the same as that of our positive 
sheaths, but Equation 4 is not applicable, partly for the reason just given but 
also because the space charge is appreciably modified by the electrons and 
ions produced by collisions within the sheath. 

If the collector is made positive with respect to the ionized gas instead of 
being negative, the positive ions are repelled and the electrons attracted so 
that an electron sheath forms, whose thickness is again determined by s pace 
charge. The electron current density J, flowing to the collector is, however, 
hundreds of times greater than that of the ion currents we have considered, 
so that the conditions in the discharge are seriously modified unless a colle ctor 
of rather small area is employed. Since J,/I, is approximately equal to y/ m,/m, 
we see by Equation 4 that the thicknesses of the electron sheaths, in a given 
discharge, are about the same as those of the positive ion sheaths. The electrons 
sheaths are also visible but are not completely dark. When the collector volt age 
is raised 10 volts or so above the space potential the electrons in the sheath 
produce ionization and excitation of the gas close to the collector surface so 
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that a thin luminous skin (or anode glow) appears which increases rapidly 
in thickness as the voltage is raised. However, if the pressure is so low that 
the number of ions produced in this way is less than, say 1/1000 of the electrons 
that flow, they will not greatly modify the space charge or the current. But if, 
by raising the voltage or the pressure, the number of ions exceeds 1/600 (i.e., 
y'm,|m,) of the electrons, the space charge is neutralized and the current in- 
creases suddenly and indefinitely. With low pressures and with small electro- 
des, the anode drop may be increased to as much as 100 volts, before this break 
occurs, although at higher pressures the break may occur with only a few volts. 

Thus far, we have considered only collectors that have large plane surfaces. 
The current collected has, in each case, been limited by the rate at which the 
carriers reach the outer boundary of the sheath. This outer surface should 
be looked upon as the effective collecting surface. In actual experiments, if 
plane collectors are used, they must be of limited size. At the edges of the col- 
lector, the sheath extends beyond the collector itself, so that the sheath area 
or effective collecting area, is greater than that of the collector. For example, 
if the collector is a circular disk 2 cm in diameter and the sheath thickness is 
0.1 cm the effective collecting surface will be roughly that of a disk 2.2 cm in 
diameter. If the collector voltage is increased about 2.5-fold the sheath thickness 
is doubled and the collecting surface becomes about equal to that of a disk 
2.4 cm in diameter. Because of this edge effect the collected current increases. 
slowly with voltage unless the sheath thickness is negligible compared to the 
dimensions of the plane collector. Experiments show that this edge effect exists. 
and is of the magnitude required by our theory. 

The necessity for this edge correction is avoided, even with relatively thick 
sheaths, by surrounding a small disk collector by a closely fitting plane guard 
ring maintained at the same potential. 

With such a collector the positive ion currents in Hg are independent of 
voltage to a very high degree of accuracy even at voltages above 1000 volts. 
This proves that only negligible numbers of electrons are emitted from the 
collector by the positive ion bombardment it receives. 

Instead of using plane collectors, cylindrical wires or spheres may be used. 
The sheath thickness can be calculated from the space charge equations for 
cylinders or spheres. Thus, if a current i is collected by a wire of radius r and 
length | we have: : 

i= 14.7x 10-*V32] 
where 8 is a known function! of a/r, a being the radius of the sheath. If the 
voltage is increased the current increases in proportion to a. The current density 
at the sheath boundary gives J, or J, and, experimentally, under proper condi- 
tions, the values thus found agree well with those obtained by plane collectors. 


(5) 


+ Langmuir and Blodgett, Phys. Rev. 22, 347 (1923). 
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With low current densities and high collector voltages, and especially if 
the collecting wire is of small diameter, the sheath radius becomes so much 
greater than that of the wire, that a considerable fraction of the ions (or elec- 
trons) that enter the sheath may describe orbits in the sheath which carry them 
out of it again. 

Let V, be the radial component of the energy (in volts) of an ion when it 
enters the sheath and let V, be the tangential component (in a plane perpen- 
dicular to the cylinder axis). Then, from the principle of the conservation of 
angular momentum, it follows that only those ions can reach the collector 
for which the condition holds 

2 
y.< Utne 6) 

Thus, if the ions have a Maxwellian distribution of velocities on entering 
the sheath we can calculate how many will reach the collector. A rigorous solu- 
tion of this problem gives the result: 


im Atferert y778 +2 (1— ef B)| (7) 


where A is the surface area of the collector, J the random current density in 
the ionized gas, 
ri 
n=Ve(kT) , o= yur" 


and the error function is defined by 
erfx = 2 fea 
oe ais 


Here e represents the base of the natural logarithms. 

When 7 and a/r are very large compared to unity Equation 7 may be re- 
placed by the approximate form: 

2AI 
7 La (8) 

Thus if we use a wire of small diameter as a collector and plot the square 
of the ion current against the collector voltage we should obtain a straight 
line whose slope we may represent by S. We note that this determination of 
S does not require that we know the true potential of the ionized gas. 

By combining Equations 1,2 and 8 we can eliminate the temperature and 
obtain the following expression for n the number of carriers (ions or electrons) 
per cm’. 





a=—=_YS = 332x108 YS. cy (9) 


V2e/m Ae M, 


1 Mott-Smith and Langmuir, Phys. 28, 738 (1926). 
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The intercept of the #? plot on the voltage axis occurs at a potential of —kT/e 
or —7/11,600 volts. The collector voltage is usually measured from any con- 
venient but arbitrary zero point. If we add 7/11,600 volts to the observed po- 
tential at the intercept of the i? plot, we thus obtain the true potential of the 
ionized gas, a quantity which, as we shall see, has usually been difficult if not 
impossible to measure accurately. 

Another method of calculating n, or , from experimental data is based 
on the equation: 


2am I I mm 
n= Tr "> = 4.03 x 108 Vr yz (10) 


which is derived from Equations 1 and 2. The current density J can be mea- 
sured by experiments with either plane collectors or cylinders of such large 
diameter that the collected currents are not limited by orbital motions of the 
carriers. 

In our theory of collectors we have, so far, dealt only with the case where 
the collector exerts an accelerating field on the carriers. When considering 
a negatively charged collector we assumed that the field was strong enough 
to prevent any appreciable number of electrons from reaching the collector. 
Let us now consider the flow of electrons to a negatively charged collector 
which is able to repel only the electrons which are moving towards it at low 
velocities. In this case of a retarding field we can calculate the current to a col- 
lector of any shape (excluding those with concave surfaces) by the equation 

i= Al,eVd*t (11) 

This can be derived directly from the Boltzmann equation, since the effect 
of a retarding potential is to lower the concentration of electrons, without 
changing the velocity distribution. It should be noted that the current will 
vary with voltage according to Equation 11 only if the distribution of the elec- 
tron velocities is of the Maxwellian type. : 

Experiments with plane, cylindrical and spherical collectors, in uniformly 
ionized gases at low pressures, show that, with retarding potentials, the loga- 
rithm of the electron current varies linearly with the collector potential over 
a range of currents that may vary in a ratio as great as 1:100,000. This proves 
a Maxwellian velocity distribution. The slope of the semi-logarithmic plot 
which is e/kT, or 11,600/T,, gives a means of calculating the electron tem- 
perature. The values found in this way are independent of the size or shape 
of the collector. 

The laws that govern the relation between the collector currents and the 
voltage are entirely different according as the field is accelerating or retarding. 
Thus, with a collector of any shape, the semi-logarithmic plot of current against 
voltage is straight only for retarding fields. A kink or sudden change in slope 
occurs when the collector is atthe space potential. This second method of 
measuring the potential of an ionized gas is very convenient and gives results 
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usually accurate within one or two volts. These values agree in general with 
those obtained by the first method, i.e., by means of the intercept of the plot 
of the square of the current. 

These two methods of measuring space potentials have been checked by 
a third method which, although less convenient than the other two, has the 
advantage that it is applicable even when the electron velocity distribution is 
non-Maxwellian. This method depends on the use of a collector in the form 
of a filament which can be heated. If the filament is positive with respect to 
the surrounding gas the current flowing to or from it will not depend on its 
temperature, but if it is at a negative potential electrons will escape from it 
when it is heated to a sufficiently high temperature. In practice the volt-am- 
pere characteristic of the collector is determined at two temperatures: one be- 
ing such that very few electrons can be emitted while the other is a tempera- 
ture which causes an emission comparable with the electron or ion currents that 
flow from the ionized gas. The space potential is then the potential at which 
the two curves separate from one another. By having the two temperatures 
fdirly close together the disturbing effects due to variations in the voltage drop 
along the filament are largely avoided. 

Some rather unexpected phenomena have been revealed by these methods 
of measuring the true potentials in ionized gases. It is found that the poten- 
tial gradient in the Faraday dark space is often reversed and that, with anodes 
of large area, the anode drop is usually negative. Careful study has shown 
that the most important factor governing these phenomena is the ratio of 
the random current to the drift current J,/J,. 

Let us consider a case where J, the random electron current density 
is 3 amperes per cm? and the drift current density is 1 ampere per cm*. Then 
across a plane perpendicular to the axis of the tube a current of electrons 
of 3.5 amperes-cm* passes towards the anode and a current 2.5 amps.-cm? 
passes back in the opposite direction. If a plane anode fills the whole cross- 
section of the tube it can receive only the drift current of 1 ampere per cm’. 
It must, therefore, be sufficiently negatively charged (negative anode drop) 
to repel 5/7 of the electrons that move towards it. If, however, the anode has 
a surface only 2/7 of that of the tube cross-section it will automatically receive 
the proper number of electrons to furnish the drift current, so there will be 
no anode drop. If the anode has an area less than this, a positive anode drop 
will develop, and then the outer surface of the resulting electron sheath be- 
comes the effective collecting area. The anode voltage will have to rise until 
this effective sheath area becomes 2/7 of the tube cross-section. With anodes 
of small size compared to the tube diameter or where, for any other reason 
I,/I, is small near the anode, the anode drop will increase until such strong 
ionization occurs that the anode sheath breaks down. A ball or sharply defined 
region of intense glow thus appears on the anode in which the conductivity 
is high. The outer surface of this glow then becomes the effective collecting 
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area and in the case considered, this area will be equal to 2/7 of the tube cross- 
section. 

Similar phenomena occur at any place where there is a sudden change in 
tube diameter. In a constricted part of the tube the values of J, and J, are 
much greater than in a part of large diameter. Thus, on the cathode side of 
a constriction a sharply defined glow develops whose boundary becomes the 
effective collecting area for the electrons needed for the drift current. On the 
anode side of the constriction the diffusion of the electrons causes a reversed 
potential gradient and produces a Faraday dark space, a region in which J,/I, 
is abnormally large. At some distance toward the anode, when this ratio has 
fallen to its normal value, the positive column begins again. 

The present view point also serves to explain the phenomena of the cathode 
spot of the mercury arc. The current density of several thousand amperes 
per cm’, a considerable fraction of which is carried by positive ions, corresponds 
according to the space charge equation to a sheath thickness of about 10-* 
and to a potential gradient of millions of volts per cm. This intense field, con- 
centrated at minute points, where the mercury is attracted up from the surface 
by the electrostatic force, is sufficient to pull electrons out of the cold mer- 
cury, whose temperature cannot exceed 600 or 700°K. These electrons, at 
the high pressures of mercury vapor (over one atmosphere) at the cathode 
spot, have a free-path of the same order of magnitude as the sheath thickness 
and thus produce the necessary intense ionization close to the surface. To 
start the arc, a high potential gradient and high current density are needed. 
It is readily seen why the formation of the cathode spot is a discontinous 
process and why such cathodes cannot be maintained with currents less than 
about one ampere. This theory also explains the main features of the arcing- 
back phenomena which may occur in mercury arc rectifiers at high voltages 
if drops of mercury come in contact with a negatively charged iron “anode” 
or if certain gases containing oxygen are present in the device. In the latter 
case, a semi-insulating film of oxide is formed on the anode surface which 
becomes charged by positive ions from the ionized vapor and the breakdown 
of this film, acting as a charged condenser, gives the high potential gradient 
and locally high current density necessary to start the cathode spot. 

We have seen that the electron current density J, is much greater than the 
Positive ion current density J,. With mercury vapor arcs this ratio averages 
400:1. The walls of the tube and any insulated or floating plane electrode 
will, therefore, become negatively charged to such a potential that 399/400 
of the incident electrons are repelled. From Equation 11 or the Boltzmann 
equation we can calculate that this potential will be (7,/11,600) log, 400 or 
T,/2200 volts. Since the electron temperatures range from 3000° to values 
as high as 80,000° it will be seen that floating electrodes and the tube walls 
may have negative potentials from 15 to nearly 40 volts. Cylindrical electrodes 
of different diameters acquire different potentials and these vary with the 
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intensity of the ionization. It is easily understood that ordinary sounding 
electrodes are wholly unreliable as a means of determining true space po- 
tentials. 

Asa result of the negative charge on the walls, the electrons in the discharge 
are specularly reflected in the sheath on the walls while the ions are drained 
out of the discharge as fast as they can move to the walls. The energy car- 
ried to the walls this way and liberated by the recombination of the ions with 
electrons is a considerable fraction of the energy of the discharge and explains 
the variation of potential gradient with tube diameter. The fact that the ions 
deliver greater momentum to the walls than do the electrons explains the 
pressure effect by which the gas pressure near the anode is slightly greater than 
that near the cathode. 

A characteristic feature of the foregoing theory of gaseous discharges is 
the hypothesis, well supported by experiments, that there are present, in gen- 
eral, relatively large random currents of electrons and ions which move with 
velocities corresponding to Maxwell’s distribution law. It thus becomes of 
interest to inquire what is the cause or mechanism which brings about this 
Maxwellian distribution. 

Since the electron temperature T, is independent of the current in the 
discharge, it is obvious that the electrons cannot be in thermal equilibrium 
with the gas molecules. As a matter of fact, impact of the electrons on the 
atoms in a low pressure mercury vapor arc can raise the temperature of the 
atoms only a few degrees above the temperature of the walls, 

Let us consider, for example, a 4-ampere mercury arc in a tube 3 cm 
in diameter, containing mercury vapor at a pressure of 1 barye (saturated 
at 16°C). The electron temperature which is about 30,000°, corresponds to 
an average electron energy of 3.9 volts. Of course, this energy is primarily 
derived from the potential gradient in the tube which is 0.24 volts per cm. 
An electron could acquire the average energy by moving 16 cm along the 
axis of the tube. Since several independent direct methods prove that the 
mean free-path of electrons in mercury vapor of this pressure is about 30 cm 
there is no difficulty in accounting for the average electron velocity. How- 
ever, measurements with collectors show that there are present, in the arc, 
electrons of 20 and even 25 volt velocity in the proper concentration for the 
Maxwellian distribution. With still lower pressures of mercury vapor electrons 
of even 40 volt velocity can be detected. These electron velocities are far higher 
than would be acquired if the electrons fell through the whole potential gra- 
dient from the cathode to the space near the collector. In other words, it is 
found that electrons will flow from the arc to a collector which is at a poten- 
tial considerably more negative than that of the cathode of the arc. How do 
the electrons get such high velocities? 

The existence of the Maxwellian velocity distribution seems particularly 
remarkable when one considers that the walls of the tube are continually tend- 
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ing to disturb the Maxwellian distribution by the selective removal of the 
group of electrons having the highest velocities. In the example we have chosen, 
the glass walls are at a potential 14 volts negative with respect to the adjacent 
ionized gas. Electrons which have energy components normal to the surface 
greater than 14 volts can penetrate through the sheath and reach the glass 
where they combine with the positive ions that flow to the walls. Lower velo- 
city electrons are elastically reflected back into the arc by the field in the sheath. 

Consider a collector made to conform to the inner surface of the glass tube. 
Since the tube diameter is only about one tenth of the free-path, we know that 
about ninety per cent of the electrons that can reach the collector have been 
elastically reflected from the sheath on the opposite glass wall of the tube 
since they last collided with gas molecules. The semi-logarithmic current- 
voltage plot obtained with such a collector, however, shows no trace of any 
break at a voltage corresponding to the potential of the opposing wall. This 
proves that the Maxwellian distribution which was destroyed at the opposite 
wall, re-established itself while the electrons moved only 3 cm. Experiments 
have been made with mercury arc tubes having movable collectors which can 
be brought to any desired distance from metallic surfaces maintained at known 
potentials and these experiments have shown that the Maxwellian distribu- 
tion is re-established within a distance of considerably less than a centimeter 
But when the arc current, instead, of being of the order of amperes is reduced 
to a few milli-amperes, the expected kink in the semi-logarithmic plot does 
occur at a potential corresponding to that of the opposite electrode. Thus the 
mechanism which brings about the Maxwellian distribution fails at very low 
current densities. 

Knowing the concentration of electrons and their temperature we should 
be able to calculate the potential gradient for a given current density by means 
of Langevin’s equation for the mobility of electrons, if we know the electron 
free-path. Or conversely, from the observed potential gradient we can calculate 
the free-path. The free-paths found in this way for electrons in the mercury 
arc are altogether too small; they are only about 1/10 of that obtained by other 
methods. 

Thus, we have two lines of evidence that indicate that the electrons in 
an arc suffer many changes in momentum during the time intervals between 
successive collisions with atoms, ions, or electrons. 

To study these phenomena in more detail a very large number of special 
experiments have been made during the last three years. The general method 
has been to produce in an ionized gas a beam of electrons of originally uniform 
velocity and to measure the velocity distribution of the electrons in this beam 
after it has travelled a definite distance throughthe gas. 

To produce the electron beam a heated straight cylindrical tungsten wire 
or filament, which we shall refer to as the cathode, is maintained at a given 
negative potential (—30 to —100 with respect to the space) in a uniformly 
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ionized gas at low pressure. The filament becomes surrounded by a coaxial 
cylindrical positive ion sheath of small diameter in which the electrons emitted 
by the filament are accelerated. Beyond the sheath the electrons move through 
the relatively field-free gas in strictly radial directions from the filament and 
with uniform velocity, until they collide with gas molecules or are acted on 
by the forces which cause the changes in momentum that we wish to study. 

The distribution of the velocities of the electrons in the beam is determined 
by placing in the beam a collector whose surface is perpendicular to the paths 
of the undeflected electrons in the beam, or one on which these electrons im- 
pinge at a known angle of incidence. For this purpose in some cases a large 
metallic cylinder coaxial with the filament has been employed as collector, 
in other cases a small disk-shaped collector (covered with mica on its back) 
has been placed at some distance from the filament with its plane perpendicular 
to the electron paths. In many experiments the disk has been provided with 
a guard ring to eliminate edge effects. 

That the volt-ampere characteristic curves obtained with these collectors 
yield an accurate determination of the velocity distribution of the electrons 
is conclusively proved by experiments in which the cathode emits electron 
currents of 5 milliamperes or less. With the collector at potentials more than 
one or two volts below that of the cathode only positive ions are collected; 
these currents are practically independent of the collector voltage. When 
the collector is slightly more positive than the cathode all of the electrons in 
the beam which reach the sheath on the collector and which have neithe~ 
lost energy nor been deflected from their original paths by collisions, are able 
to reach the collector in spite of the retarding field in the sheath that covers 
it. Any electron whose radial velocity component has been decreased, as for 
example by an elastic collision which partly changes the radial into a transverse 
velocity, can only be collected if the collector potential is raised above the 
cathode potential by a voltage corresponding to the decrease in radial energy. 
The abrupt break in the current-voltage curve at the cathode potential gives 
a quantitative measure of the number of electrons that reach the collector 
without having made even elastic collisions. It is found that this number varies 
with pressure and with the distance between cathode and collector as it should, 
according to theory, and it affords an accurate determination of the free-paths 
of the electrons in the gas. An analysis of the collector characteristic curve 
at higher potentials furnishes quantitative data on the number of electrons 
that make elastic collisions and those that lose a definite energy corresponding 
to a resonance potential. It proves also that electrons of 50 to 200 volts which 
make elastic and resonance collisions are deflected through average angles 
of not over 30° and that practically none are turned through angles as large 
as 90°. 

If the collector is inclined to the path of the undeflected electrons the po- 
tential at which the break occurs is raised by an amount corresponding to the 
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energy component in a direction parallel to the collector surface. Thus 50- 
volt electrons are able to penetrate only through a 25-volt sheath if their 
angle of incidence is 45°. Under these conditions, however, the sharpness of 
the break furnishes an extremely sensitive method for determining transverse 
velocity components, such as may be produced by elastic collisions. Even 
the small transverse components due to the thermal energies of the emitted 
electrons can be measured in this way and are found to agree well with those 
calculated. 

All these observations prove the usefulness and the reliability of this simple 
type of collector for measuring electron velocity distributions. 

When the temperature of the cathode is raised so that 10 to 100 milliamperes 
are emitted, an entirely new phenomenon becomes apparent, which is not 
observed with the lower current densities of the experiments we have been 
discussing. The break in the current-voltage curve, when the collector is near 
the cathode potential, is now no longer abrupt but extends over a range of many 
volts, Analysis of the curves shows that the electrons of the group which have 
not made even elastic collisions, are no longer of homogeneous velocity, but 
show a distribution about a mean value. There is no definite upper limit to 
the velocities of the electrons. In general, the observed curves agree fairly well 
with the distribution that one would have if one gave to the electrons in a beam, 
a thermal energy, so that to an observer moving along with the beam the elec- 
trons would seem to move in random directions with a Maxwellian distribution 
of velocities corresponding to a temperature T. 

The magnitude of this effect is strikingly large. For example, with a cathode 
emitting 5 milliamperes of 50-volt electrons, the break in the curve extends 
over a range of not over one volt, if the voltage drop along the filament 
due to the heating current is eliminated, by using a rotating commutator, 
the measurements being made only in the time intervals between successive 
pulses of the intermittent heating current. But with 30 or 40 milliamperes 
of emission the break in the electron current curve extends over a range of 
about 80 to 100 volts. Quite measurable electron currents are observed to flow 
to the collector against a retarding field of 90 volts. Thus many electrons which 
left the cathode sheath with a 50-volt energy reach the collector, after travelling 
about 6 cm through the ionized gas, with an energy of 90 volts. A greater num- 
ber of electrons, however, have suffered a corresponding decrease in energy. 

The phenomenon which causes the observed spread in the longitudinal 
{or radial) velocities of the electrons in the beam always causes a loss of energy 
of the beam as a whole. The electrons which lose energy, however, are hard 
to detect or measure by our method, for they are masked by the electrons 
which have lost longitudinal energy in other ways, as by collisions. But the 
electrons which have gained energy are collected at voltages at which no other 


electrons can be collected, so that they furnish the most reliable measure of 
the effect. 
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It should be noted that our method of using collectors gives an extremely 
sensitive indication of the presence of any thermal energy which may have 
been superposed on a beam of electrons. This is due to the fact that the energy 
of the electrons varies with the square of their velocity. For example, suppose 
we have a beam of 49-volt electrons and we give to them a temperature of 
23,200° corresponding to a thermal energy of 3 volts, which means a thermal 
energy component in the longitudinal direction of 1 volt. An electron which 
has the average thermal energy of agitation in a forward direction will have 
a total energy corresponding to 64 volts, i.e., the square of (/49 + /1 , whereas 
if the direction of agitation is backwards the energy will be 36 volts. Thus, 
something like one quarter of the electrons will have 14 volts excess energy 
so that only half the electrons are collected between 36 to 64 volts, a range 
of 28 volts. Thus, to give a temperature agitation to electrons in a beam is very 
different from giving electrons a temperature agitation and then accelerating 
them to form a beam. In this latter case, the range of voltage within which 
they could be collected would be the same as if they had not been acceler- 
ated. 

The mathematical relation between the collector current and the voltage 
has been derived for the case of an electron beam having a Maxwellian distri- 
bution superposed on it. By plotting the observed currents on a special kind 
of coordinate paper (probability paper), using the voltage as abscissa, the 
observed points give a practically linear plot whose slope is equal to 1/2(/VV, V,) 
where V, is the voltage corresponding to the beam and V, (which is equal 
to 7/11,600) is the voltage corresponding to kT, T being the superposed 
temperature. 

The sensitiveness of this method is such that electron temperatures as low 
as 500° superposed on a beam -of 50-volt electrons, can be measured. The 
highest electron temperatures that I have observed are about 80,000°. 

It has already been pointed out that the spread in the velocity distribution 
does not occur with primary electron currents of only a few milliamperes. 
As the emission is raised the spread, as measured by the electron temperature, 
increases rapidly about in proportion to the square or the cube of the primary 
current. The following is a typical set of data obtained with various cathode 
currents in a bulb 12 cm in diameter containing mercury vapor saturated at 
0°C (0.23 barye). The collector was 4 cm from the cathode whose emitting 
area was 1.1 cm long. 


Milliamperes 0 5 10 15 20 30 
Temperature 300+ 500 1400 4600 7300 20,400. 


At much higher pressures of mercury vapor, such as 8 baryes, currents 
5-10 times larger were needed to give the same electron temperature, but 
when the current was raised until the temperature had begun to increase, 
the increase occurred more rapidly, with about the cube or even fourth power 
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of the current. At a pressure of about 0.6 barye (saturated vapor at 10°C) 
less current seemed necessary to obtain a given temperature than at any other 
pressure. 

The electron temperatures, however, do not continue to increase indefinitely 
with increase in primary current, but they approach a definite limiting value 
which ranges from about 20,000° to 80,000° in different tubes but does not 
seem to depend on the pressure of the mercury vapor, nor on the velocity of 
the beam of electrons. 

In some experiments the distance of the collector from the cathode could 
be varied. With an emission of 20 milliamperes from a cathode 1 cm long, 
the electron temperatures at first increased roughly in proportion to the dis- 
tance but finally reached a limiting value. Ditmer (A. F. Dirmer, Phys. Rev. 
28, 507, 1926) has studied this variation with distance and with current den- 
sities. . 

A magnetic field, parallel to the path of the electron beam which strikes the 
collector, and of such intensity that the radius of curvature of the electron paths 
is small compared to the distance from cathode to collector, has a marked 
effect of increasing the current density of the primary electrons in the beam. 
It is found that, with such a field, a given electron temperature is obtained 
with primary currents which may be only 1/10 of those needed without the 
field. The following data will serve as an illustration of this effect. The cathode 
consisted of two straight tungsten filaments, each 1.1. cm long and 0.025 cm 
in diameter, placed parallel to one another at a distance of 0.2 cm. The heating 
current traversed these filaments in opposite directions so as to avoid largely 
the magnetic field of the filaments. The collector was a disk 1.5 cm in diameter 
placed 2.6 cm from the cathode, and its plane was parallel to the plane of 
the double cathode. The bulb was about 12 cm in diameter. The collector 
characteristics showed electron temperatures of about 2000° when each fila- 
ment emitted 10 milliamperes, rising to about 10,000° with 20 milliamperes. 

A longitudinal magnetic field of only 10 gauss approximately doubled the 
temperatures at the higher currents and it gave a temperature of 2000° with 
an emission of only 5 milliamperes per filament. A magnetic field of about 
40 gauss produced nearly as great an effect as one of 120, and gave tempera- 
tures of 10,000° with an emission of 2 milliamperes per filament which increased 
to 20,000° with 5 milliamperes, while with higher emission, the temperature 
rapidly approached the limiting value of about 60,000°, about the same limit 
as that obtained without the magnetic field by going to much higher cathode 
emissions. 

Numerous sets of experiments have been made to determine whether the 
production of the electron temperature in a beam depends on the intensity 
of ionization of the gas or depends on some more direct effect of the primary 
electrons. For this purpose two sources of ionization have been used in the 
same bulb. In one case currents of 0.2 and 0.5 ampere were passed through 
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the bulb from a mercury cathode (without changing the mercury vapor pres- 
sure). This increased the ionization (measured by the random ion current J,) 
several-fold but produced no appreciable change (actually a slight decrease 
was observed) in the electron temperatures in the beam from the hot cathode. 

In other cases two hot cathodes were used, each having an opposing col- 
lector. If these cathodes were more than about one centimeter apart it was 
found that electrons emitted from one produced very little effect on the temper- 
atures of the electrons from the other. The intensity of ionization, however, 
was uniform throughout the bulb and was proportional to the sum of the 
electron currents from the two cathodes. It was thus possible to have two 
beams traversing the same bulb and even intersecting one another, one of 
which would show a high electron temperature while the other showed no 
appreciable temperature. 

This proves conclusively that the electron temperatures are not caused by 
the mere presence of free electrons or ions in the path of the beam. The excited 
atoms and the radiation which fill the bulb are also excluded as causes. 

If, however, the two cathodes are brought within less than 0.5 cm (preferably 
about 0.2 cm) they function largely as a single cathode. Thus, with the cathodes 
close together, if each emits 10 milliamperes, the electron temperatures are 
nearly as great as if one alone emitted 20 milliamperes; but with the cathodes 
separated one cm or more, the temperature is the same when each emits 10 
milliamperes as when one only emits this current. This proves that the pro- 
duction of the temperature does not take place in the sheath on the cathode, 
but occurs at a distance of several centimeters, and that the mechanism which 
produces the temperature is largely confined to the region actually traversed 
by the primary electrons. The results seem to show also that one beam of 
primary electrons influences another intersecting one most strongly if the 
two beams have approximately the same direction. 

Some particularly interesting data have been obtained by having two adjacent 
cath odes (0.3 cm apart), at different potentials, opposite a single collector. 
Thus two nearly coincident beams of different velocities are produced. The 
coll ector characteristics permit the two groups of electrons to be distinguished 
readil y. For example, a 20 milliampere beam of 70-volt, electrons was emitted 
by one cathode while the other, if desired, emitted 20 milliamperes of 20- or 
30-volt electrons. Such experiments have shown uniformly that the presence 
of the lower velocity beam decreases the temperature of the higher velocity 
beam, while the presence of the high velocity beam increases very greatly the 
temperature of the low velocity group. If the velocity of the low velocity 
beam is increased, its effect in lowering the temperature of the other beam 
becomes less until finally, when the two beams become of more nearly equal 
velocity, the effect reverses and the temperature of each beam is then increased 
by the presence of the other. This result seems to indicate that the mechanism 
which causes the temperature rise acts more readily on 20-40-volt electrons 
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than on 70-volt electrons and that by so acting, its power becomes somewhat 
exhausted so that it cannot act as well on the 70-volt electrons. However, the 
presence of very low velocity electrons of random directions produced a bun- 
dantly by the action of a distant beam of high velocity electrons apparently 
does not exhaust the mechanism to the same_extent. 

In reviewing the data obtained with the many tubes involved in the expe ri- 
ments which have been outlined, it was observed that in some tubes the elec tron 
temperatures were in general higher than in others under rather similar condi- 
tions. The presence of glass surfaces near the cathode or near the electron 
beam seemed to decrease the temperatures or, rather, made it necessary to employ 
higher electron currents to obtain the same temperature. Several special experi- 
ments were, therefore, undertaken in which large surfaces in the tube could 
be moved into the proximity of the beam. Metallic surfaces were used so that 
their potential could be controlled. 

In one experiment a close pair of vertical short tungsten filaments served 
as a cathode which projected a horizontal disk-shaped beam of electrons. The 
collector axis was horizontal and perpendicular to the plane of the double cath- 
ode. A large movable circular disk (5 cm in diameter) was mounted in the tube 
so that it could be moved along its axis, which was made horizontal and per- 
pendicular to the collector axis. Thus the disk could be moved back until its 
surface was nearly flush with the bulb surface, or it could be moved forward 
into the center of the tube where its surface was close to and parallel to the 
path of the beam of electrons that passed from cathode to collector. With a total 
emission of 20 milliamperes of 50-volt electrons from the cathode, the electron 
temperature in mercury vapor at 1.6 baryes was 48,000°, which remained con- 
stant as the collector was brought within 1.5 cm of the collector axis. But when 
this distance was made 1.0 cm the temperature fell to 38,000° and decreased 
to 25,000° when the distance was 0.7 cm. The disk was maintained at —90 volts 
with respect to the space, so it should have reflected all electrons which ap- 
proached it, and thus must have increased slightly the concentration of the pri- 
mary electrons along the path of the beam. This experiment has proved that 
a surface can exert a cooling effect on an electron beam which may extend 
to a distance of about a centimeter from the surface, or perhaps it should rather 
be said that the surface tends to prevent a temperature rise in an electron beam 
which lies within one centimeter of it. 

In another experiment a movable molybdenum cylinder about 2 cm in dia- 
meter was mounted coaxially with the circular collector (1.8 cm in diameter) 
so that, when desired, the cylinder could be moved forward to enclose the 
whole space between the collector and the cathode. The anode was placed 
back of the cathode in such a position that it also could be covered by the cylin- 
der. Thus the volume of the discharge could be changed at will from that of 
a bulb 12 cm in diameter to that of a cylinder 2 cm in diameter and 6 cm long. 
The positions of the collector and cathode, which were 3 cm apart, were not altered. 
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With the cylinder at any large negative potential sufficient to cause the 
reflection of the primary electrons it was found that the position of the cylinder 
had little effect on the electron temperatures. When the cylinder encloses the 
electron beam two compensating effects are produced: the presence of the 
surface tends to decrease the temperature, but the reflection of the electrons 
from the cylinder increases the density of the electron beam and thus tends 
to increase the temperature. 

When the potential of the cylinder was raised nearly to that of the ionized 
gas by connecting the cylinder to the anode the reflection of the primaries was 
prevented. Under these conditions the experiments showed that the temper- 
ature increase of the electrons was practically entirely suppressed. Thus, in 
mercury vapor at 1.6 baryes, with an emission of 20 milliamperes from the 
cathode an electron temperature of 20,000° was found when the cylinder was 
drawn back of the collector, but when the cylinder enclosed the electron beam 
no appreciable temperature rise was detected (JT < 300°) with the same emis- 
sion. At higher pressures the effect of the cylinder was not so great. With a lon- 
gitudinal magnetic field of 40 gauss or more neither the position nor the poten- 
tial of the cylinder had any appreciable effect on the temperature of the elec- 
trons, even when the cathode current was lowered to a point where the tem- 
perature was far less than the limiting value. Since the magnetic field should 
have prevented the primary electrons from reaching the cylinder, this unex- 
pected negative result seems to be difficult to reconcile with the very marked 
effect produced by the positively charged cylinder in the absence of the field. 
Perhaps one must assume that the distance to which the cooling effect of a sur- 
face extends is decreased by a magnetic field parallel to the surface. 

In all the experiments on the temperatures of electron beams which have 
been described, the collector surface has been perpendicular to the beam. The 
spread in volgate over which the primary electrons are collected gives the distri- 
bution of longitudinal velocities of the electrons and the temperature calculated 
from these is strictly speaking a ,,longitudinal temperature“. The question 
arises whether the electrons have also a random distribution of transverse velo- 
city components, corresponding to a ,,transverse temperature* and whether 
these two temperatures are equal. Some experiments have, therefore, recently 
been made with a quard-ring collector which could be rotated about an axis 
perpendicular to that of the electron beam. An analysis of the collector charac- 
teristics obtained at each of several angles of incidence gave a constant value, 
for the transvers temperature, about double the longitudinal temperature. 

Most of the experiments on electron temperature have been carried out 
with mercury vapor, but enough have heen made with other gases (hydrogen, 
nitrogen, and argon) to indicate that the effect is characteristic of low pressure 
discharges in general. With each gas the effect increases rapidly with the pri- 
mary electron current density and a limiting temperature is reached. Hydrogen 
at 30 baryes and argon at 15 baryes were compared with mercury vapor at ~ 
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2 baryes, these pressures being chosen to give roughly the most striking effects. 
The limiting electron temperatures were about 15,000° for hydrogen, 30,000° 
for argon and 60,000° for mercury. The primary electron currents needed to 
get a given fraction of the limiting temperature were roughly in the ratio 4:2:1 
for the three gases. Pressures of hydrogen up to 2 or 3 baryes, mixed with mer- 
cury vapor at 2 baryes, give practically the same electron temperatures as mer- 
cury vapor alone. This experiment was made to test the hypothesis that 
excited atoms of mercury might be responsible for the electron temperature 
rise; the hydrogen would ‘presumably decrease the number of such mercury 
atoms. 

I have attempted to outline, with as little theory as possible, the results 
of the experiments that we have made to determine the factors which govern 
the observed production of random motions in a beam of electrons. This pheno- 
menon is, undoubtedly, the cause which brings about the Maxwellian velocity 
distribution among the electrons in arcs and which seems typical of all electric 
discharges having reasonably high current densities. The observed production 
of electron temperatures in beams is a degradation of directed motion to ran- 
dom motion, which would ultimately lead to a single group of electrons having 
Maxwellian distribution. 

We may now enquire what is the mechanism underlying these phenomena? 
If the electrons in a beam should receive numerous impuses in random direc- 
tions, the observed type of velocity distribution would result. Collisions with 
atoms or with other electrons would not produce impulses with random direc- 
tions, since forward impulses would then be practically absent. 

As Ditmer has pointed out, there seem to be three possible types of expla- 
nation that might account for the observed collector characteristics. First, 
there may be present in the circuits oscillations so that the collector is at a posi- 
tive potential with respect to the cathode part of the time, although its average 
potential, observed in the experiments, may be negative. In this case the pre- 
sence of electrons having velocities greater than that of the original beam is 
apparent only. Second, the scattering of the electron velocities may be due to 
potential fluctuations in the space between the electrodes, these fluctuations 
having an average period comparable with or less than the time of passage of 
the electron. Third, there may be some unkown mechanism which delivers 
to individual electrons, or small group of electrons, impulses in nearly random 
directions. Collisions of the second kind, with excited atoms, or collisions with 
radiation quanta (a kind of exaggerated Compton effect), are conceivable, 
although not probab!e, mechanisms of this type. 

Penning believes (F. M. PENNING, Nature, 1926) in the first explanation 
Ditmer favors }the second, white the present writer favors the third. Let us 
compare the ‘evidence for each of these hypotheses. 

‘Penning detected o3:illatioas with a crystal detector and measured definite 
frequencies by a Lecher system (4 = 70 to 100 cm) and found that these oscil- 
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lations appeared, as the primary current was raised, at just the point at which 
the electron scattering occurred. Ditmer and the writer, on the other hand, 
have tried to detect such oscillations, by crystal detectors, by electron tubes 
and by using Lecher systems and have not been able to detect such oscillations 
under the conditions of our experiments on electron scattering. The collector 
currents are never influenced in the slightest degree by large or small induct- 
ances or capacitances placed in any part of the circuit. To account for electrons 
with an excess energy of 40 volts (often observed) it would be necessary to 
have the electrodes fluctuate in potential by at least 40 volts, but fluctuations 
of one volt could easily have been detected. Furthermore, oscillations of definite 
frequency and amplitude would give a definite upper limit to the observed 
electron energies whereas there was never any such limit, the distribution being 
of the Maxwellian type. Very positive evidence against the first hypothesis 
is furnished by experiments in which there are two electron beams in the same 
tube. Two collectors placed at different distances from a single cathode give 
entirely different electron temperatures although the two collectors were elec- 
trically connected together and the currents to the two collectors were read 
simultaneously. Or again, two adjacent cathodes may be used with a single 
collector. With beams of different velocities the temperatures of the two beams 
may be extremely different. With a collector provided with a guard ring the 
electron temperatures determined from the currents to the central part of the 
collector and from those to the ring are the same, although the character of 
very high frequency oscillations would probably be very different with the 
two electrodes. 

Ditmer has not given any very definite evidence in support of the second 
hypothesis and was not able to detect fluctuations of the space potential. The 
writer, from direct measurements of the peak value of the space potential, 
believes he can state definitely that fluctuations as great as 0.2 volt do not occur. 
Three methods of measuring space potentials have been described. The two 
methods which involve cold collectors should give approximately the average 
space potential, but the shape of the collector characteristic should be altered 
by the presence of oscillations. But when the primary electron current is increa- 
sed until high electron temperatures are produced no change occurs in the 
shape of the current-voltage curves of collectors placed in the electron beam. 
The third method, which involves the use of the hot collector, gives a measure 
of the minimum value of the space potential at any point. Experimentally it 
is found that the space potential in the electron beam given by this method 
does not change as much as 0.2 volt when the primary electron current is in- 
creased until the limiting electron scattering occurs. 

Simple calculation shows that very large average field strengths, of the 
order of several hundred of volts per cm, fluctuating with extreme rapidity, 
would be necessary on the second hypothesis to account for the observed 
scattering. 


Google 


Electric Discharges in Gases at Low Pressures 153 


For these reasons we are apparently forced to abandon the first and second 
hypotheses and must conclude that scattering of the electron velocities is due 
to some unknown impulses which act on individual electrons in a region tra- 
versed by sufficient current densities of high speed electrons. 

The fact that the electron temperatures approach a limiting value when 
the current, the distance, or the magnetic ffeld is increased, seems to indicate 
that the mechanism by which the electrons acquire their thermal energy is 
reversible. Perhaps the electrons are in a kind of thermal equilibrium with the 
agent responsible for the effect.? 


1 Other papers dealing with the subjects discussed here: 
Langmuir, Science 58, 290 (1923); Gen. Elect. Rev. 26, 731 (1923); J. Franklin Inst. 196, 
751 (1923); Langmuir and Mott-Smith, Gen. Elect. Rev. 27, 449, 538, 616, 762, 810 (1924). 
Langmuir, Found and Ditmer, Science 60, 392 (1924). 
» Phys. Rev. 26, 585 (1925). 
Tonks, Mott-Smith, Langmuir, Phys. Rev. 28, 104 (1926). 
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THE PROBLEM of controlling arcs has been under investigation in the research 
laboratory for many years. Before describing the results of these investigations 
it may be well to call attention to the difference between this problem and 
that of controlling a pure electron discharge. 

The mechanism by which a grid controls the space charge in a pure electron 
tube is well known. It is also well known that the grid ceases to influence the 
space charge as soon as there is appreciable gas ionization. The reason for this 
failure, however, though often pointed out, is still sufficiently new and of suffi- 
cient importance to require restatement. 

Figure 1 shows graphically the condition that exists in such a tube containing 
mercury vapor. The space between filament and plate is filled with a mixture 
of electrons and positive ions, in nearly equal numbers, to which has been 
given the name “plasma”. A wire immersed in the plasma, at zero potential with 
respect to it, will absorb every ion and electron that strikes it. Since the elec- 
trons move about 600 times as fast as the ions, 600 times as many electrons 
will strike the wire as ions. If the wire is insulated it must assume such a nega- 
tive potential that it receives equal numbers of electrons and ions, that is, such 
a potential that it repels all but 1 in 600 of the electrons headed for it. 

Suppose that this wire, which we may take to be part of a grid, is made still 
more negative with a view to controlling the current through the tube. It will 
now repel all the electrons headed for it, but will receive all the positive ions 
that fly toward it. There will thus be a region around the wire which contains 
positive ions and no electrons, as shown diagrammatically in Fig. 1. The ions 
are accelerated as they approach the negative wire, and there will exist a potential 
gradient in this sheath, as we may call it, of positive ions, such that the poten- 
tial is less and less negative as we recede from the wire, and at 3 certain distance : 
is equal to the potential of the plasma. This distance we define as the boundary 
of the sheath. Beyond this distance there is no effect due to the potential of 
the wire. 

The same space charge equations apply to this positive-ion sheath as to 
electron space charge, except that the mass of the electron is rep'aced by that 
of the ion. These equations are well known. Hence it is possible, knowing the 
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positive-ion curent, to calculate the thickness of the sheath for any given po- 
tential difference between the wire and the surrounding space. Take, for example, 
a wire 1 mm in diameter and a positive-ion current density of 10 ma. per sq. 
cm, which corresponds to a very weak arc discharge. The thickness is found 
to be 0.0035 cm with the wire at —10 volt, and only 0.02 cm at —100 volts. 
This sheath contains the whole potential difference between the space and the 
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Fic. 1. Positive ion sheaths around grid wires in a thermionic 
tube containing gas. 


wire, so that beyond the sheath boundary there is no potential gradient due 
to the wire and nothing to indicate the existence of the wire. And since the 
thickness of the sheath is in general very small compared to the distance between 
wires, its only effect is to slightly decrease the cross-section available for the 
arc. This agrees with the experimental evidence that changing the potential 
of the grid has not the slightest effect on the current. 

It should be pointed out that it is possible, by using closely-spaced grid 
wires and not too great currents, to make the positive-ion sheaths of adjacent 
wires touch or overlap. Under these conditions the potential of the grid does 
control the arc current. This kind of control, though restricted, has many 
interesting features, and will be reported upon at a future time. 

The control to be described in this communication is of a different kind. 
Although it is not possible in general to stop an arc current or to modify its 
value by varying the grid potential, it is possible to prevent it from starting. 
For before current starts there are no inos. The electrostatic fields are the same 
as in a high vacuum tube, and the criterion for no current is the same, viz., 
that the grid voltage shall be more negative than a defin‘te value. In Fig. 2 let 
the solid curve represent the current as a function of grid voltage of a high 
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vacuum tube, for a constant plate voltage of 100. This tube is shown as having 
an amplification factor 10, which means that each volt of grid potential is equi- 
valent to 10 volts plate potential, so that 10 volts negative grid potential just 
neutralizes the effect of 100 volts positive plate potential and reduces the plate 
current to zero. For all values of grid voltage more negative than 10 the electric 
field around the cathode is negative and no electrons escape. 
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Fic. 2. Plate current as a function of grid 
voltage in high vacuum and gas tube, 
respectively. 


The same condition must exist when there is gas in the tube, so long as the 
grid is maintained continuously below 10 volts. As soon as the grid potential 
is raised to —9.9 volts, however, the small electron current, which would flow 
in the absence of gas, now produces ions which form a sheath around the grid 
wires as illustrated in Fig. 1, and the current instantly rises to a value limited 
only by the emission of the filament or the circuit resistance. The characteristic 
of the gas-filled tube, for increasing grid voltages, is therefore that given by 
the broken line in Fig. 2. It is the characteristic of an exceedingly sensitive 
current or voltage relay. For example, it is possible by this means to measure 
the voltage of single transients of only a fraction of a volt and less than a micro- 
second duration. 

The characteristic shown in Fig. 2 is not reversible. Upon decreasing the 
grid voltage below —10 the current does not fall to zero, but remains at its 
full value. Hence this characteristic represents only a one-way control, which 
is capable of turning on a current, but not turning it off. It should be noted, 
however, that the currents which can thus be turned on may be very large. 
Hundreds and even thousands of amperes may be turned on by a fraction of 
a volt applied to the grid. 

The next step in grid control is represented by Fig. 3. Although the current 
cannot be stopped by varying the grid voltage, it can be stopped by removing 
the anode voltage, or reducing it below the ionizing potential. There are many 
ways of accomplishing this, of which two will be discussed. 

The first is to use alternating anode voltage, as shown in Fig. 3. The current 
then stops at the end of each positive half-cycle of anode voltage. The positive 
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ions have ample time to diffuse to the walls, so that at the beginning of the next 
positive half-cycle the starting process can be repeated. If the grid is constantly 
more negative than the critical or cutoff value during any cycle, the current 
will not start in that cycle, if less negative current will start. The grid potential 
thus determines during how many of the voltage cycles in a second current 





GAO VOLTAGE CRITICAL VOLTAGE 
Fic. 3. Plate current as function of Fic. 4. Alternating grid voltage 180 
grid voltage in gas tube with alternating degrees out of phase with anode voltage. 
anode voltage. If the grid voltage rises No plate current. 


above the critical value in any cycle, 
plate current starts and flows for the 
rest of the cycle, 


will flow, and hence controls the average current. By increasing the frequency 
of the alternating voltage this average may obviously be made to approximate 
a continuous current to any desired degree. In Fig. 3 the critical grid voltage, 
which is a function of anode voltage, is represented by the broken line, and the 
voltage applied to the grid by an arbitrary curve marked ‘grid voltage”. Current 





Fic. 5. Phase of grid voltage advanced. Fic. 6. Phase of grid voltage further ad- 
Current starts just before end of cycle. vanced. Current starts earlier in each cycle, 


begins in each cycle when the applied grid voltage becomes more positive than 
the critical value, and the total amount of current flowing in each cycle is repre- 
sented by the shaded area. The total current per second is the sum of these 
areas. 

There is another and better method of controlling the average current when 
alternating plate voltage is used, which consists in allowing some current to 
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flow in each cycle, and predetermining, by means of grid voltage exactly how 
much current shall flow in each cycle. This is accomplished by using alternating 
grid voltage and controlling its phase with respect to the anode voltage. It is 
illustrated in Figs. 4 to 6. In Fig. 4 an alternating voltage is applied to the grid 
which is 180° out of phase with the anode voltage and of sufficient magnitude 
to be always greater than the critical voltage. No current flows during the cycle. 
If the phase of the grid voltage is advanced a few degrees as in Fig. 5, current 
will start just before the end of each positive half-cycle, and flow for the remain- 
der, as shown by the shaded areas. If the grid voltage is further advanced, as 
in Fig. 6, the current will start earlier in the cycle and the average current, 
represented by the sum of the shaded areas, will be proportionately greater. 

There are many well-known ways of controlling voltage phase. A single 
example is shown in Fig. 7, in which the phase is determined by the rate of 
charging of the grid condenser C by current through a photo cell. In this way 
the average current through the tube is made to increase continuously and 
uniformly as the illumination is increased. 

When a direct current source of power is used, it is necessary to employ 
special means to reduce the plate voltage instantaneously to zero, or to such 
a value that ionization will cease, and to maintain it below this value for a time 
sufficient for the ions to diffuse to the electrodes. This may be accomplished 





Fic. 7, Example of control of current Fic. 8. Method of stopping current with 
by phase of grid voltage. Phase is deter- direct current power supply. Closing 
mined by rate of charging of condenser C switch makes plate negative for an 

by photo-electric current. instant, thus allowing grid to gain contrel. 


by means of a condenser, as shown in Fig. 8. In order to make the process clear, 
let us assume a line voltage of 250. When the tube is carrying current the vol- 
tage at its anode, and hence at the condenser terminal, is about 15. The other 
condenser terminal is charged through the resistance R, to line voltage, 250. 
If now this terminal is grounded by the switch its voltage will fall to zero, a drop 
of 250 volts. The terminal connected to the plate must also suffer instantaneously 
the same fall, which will bring it to —235 volts, from which it will rise gradually 
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to +250 ae the condenser is charged through the resistance R,. If the rate of 
charging is such that there is time for complete de-ionization of the space before 
the anode voltage reaches zero, we have the same condition as with alternating 
anode voltage, and the grid, being now negative, will prevent restarting of the 
current. 

The time required for de-ionization is thus an important factor. This time 
depends upon the distance between electrodes, the pressure, the current density, 
and the voltage. Figs. 9-11 show the values of this time for a typical tube. The 








Fia. 9. Time required for de-ionization of space around Fic. 10. Variation of de-ioniza- 
grid, as function of pressure. tion time with grid voltage, 


time is directly proportional to the pressure, inversely proportional to the */, 
power of the voltage of the grid with respect to the space and directly propor- 
tional to the 0.7 power of the current. The semi-empirical equation 
= 0.0012p"%” 
; E3? 
in Fig. 11 as full lines with the experimental data as points. The grid voltages. 
in Fig. 11 are measured from the cathode, which is 23 volts negative with respect 
to the space around the grid. 

Instead of using a switch to ground the condenser and produce instantaneous. 
negative plate voltage one may use a second tube as shown in Fig. 12. The 
anodes of the tube are connected by a condenser and the current to each is 
limited by a series resistance. Assuming tube 1 to be carrying current and 2 idle, 
the voltage at the anode of 1 is about 15, while that at anode 2 is the full line 
voltage, 250, for example. If now the grid voltage of 2 is raised above the cri- 
tical value its current will start abruptly and its anode voltage will fall suddenly 
from 250 to 15, a fall of 235 volts. The voltage at anode 1 must suffer instan- 
taneously a similar fall, since the two are tied together by a condenser which 
cannot instantaneously discharge. This brings the voltage of anode 1 to —220, 


» appears to fit the observations. This equation is plotted 
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which momentarily stops the current and the production of ions. If the con- 
denser is large enough so that the ions in the space between grid and anode 
have time to diffuse to the walls before the anode voltage again becomes positive, 
the grid, now negative, can prevent the current from restarting. The current 





Fic, 11. De-ionization time as function of current. Solid 
lines represent empirical equation, 


is thus shifted from tube 1 to tube 2. Similarly, by making grid 2 negative and 
grid 1 positive, it may be shifted back to tube 1. By impressing voltage surges, 
of any kind, first upon one grid and then upon the other, the current can be 
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Fic. 12, Method of stopping current -Fic. 13. Method of shifting current 
through tube with d. c. supply, by means from one tube to another. This method 
of another tube, may be used to change direct current 

into alternating. 


shifted from one tube to the other at will. The grid voltage may be impressed 


by a transformer, as shown in Fig. 12, either in the form of individual surges 
or continuous sine waves, or in any other manner. 
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It is obvious that an inductance may be used in place of resistance to limit 
the rate of discharge of the condenser, as shown in Fig. 13, provided the grid 
impulses are properly timed. And a secondary winding coupled to this induc- 
tance will receive alternating current. 

This method of controlling the arc current through a tube has many appli- 
cations. An obvious one is the transformation of direct current into alternating 
current, to which the circuit arrangement shown in Fig. 13 is directly appli- 
cable. There are many scientific problems for which it may be used, such as 
the timing of events and the measurement of short time intervals. 


11 Langmuir Memorial Volumes IV 
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Journal of the Franklin Institute 
Vol. CCXIV, No. 3, September (1932). 


ABSTRACT 


An analysis of the behavior of electrons and positive ions, when present in relatively large 
numbers in a gas at low pressures, shows that the fields set up by their motions account for 
many of the fundamental phenomena of gaseous discharges. The potential distribution arising 
from current carried by particles of one sign is discussed. When the current carriers are positive 
ions two cases are analyzed, i.e., the case where the ions all originate at an emitter, and the case 
where they are generated uniformly throughout the space. In the latter case, when the ions are 
generated in large numbers, a potential maximum develops in which low speed electrons are trap- 
ped. This results in the development of a relatively field-free region, called a plasma, which has 
very different properties from the regions of strong field, called sheaths, which cover the electro- 
des and walls. 

The motions of electrons in a plasma are described as a thermal agitation correspond ing to 
a temperature 7,. By virtue of these motions electrons can travel against a small retarding field, 
the magnitude of which is given by the Boltzmann Equation. These motions cause electrons 
to travel outward from the center of 'a plasma until the difference in electron concentration 
between the center and the edge gives rise to a potential difference of approximately a fraction 
of a volt, which potential difference accelerates positive ions toward the walls. The motions of 
Positive ions in a plasma can be described roughly as corresponding to a temperature T, = T,/2. 
In a mercury arc the positive ion current density J, is found to be 1/411th of the electron 
current density J,, which agrees well with theory. 

The properties of sheaths are discussed, and a method is given for calculating the potential 
drop in the sheath covering the glass wall of a discharge tube. By means of the positive ion sheaths 
and electron sheaths which cover a collector of variable potential, placed in the path of a discharge, 
it is possible to measure 7,, Ip, Ig, and the electron concentration n,. 

A theory of the positive column is given, whereby the properties of the column may be deter- 
mined from the following equations: (I) Plasma balance equation; (2) Ion current equation ; 
(3) Ion generation equation; (4) Mobility equation; and (5) Energy balance equation. Certain 
experimentally observed properties of the positive column are explained on the basis of a theory 
that the ratio of the drift current to the random current has a definite value under any given 
set of conditions, this ratio being uniform along the length of an arc. 


WueN a difference of potential is applied to two electrodes in a gas and a cur- 
rent flows through the gas between these electrodes, the distribution of pote ntial 
in the space assumes a wide variety of forms. Some of these are in striking 
contrast to the distribution obtained with metal conductors. For example, 


* This paper was presented as a report to the International Electrical Congress, Paris, 1932, 
and was published (in French) as Report No. 7, Section I. 
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there are many types of discharge in which most of the potential drop takes 
place within a short distance from the cathode, the rest of the space having 
practically the potential of the anode. Moreover, it is common to have potential 
maxima and minima in the space between the electrodes; and it often happens 
that one of these maxima in space has a potential higher than that of the anode, 
or a minimum has a potential lower than that of the cathode. These seemingly 
anomalous phenomena have been shown, in recent years, to represent the 
normal working of the fundamental electrical properties of gases which will 
be the subject of this paper. 

Case Where Current is Carried by Particles of One Sign.—The potential 
gradients at any point in space are governed by Poisson’s equation 


OV  aV , eV 
= Fert py t gar = elm), () 


02" 

where ¢ is the elementary charge, and n, and n, are the concentrations of electrons 
and of univalent positive ions respectively. Negative ions and ions of multiple 
charge are normally present in such small numbers that their effects may be 
neglected. If the current is carried by particles of one sign only (unipolar dis- 
charge), Poisson’s equation may be solved for cases in which, through sym- 
metry requirements, one of the three independent variables can be eliminated. 

A common example of a unipolar discharge is the pure electron discharge 
in high vacuum. Consider!? the passage of electrons from a heated plane cat- 
hode at zero potential to a parallel plane anode at potential V,. If the initial 
velocities of the electrons leaving the cathode are neglected, it follows that at 
any point at potential V 


V 


4m,v? = Ve (2) 
and 

n,e = I,[v, (3) 
where J, is the electron current density, e and m, the charge and mass, respecti- 
vely, of the electron, and v the velocity of the electron. 

If we replace V, e, n, and I, by — V, — e, n, and J,, these equations are 
obviously applicable to unipolar currents carried by positive ions. In unipolar 
discharges we shall speak of the two electrodes as emitter and collector. 

The solution of Poisson’s equation for parallel plane electrodes is ; 

I = (2¢/m)"V*"/(Onx*) (4) 
or, substituting e/m = 5.279x 107 e.s.u. and expressing V in volts 


I = 5.462x 10-°*M2 7224-2 amps. cm-, (5) 


2 I, Langmuir, Phys. Rev. 2, 450 (1913). . 
* I. Langmuir and K.T. Compton, Rev. Modern Phys. 3, 191-257 (1931). See p. 237 
ot seq. 
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where J is the current density of electrons or of singly-charged positive ions, 
M is the ‘‘molecular weight” of the carriers of current (oxygen = 16) and 
x is the distance in cm from the emitter to the collector. For electron currents 
M = 5.479x 10-* so that 

I = 2.334x 10-*V2/2x-* amps. cm-*. (6) 

‘Let us consider the case of current flowing between parallel plane electrodes, 
and see in what manner the potential in the space between the electrodes is 
determined by the current passing between them. Figure 1 represents the 
distribution of potential when electrons flow from a plane emitter at x = 0 
to a parallel plane collector at x = a and potential V,. Substituting V = V,, 
x = a, in Eq. (6), we obtain a value for the maximum current that can flow 
from one electrode to the other. When the current reaches this limiting value 
it is prevented from rising to higher values by the space charge between the 
electrodes. 

It often happens, however, that the actual current is far less than the maxi- 
mum given by Eq. (6), for the current may be limited by the rate at which 
electrons leave the emitter (saturation current). In this case the space charge 
may be negligible, and the potential distribution may be represented by the 
straight line 1 in Fig. 1. When en, is large enough to be important, the potential 
distribution given by d*V/dx* = 4nen, has a positive curvature. A curve of 
this ty pe is illustrated by Curve 2, which represents one of a series of curves 
which could be drawn, the series showing increasing curvature with increasing 
values of n,. The limiting current given by Eq. (6) is the current which flows 
when n, has increased until the corresponding curvature makes dV/dx = 0 
at x = 0. In other words, there is zero electric field at the surface of the emitter. 
Curve 2 gives the potential distribution for this particular case. 

If the electrons are emitted with initial velocities, there may be a potential 
minimum M at x = xy, as shown in Curve 3. Under these conditions only 
those electrons can pass to the collector which are emitted with sufficient 
normal velocity components to enable them to travel against a retarding field 
from x = 0 to x,. A complete analysis of this case has been given in a previous 
paper.® If the initial velocities of the electrons have a Maxwellian distribution 
corresponding to a temperature 7, we obtain in place of Eq. (5) 

I = 5.462 x 10-°M-1272/2x-* [1+-0.0247(T/V)¥2] amp. cm-*. (7) 


Here V is in volts and V and x are both measured from the point M in Fig. I, 
taken as origin. 

Co rresponding space charge equations for the maximum unipolar currents 
between electrodes in the form of coaxial cylinders or concentric spheres 
have been derived.‘ 


* 1. Langmuir, Phys. Rev. 21, 419 (1923). See also Ref. 2, p. 239 et seq. 


41. Langmuir and K. B. Blodgett, Phys. Rev. 22, 347 (1923), and 23,49 (1924). See parti- 
cularly Ref. 2, p. 245 et seq., for curves of the functions a and # involved in these calculations. 
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Positive Ion Currents.—All these equations are applicable to unipolar cur- 
rents carried by positive ions originating at a plane emitter. 

The more general cases of positive ion currents, however, are those in 
which positive ions are generated throughout the space between the electrodes. 
Let us consider, for the sake of simplicity, the case where ions are produced 





Fia. 1. Potential distributions in unipolar discharges 
between parallel plane electrodes. 


uniformly throughout the space between a plane electrode A and a parallel 
plane electrode C which has a potential V, with respect to A and is at a dis- 
tance a. We shall assume that S ions are produced per unit volume per sec 
and that they are produced without initial velocities, and for the present we 
shall assume that no electrons are generated by this ionization. It has been shown® 
that when the space charge and corresponding curvature of the potential di- 
stribution curves are such that 
dVidx=0 at x=0, 
it follows that 


T, = (2e/m,)*(—V)°?/(7a"), (8) 


* I. Langmuir, Phys. Rev. 33, 954 (1929). See p. 961. 
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where J, is the current per unit area which reaches C. Comparing Eq. (8) 
with Eq. (5), which gives the maximum current J that could flow if all the 
ions came from A, we find that 
= (9/a)I = 2.8651. (9) 
Under the conditions of Eq. (8) the potential distribution is given by Curve 
I of Fig. 2, which is a parabola. The relationships expressed by these equations 
obtain only when the ions are produced at a particular rate S, such that 
I,= Sya. (10) 
If S > S, there will be a potential maximum between A and C and Eq. (8) 
can then be applied separately to the two branches of the curve on opposite 





| ram 
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Fic. 2. Potential distributions between parallel plane electrodes 
when ions are generated uniformly between them, 


sides of the maximum. The potential distribution curve is thus still a parabola 
but the origin is no longer at A. The curves marked 2, 3, 5 and 10 in Fig. 2 
have been calculated for values of S equal respectively to 2, 3, 5, and 10 
times S,. 

We have, then, the result that when ions are generated at a uniform rate 
throughout the region between two parallel planes and there is no appreciable 
accumulation of electrons, the potential distribution is parabolic, that is, the 
potential is governed by the equation V = Br* where r is measured from the 
plane at which the potential is maximum. The ion concentration n, is then 
uniform throughout the volume and its value is governed by the equation, 


n, = 0.0112 M¥5S2/ ions cm-%, (11) 


if S is expressed in ions cm- sec}, 
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If the region in which ionization occurs is’ bounded by a cylindrical surface 
instead of parallel planes, or if it is bounded by a spherical surface, a parabolic 
distribution exists also, that is, V = Br? where r is now the distance from . 
the axis of the cylinder or the center of the sphere. In these cases, similarly, 
the ion concentration is uniform throughout the volume so that Eq.. (11) is 
applicable except that the value of the coefficient is 0.0105 for the cylindrical 
case and 0.0102 for the spherical case. 

Effect of Electrons Generated by Ionization.—If the positive ions are produced 
by the ionization of the gas, an equal number of electrons are generated simul- 
taneously. If S< S, there will be no potential maximum between the electro- 
des so that these electrons flow to the electrode A as fast as they are generated. 
There is therefore an electron current flowing to A which is equal to the posi- 
tive ion current flowing in the opposite direction to C, but the electron current 
has no appreciable effect on the space charge. This follows from the result 
of combining Eqs. (2) and (3) by which we find that 


en = I[m|(2Ve)}2, (12) 
so that for equal electron and positive ion currents 
n,[n, = (m,|m,)%, (13) 


Thus the electron space charge is hundreds of times smaller than the positive 
ion space charge. 

The situation is very different, however, if S > S,, for there is then a ten- 
dency to develop a potential maximum of the sort illustrated in Fig. 2. Since 
this maximum has a potential higher than that of both electrodes, the low 
velocity electrons produced by ionization are trapped in this region (above 
ON in Fig. 2) and therefore tend to accumulate in large numbers. The pre- 
sence of the accumulated electrons, however, adds a negative space charge so 
that the potential of the region falls until it reaches a value at which the electrons 
can just escape to the anode as fast as they are produced. This potential is slightly 
higher than that of the anode since the electrons have initial velocities which 
enable them to travel against a small retarding field. 

Figure 3 shows the type of potential distribution which results from the 
trapping of electrons according to the process just described. Positive ions 
flow in an accelerating field from P to A and from Q to C; electrons flow 
against a retarding field from P to A only. There are practically no electrons 
in the region between Q and C, as the strong retarding field bars them from 
entering this region. The space between P and Q is brought to nearly uni- 
form potential by the electrons trapped in this space (assuming for the present 
that no electrons disappear from this region except those which travel to A). 
The reason for this levelling of potential is clear when we consider that the 
electrons, because of their high mobility, accumulate instantly in a potential 
maximum and thus lower its potential, whereas they travel out from a mini- 
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mum and thus raise its potential. Since the region between P and Q is therefore 
a region of very small electric field, the number of electrons per unit volume 
in this space must be nearly the same as the number of positive ions, in other 
words, the electrons neutralize the positive ion space charge and we have 
n, = N,. 

We see now that there are two distinct types of regions in a space bounded 
by electrodes when the current between the electrodes is carried by both po- 
sitive fons and electrons. The regions of strong field due to space charge which 


{= 
Vv 
x 


c 


Fic. 3. Potential distribution aising from the trapping 
of electrons in a region having a potential maximum. 


cover the electrodes will be referred to as the sheaths. PA represents the 
potential drop in an anode sheath, and QC in a cathode sheath. The relatively 
field-free region between the sheaths will be called the plasma. These regions 
must be described separately as they have very different properties. 
Many of the phenomena of gaseous discharges which are commonly visible 
to the eye are due to the different properties of these two regions. For example, 
when a current of a few milliamperes from a hot cathode is flowing in a glass 
tube containing mercury vapor saturated at room temperature, the voltage 
being above about 20 volts, the tube is largely filled with the characteristic 
green-blue glow of the mercury discharge, but the glow does not quite reach 
the walls. A dark space separates the glow from the walls, as if the glow were 
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being repelled by the glass. As the current is increased the dark space becomes 
thinner, the glow advancing nearly to the wall; and with high currents the 
eye does not detect the dark space at all. The region of the glow, in this case, 
represents a typical plasma, and the dark space a typical positive ion sheath, 
the latter being a region from which electrons are repelled but which contains 
positive ions. It is the scarcity of electrons which causes the lack of luminosity 
in the sheath, for the luminosity of the plasma is due to the excitation of mer- 
cury atoms by electrons. 

Conditions under which a Plasma Forms.—The condition necessary for the 
development of a plasma in any discharge is that the rate of generation of ions 
shall be sufficient to produce a potential maximum within the tube. By Eq. 
(9) we see that this will occur whenever the number of ions produced in the 
entire space per unit time is a small multiple of the number that could flow 
as a unipolar discharge if the ions were all generated at the anode. With vol- 
tages of the order of 100 volts between electrodes 5 cm apart, we thus see from 
Eqs. (9) and (5) that the plasma should first begin to appear when the positive 
ion currents exceed about 4.5x 10-7 amp. cm-* in the case of mercury vapor 
(M = 200), or 3.2x10-* amp. cm-* with helium (M = 4). 

At pressures so high that the electron free-paths are short compared to 
the distances between the electrodes, the number of ions (8) produced by each 
electron emitted from the cathode (total ionizing power)* is independent of 
pressure. For 100-volt electrons in mercury vapor B = 2.7 and in helium 
6 = 2.9. Thus the electron current density at 100 volts needed to produce a plas- 
ma in mercury vapor under the assumed conditions is 1.7x 10-7 amp. cm-* 
and in helium 1.1x10-* amp. cm. At lower pressures if the electrons pass 
directly from anode to cathode, the ionizing power is proportional to the pres- 
sure and to the distance between the electrodes. At a pressure of 0.001 mm 
at 28°C and with electrons of 100 volts, the ionizing power® per electron in 
mercury vapor is 0.0213 cm-! and in helium 0.0016 cm-, and therefore with 
an electron current density of 1 ma. cm-* we can calculate that the gas pressure 
at which a plasma should first appear is about 4 10-* mm for mercury vapor 
and 4x 10-‘ mm for helium. 

These calculations serve to illustrate the fundamental factors which deter- 
mine the occurrence of phenomena that are characteristic of gaesous discharges, 
as contrasted with the pure electron discharges that occur in high vacuum. 
Actually because of losses of ions to the walls of the tube and other secondary 
factors, the currents needed to produce a well defined plasma are somewhat 
greater than those calculated above. 

Properties of Electron Currents in a Plasma.—The most fundamental charac- 
teristic of a plasma is that it is a region in which electrons accumulate or are 


* K.T. Compton and I. Langmuir, Rev. Modern Phys. 2, 123-242 (1930). See Table II, 
p. 127. 
* See Reference 6, Table I, p. 127. 
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trapped until their concentration is approximately equal to that of the ions 
so that n, = ,. In gases at low pressures of a few millimeters or less, the 
recombination of the ions and electrons has been found to take place at a prac- 
tically negligible rate in typical plasmas. The main reason for this is that the 
electrons move in orbits among the ions and only rarely collide with them; 
even in the case of a collision the probability of a recombination appears to 
be rather low. 

In the ionization process in which a high speed electron collides with a neutral 
gas molecule, the momentum of the electron is so small that it cannot give any 
appreciable kinetic energy to the ion which is formed, so that the kinetic ener- 
gies of the ions when first formed will be the same as those of the neutral 
gas molecules. The ionization, however, produces a new electron so that there 
are two electrons in place of the original one. The surplus energy of the original 
electron, after subtracting that necessary for ionization, is divided between 
the two electrons in variable ratios. In general, therefore, the electrons in a plas- 
ma acquire very considerable energies when they are first generated by ioni- 
zation. A few of the electrons with the highest kinetic energies may thus be 
able to escape through the anode sheath, whereas those that have smaller kine- 
tic energies are unable to escape and continue to move within the plasma, 
being continually reflected from the sheaths which bound it. The interactions 
between these electrons and the elastic collisions which they may make with 
gas atoms thus tend to produce a random motion among the electrons. The 
distribution of velocities tends toward a typical Maxwellian distribution such 
as that which exists among the molecules of a gas at a definite temperature. 
In fact, the motions of the electrons within the plasma may be well described 
as a thermal agitation corresponding to a temperature T,. Experiments have 
shown that in most gaseous discharges, especially those at very low pressures, 
this Maxwellian distribution of the velocities of the electrons is brought about 
far more rapidly than is to be expected from any known mechanism.”* The 
experiments indicate that this phenomenon is intimately connected with the 
presence of very high frequency oscillations that occur within the plasma, 
these having frequencies corresponding to 


» = e(n/xm,¥2 = 8980n2!* sect, (14) 


The electron temperatures determined by a method which will be descri- 
bed presently have been found to range from about 5000°K up to temperatures 
in some cases as high as 80,000°K. The average energies of these electrons, 
therefore, range from about I up to 10 electron volts. 

With the electrons thus moving in random directions, there is a definite 
random current density I, of electrons passing per second per unit area across 


7 I. Langmuir, Proc. Natl. Acad. Sci. 14, 627 (1928). 
* L. Tonks and I, Langmuir, Phys. Rev. 33, 195 (1929); see Ref. 6, p. 239. 
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any imaginary plane within the plasma. From equations of the kinetic theory 
it is thus found that this current density is given by 


I, = en, (kT,[2am)"* = 2.48 Xx 102,722 amps. cm-*. (15) 


When gas molecules in thermal equilibrium are exposed to a steady field 
of force, their concentration becomes different in places of different potential 
energy. In such cases the distribution is determined by the Boltzmann equation. 
For the case of electron distributions, the Boltzmann equation takes the form, 

n = never, (16) 
where n is the concentration of electrons at any place of potential V, and 
ny is the concentration at a point where the potential is zero. For numerical 
calculations in this equation we may put e/k = 11,606 degrees per volt. We 
thus see that if there are differences of electron concentrations in different 
parts of the plasma, there will be corresponding potential differences, or con- 
versely, differences of potential necessarily involve differences of concentra- 
tion if our assumption of thermal equilibrium is valid. 

In the case of an arc discharge contained in a long tube, the region com- 
monly called the positive column is a typical plasma. When considerable current 
is flowing, there is normally a small potential gradient throughout the length 
of the cylindrical plasma. The electrons in the plasma are therefore being acce- 
lerated by the field which acts on them, but soon a stationary stage is reached 
in which the energy losses of the electrons by their collisions with gas mole- 
cules just balance the gain in energy produced by the field. With a long uniform 
positive column, the electron temperatures are then the same throughout the 
plasma, but the concentration is also uniform in spite of the potential gradient. 
Thus the Boltzmann equation is not applicable to determine changes in con- 
centration along the length of the arc, but it may well be used to determine 
variations of concentration over a cross-section. 

In general, therefore, we must distinguish between two kinds of current 
within the plasma, the random currents having a density J, and the drift cur- 
rents having a density I,, due to any applied electric field. The energy input 
per unit volume into the plasma is thus the product of J, by the potential gra- 
dient. In most typical discharges the random current density is at least several 
times greater than the drift current density. 

Properties of Positive Ion Currents in a Plasma.—If the positive ions had kinetic 
energies approximately equal to those of the electrons and were also moving 
in random directions, it would follow that the positive ion current densities 
I,, would be less than J, in the ratio of m}*:m}. In the case of mercury vapor, 
therefore, I, would be (1/605) I,. Experimentally, by methods to be described 
later, it is usually found in a mercury arc that J, = (1/411)J,. 

We have seen, however, that the positive ions are generated without initial 
velocities. It is thus very improbable that the ions should acquire a Maxwellian 
distribution of velocity. 
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In any plasma in a steady state, that is, if 2, does not increase with time, 
it is necessary that the ions shall move out of the regions in which they are 
generated as fast as they are produced. This will require the presence of electric 
fields drawing the ions from these regions; these fields can be set up only by 
the presence of a slight excess of positive charge within the plasma. The fact 
that the electrons have relatively high energies tends to make them move out 
of the plasma, leaving behind an excess of positive charge. This positive charge 
builds up until it causes ions to flow out from the plasma into the surrounding 
sheaths at a rate equal to that at which they are produced. At such low pressures 
that the ions move under the influences of these plasma fields without colliding 
with gas molecules, the motions of the ions are governed by equations similar 
to equations (2) and (3), except that account must be taken of the fact that 
different ions originate in different positions. 

A complete mathematical theory of the motions of ions under these condi- 
tions has been developed by Tonks and Langmuir.® The general solution for 
electrodes of any shape would be extremely complicated. However, a solution 
can be worked out for the case where the plasma is bounded by two parallel 
planes or by a cylindrical or a spherical surface. Two cases have been conside- 
red: at low pressures the ions fall freely from their points of origin to the boun- 
dary of the plasma; at high pressures they move according to the laws governing 
the mobility of ions which continually make collisions with the gas molecules. 
In the present paper we shall consider the first of these cases. 

Assuming that the rate of generation of ions S at any point is proportional 
to the concentration of electrons at that point, the characteristics of a plasma 
may be expressed in terms of a parameter A which may be defined as the number 
of ions generated per second by each plasma electron. Tonks and Langmuir 
have shown that in order that the plasma fields determined by the Boltzmann 
equation may draw out the ions as fast as they are generated, it is necessary 
that the following plasma balance equation be fulfilled, 

4 = (s0/a) (2kT,/m,)"?, (17) 
where a is the radius of the plasma in the case of cylindrical plasma, or is half 
the thickness of the plasma when this is bounded by two parallel planes. The 
factor s) is a pure number which has the value 0.7722 for the cylindrical case 
and 0.4046 for the parallel plane case. Inserting numerical values we thus find 
that 

A = (9957/2) (T./M,)"* (18) 
for cylinders, and 

4 = (5217/a) (T./M)"" 
for parallel planes, where M is the molecular weight of the ion. For mercury 
vapor in a cylindrical plasma (M = 200), this gives 

A = (703/a)T!. (19) 


®° L. Tonks and I. Langmuir, Phys. Rev. 34, 876-922 (1929). 
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The plasma balance equation thus requires a definite relationship between 
A and T,. With a mercury arc of one ampere flowing through a long glass tube 
of 1.6 centimeters radius containing mercury vapor at room temperature, T, 
was found to be 29,000 and thus, according to Eq. (19), A, the number of ions 
generated per second by each plasma electron, was equal to 75,000. 

If the rate of production of ions S, instead of being proportional to the elec- 
tron concentration 2,, is uniform throughout the plasma, then the plasma 
balance equation takes the form: 


tty = (Salso) (m,/2kT,)*. (20) 


In this case s) has the value 0.583 for a cylindrical plasma and 0.380 when the 
plasma is bounded by parallel planes. In this equation m, is the electron con- 
centration at the center of the plasma. In the cylindrical case this equation 
reduces to 


ty = 1.33 x 10-*Sa(M/T,)"* ions em-*. (21) 


According to this theory of the plasma, the velocities of the ions are very 
small at the center of a cylindrical plasma, and the radial velocities increase 
gradually toward the cylindrical bounding surface. The positive ions thus do 
not have a Maxwellian distribution of velocities nor is their distribution in 
accord with the Boltzmann equation. The energies which the ions receive are 
derived from the plasma fields which are set up by the motions of the electrons. 
The average energies of the ions are, however, considerably less than the ave- 
rage energies of the electrons. Experiments in which the ions fell through a per- 
forated collector so arranged that the velocities of the ions could be measured!® 
prove that the radial components of the ion velocities were roughly that which 
they would have if the ions had a temperature about one-half that of the elec- 
trons. As an approximation, therefore, at the edge of the plasma, we may con- 
sider that the ions have a Maxwellian distribution with 7, = 7,/2, but must 
recognize that the ions are moving outward from the center of the plasma, 
toward and into the sheath which bounds the plasma, whereas the electrons 
with a true Maxwellian distribution are moving equally in all directions, being 
reflected from the negatively charged region in the sheath. Taking these facts 
into account, it has been shown’ that the ratio of the positive ions to the electron 
current density is approximately given by 


TIT, = (1/2) (T.m,/T,m,)*”. (22) 
For mercury vapor this gives 
1,|I, = 429. (23) 
Experimentally the average value for this ratio was found to be 411417. 


© L. Tonks, H. Mott-Smith, Jr., I. Langmuir, Phys. Rev. 28, 104 (1926). See pp. 120-123. 
* Ref. 5, p. 965. Ref. 9, p. 880. 
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From measurements in which J, and T, are determined, the concentration 
of electrons and ions in the plasma may be calculated according to the equation, 


n, = 4.03 x 10I,/T¥, (24) 


which is the equivalent of Eq. (15). 

Plasma Fields. —Although the potential of the plasma is not entirely uniform, 
the drop in potential from the center to the sheath edge is only about 5 x 10-°T, 
and is thus usually less than one volt. It is these plasma fields, however, which 
give to the ions their velocities. 

Near the center of a plasma there is a potential maximum, and the potential 
in the rest of the plasma varies approximately proportionally to the square of 
the distance from this central point of maximum potential. The electron con- 
centration falls off very slightly as this radial distance increases, in accord with 
the Boltzmann equation as applied to the plasma fields. The ion concentration, 
however, is much more nearly uniform and is not affected by the factors invol- 
ved in the Boltzmann equation. As a result, near the walls of the tube the elec- 
tron concentration decreases much more rapidly than the ion concentration 
and there is thus a relatively large positive space charge. This causes a rapid 
decrease in potential with increasing radial distance, and thus the concentra- 
tion of electrons decreases practically to zero. The transition from plasma to 
sheath, although not discontinuous, takes place within a comparatively small 
distance and for practical purposes we may consider the regions as being distin- 
guished from one another. 

Properties of a Positive Ion Sheath. —If the glass walls of a tube containing 
a plasma were at the same potential as the plasma itself, the current relationship 
given by Eq. (23) shows that the walls would receive electron currents hun- 
dreds of times greater than correspond to the positive ions that reach the walls. 
Actually, in a steady state, the number of negative and positive charges which 
reach an insulated wall must be equal. To render these currents equal, the walls 
must therefore become so highly negatively charged that they force nearly 
all the electrons back into the plasma. The walls thus become covered with 
a positive ion sheath. The potential drop in this sheath can be calculated by 
means of the Boltzmann equation, Eq. (16). Since the electron temperature 
is uniform throughout the plasma, the current density J which moves against 
the retarding field in the sheath is proportional to the electron concentration 
n and thus Eq. (16) may be written, 

I= I,e¥'*7, (25) 

In the case of mercury vapor the electron current density J which reaches 
the wall being equal to J, is thus about (1/429)J,, where J, is the electron cur- 


rent density in the plasma near the sheath edge. The potential drop in the sheath 
is therefore 


V, = —6.06T,/11,600, (26) 
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so that if T, = 25,000°, the walls of the tube are about 13 volts negative with 
respect to the edge of the plasma. 

__ Within the positive ion sheath the conditions are closely similar to those 
in the typical unipolar discharge. The ions from the plasma reach the sheath 
edge moving radially outward with energies of usually less than one volt. Within 
the sheath, however, they are acted on by strong electric fields which accelerate 
them rapidly toward the walls. It is therefore apparent that the space charge 
equation, Eq. (5), is applicable to the positive ion currents that flow through 
these sheaths. If we do not wish to neglect the effect of the initial velocities 
with which the ions enter the sheath, we may make use of Eq. (7). In this equa- 
tion T may be put equal to 1/27,; V is the voltage drop through the sheath 
and J is equal to J,, the positive ion current density in amps. cm which flows 
out from the plasma. We can thus calculate the thickness of the sheath by Eq. 
(5) or (7). The higher the positive ion current density, the thinner the sheath 
must become. 

Use of Collectors in Studying Discharges.—By covering a portion of the glass 
wall which encloses a plasma by a metal electrode or collector the rate of arrival 
of the positive ions at the wall may be readily measured.“ When this collector 
is made negative with respect to the plasma a positive ion current of density 
I, flows to the collector and electrons are repelled; and if the negative potential 
is made sufficiently great no electrons reach the collector. This occurs when 
the potential of the collector is greater than — 5 to — 10 volts with respect 
to the neighboring plasma. Experiment shows that when all electrons are repelled 
the current flowing to a plane collector is nearly independent of the applied 
voltage and thus is a true measure of J,. For example, in the case of a plane 
square collector 1.9 cm on a side, placed flush with the wall of a tube containing 
a 2-amp. arc in mercury vapor at 0.025 mm pressure, the voltage E and current 
# at the collector were as follows: 

E i 
Volts 





Even this small variation of current with voltage is accounted for as an effect 
due to the edges of the collectors. If the voltage is changed, the sheath over 
the collector changes in thickness, whereas that over the surrounding glass 
walls does not change. The sheath boundary is therefore a curved surface near 
the edges of the collector. Equations have been derived* by which corrections 
for this effect may be calculated for square and disk-shaped collectors. The 
effect may, however, be eliminated by surrounding the collector by a guard ring 


4 I, Langmuir and H. M. Mott-Smith, Jr., Gen. Elect. Rev. 27, 449, 538, 616, 762 (1924). 
* See Ref. II, pp. 540-543. 
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which is maintained at the same potential, the current density, however, being 
measured only by the inner collector. When this is done in mercury vapor, it 
is found that these positive ion currents remain constant up to negative voltages 
of 1200 volts. 

If the potential of a collector is raised gradually (i.e., the negative potential 
is lowered) until it is no longer able to repel all of the electrons from the plasma, 
the collector current no longer remains constant, but decreases in magnitude 
from the value corresponding to J, because the collector is now receiving both 
positive ions and electrons. As the potential is raised still further, the current 
passes through zero and increases with the opposite sign. These increments 
of electron current afford a measure of the electron current density J, which 
is able to move against a negative potential applied to the collector. From Eq. 
(25) it is seen that the logarithms of these values of J, should vary linearly with 
the voltage V and that the slope of the line obtained by plotting JnJ, against 
V gives e/kT, = 11,606/T,. 

Experiments made under a wide variety of conditions have yielded semi-loga- 
rithmic plots which were straight over a range covering a 1000-fold increase 
in I,. It has been established by these plots that in nearly all’ cases the electrons 
in a plasma have a Maxwellian distribution of velocities; moreover that this 
distribution is maintained in spite of the fact that the walls constantly remove 
the faster electrons, so that the equilibrium when disturbed must be re-established 
with surprising rapidity. In a mercury arc the electron temperatures T, given 
by the slope of these semi-logarithmic plots decrease markedly as the mercury 
vapor pressure is raised, but are nearly independent of the arc current. The 
average values are as follows: 


Pressure T™ 

1.05 baryes .......... cece eee 25,000 deg. K 
3.7 baryes ...... cece e eee eee 18,500 deg. K 
33.0 baryes ........ceee cece eens 8900 deg. K 


Properties of an Electron Sheath. —If the collector potential is raised to a point 
where it becomes equal to that of the plasma, the positive ion sheath disappears 
and the electron currents that are received by the collector are on the average 
about 400 times greater (for mercury vapor) than the steady positive ion cur- 
. rents I, obtained at large negative voltages. Up to this voltage the semi-logarith- 
mic plots of J, are straight. If the collector voltage is raised above this point, 
however, I, tends to remain constant, for the collector is receiving all the elec- 
trons which are flowing toward it in the plasma. The effect of raising the vol- 
tage above this point is merely to push back the positive ions in the plasma 
and cause an electron sheath to develop over the collector in which the flow 
of current is unipolar and the thickness of the sheath can be calculated by the 
space charge equation (5) or (7). The voltages cannot be raised very far, how- 


48 J, Langmuir, Phys. Rev. 26, 585 (1925). See pp. 586-592. For a detailed discussion 
see Ref. 9. 
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ever, without accelerating the electrons in this electron sheath to such an extent 
that additional ionization occurs and then the electron sheath breaks down 
and much larger currents can flow to the collector. 

It is, however, a characteristic feature of these volt-ampere characteristics 
of a collector that there is a relatively sharp kink in the plot of InJ, against V 
when the collector is at the same potential as the plasma. The position of the 
kink affords an accurate determination of the space potential. 

Theory of the Positive Column at Low Pressures.—Let us apply these concepts 
to the consideration of the typical properties of a low pressure arc such as that 
which occurs when currents of 0.1 ampere or more are passed through cylin- 
drical tubes containing mercury or neon at low pressures. Any particular arc 
is characterized by a large number of variables. We may choose some of these 
as independent and take the others as dependent variables. For example, if 
we choose a certain gas at a definite pressure and temperature in a tube of given 
diameter and have an arc carrying a given current, we may regard these variables 
as the independent variables. Fixing their values, the characteristics of the arc 
are uniquely defined. We may wish to calculate the following five dependent 
variables: viz., electron concentration m, at the axis of the tube; electron tem- 
perature 7,; positive ion current density J, reaching the wall; rate of produc- 
tion A of ions per electron per second; and potential gradient dV/dx along the 
axis of the tube. To determine these five unknown quantities we need five 
equations. From the theories outlined above, it can be seen that at least formally 
we can give® five equations necessary for the determination of these unknowns. 
The five equations are as follows: 

1, Plasma Balance Equation, Eq. (19) or Eq. (22). 

2. Ion Current Equation. The total ion current reaching the walls is equal 
to the total number of ions produced within the plasma since recombination 
is negligible. This equation can be expressed by 

I, = hyeangl, (30) 
where h, has the numerical value 0.350 for a cylindrical plasma when the rate 
of ion generation at any point is proportional to the electron concentration. 

3. Ion Generation Equation. Killian,* and Tonks and Langmuir® have shown 
that the rate of generation of ions 4 in a mercury arc can be accounted for as 
the normal result of the ionization from the high speed group of electrons 
present in the Maxwellian distribution corresponding to the temperature T,. 
Equations for calculating the ion generation have been derived in this way. 

4. Mobility Equation. Langevin’s mobility equation gives an expression for 
the average drift velocity of the electrons in terms of the pressure of the gas, 
the longitudinal potential gradient and the electron temperature. In this way 
an equation is obtained which contains these quantities together with the con- 
centration of electrons mp. 


4 T. J. Killian, Phys. Rev. 35, 1238 (1930). 


12 Langmuir Memorial Volumes IV 


Google 


178 Electric Discharges in Gases at Low Pressures 


5. Energy Balance Equation. The total energy put into the arc must be equal 
to the total output. About one-third of the energy in the case of a low pressure 
mercury arc is required to supply the positive ions and electrons which recom- 
bine on the walls. Probably most of the rest of the energy escapes from the 
arc in the form of radiation, some of which passes through the glass, while 
much of the ultra-violet light is intercepted by the glass. At present the factors 
required for this energy balance equation are only imperfectly known. 

With these five equations all the variables of the arc can theoretically be 
fixed and thus the main features of these arcs are understandable from our 
present knowledge of the phenomena involved. 

Ratio of Drift to Random Current I,[/I,.—From the foregoing theory of the 
low pressure arc, the ratio of the drift current to the random current has a definite 
value under any given set of conditions, this ratio being uniform along the 
length of the arc. 

If we have an arc in a tube which varies in cross-section along its length, 
the drift current density J, must vary in inverse proportion to the cross-section 
of the tube since the total drift current must remain constant. Similar changes 
must occur also in the random current J,. At any point where there is a sudden 
change in diameter of the tube, there will therefore be differences in the values 
of n, between adjacent points which will require, in accordance with the Boltz- 
mann equation, corresponding differences of potential. If, at the cathode end 
of a constriction of the tube, the random current density of electrons moving 
towards the constricted area is not sufficient to carry the drift current into 
this region, an increased potential gradient will occur near the constriction, 
the electrons being accelerated to a velocity which causes them to produce 
new ions. There will thus be formed a double layer or double sheath across 
the arc in which there is a potential drop corresponding roughly to the ionizing 
potential. This causes a luminous appearance in the tube which resembles that 
at the head of the positive column of a typical low pressure gaseous discharge. 

At the anode end of the constriction the electron concentration in the narrow 
part is several times greater than that in the larger part next to it. In accordance 
with the Boltzmann equation, therefore, a retarding field of several volts will 
be set up, corresponding to this difference of concentration. Because of the 
surplus of high speed electrons in this region, more than are needed to preserve 
the normal ratio J,/I,, there will be a tendency for the electron temperatures 
to decrease in this region and less ionization will occur so that there will be less 
luminosity. This region therefore will appear as a dark space. It is believed that 
this is entirely analogous to the Faraday dark space in ordinary discharges. 
In fact, dark spaces of this kind can be easily produced artificially at any point 
by allowing electrons to be emitted from a negatively charged hot filament 
introduced into the plasma. The Faraday dark space, therefore, may be looked 
upon as a region in which the ratio J,/I, has less than the normal value needed 
to maintain a positive column. 


Google 


Electric Discharges in Gases at Low Pressures 179 


The cathode, or Crookes, dark space in a typical low pressure discharge is 
merely a positive ion sheath in which the electrons from the plasma are repelled 
from the negatively charged cathode. The space charge equations apply, how- 
ever, only roughly to this cathode dark space because the ions do not all originate 
at the edge of the dark space, but many are produced within the sheath itself 
by the high speed electrons coming from the cathode. The fact that an appre- 
ciable part of the current is carried by these electrons also prevents the accurate 
application of the space charge equations. 

The cathode glow marks a region where the electron concentration is very 
high and the electron temperature T, is high because of the presence of many 
high speed electrons arriving from the cathode. Because of this excess ionization 
the ratio I,:I, is abnormally small and therefore the cathode glow is followed 
by the Faraday dark space. When this ratio has fallen just below its normal 
value, there is no longer a sufficient production of ions to satisfy the plasma 
balance equation. This results in the production of a field at the head of the 
positive column which accelerates electrons and produces the required number 
of ions. If more than enough ions are produced than are required to satisfy 
these equations, a striated discharge results and we have a succession of Fara- 
day dark spaces alternating with heads of positive columns. If, however, the 
conditions are such that at the head of the positive column the number of ions 
produced as a result of the double sheath conforms more nearly to the re- 
quirements of the equations, then a uniform positive column results. 

If the anode is of large size so that its area multiplied by J, is greater than 
the drift current, there will usually be a slight negative anode drop of a volt 
or so. If the anode, however, is of very small size so that the random current 
striking it is not sufficient to carry the current required by the external circuit 
then we have conditions similar to those occurring at the beginning of a stria- 
tion, viz., a double sheath must form and a second plasma will form within 
the first. This will produce an anode glow in the form of a more or less spheri- 
cal region of glow attached to the anode. These concepts involving the ratio 
I,:I, thus help to explain, at least qualitatively, the most important characteri- 
stics of typical low pressure discharges. 
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ELECTRIC DISCHARGES IN VACUUM AND IN GASES 
AT LOW PRESSURES 


General Electric Review 
Vol, XXXVIII, No. 10, October (1935) and No. 11, November (1935). 


PART I 
EARLY EXPERIENCE — MODERN THEORY — EFFECT OF SPACE 
CHARGE — MODIFICATION OF ELECTRON DISCHARGE 


AsouT 1880, shortly after he made his first successful carbon-filament high- 
vacuum lamps, Edison observed that, if a metallic electrode or plate was mount- 
ed in the same bulb as the carbon filament, a current flowed in the space from 
the plate to the filament when the plate was positively charged, but that no 
current passed when the plate was negative. Edison even took out some patents 
on applications of this phenomenon. These patents show that he must have 
had an intimate knowledge of this new effect, but as he was not in the habit 
of publishing scientific papers we have no way of knowing how far he carried 
these studies. Fleming in 1890 and in 1896 investigated this Edison effect in 
detail and published two papers describing his results. About 1899 J. J. Thom- 
son proved that a carbon filament in hydrogen at very low pressures gives off 
negative electricity in the form of electrons having a mass 1/1800 of that of the 
hydrogen atom. It was soon proved that electrons were also given off by other 
materials. 


Theory of Evaporation of Electrons 


In 1903 O. W. Richardson developed a theory of this effect by assuming 
that the electrons in a metallic conductor at high temperature can evaporate 
from the surface. Just as in any other case of evaporation, the logarithm of the 
rate of evaporation varies linearly if plotted against the reciprocal of the absolute 
temperature. Many years later Richardson and Dushman showed that the 
current density corresponding to the electron emission varied with the tempera- 
ture in accordance with the equation 

I= AT*e?? (1) 

[Epitor’s Note: This material was presented as a lecture in Japan under the auspices of 

the Institute of Electrical Engineers of Japan and published in the Denki-Gakkwai, Nov. 1934.) 


1180) 
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Dushman, from the so-called third law of thermodynamics, calculated that 
A should be a universal constant having the value of 60.2 amp per sq cm. How- 
ever, modern theories which recognize the spin of the electron now indicate 
that the constant should theoretically be 120.4 amp per sq cm. 

In order to measure these electron currents from a heated filament, the fila- 
ment is surrounded by a negatively charged metallic cylinder or anode which 
is connected to an external circuit. The electrons which evaporate are thus 
drawn over to the anode and the rate at which they escape from the filament 
can be calculated from the observed current. If the positive voltage applied 
to the cylinder or anode is sufficiently great to maintain an accelerating field 
for the electrons at the surface of the filament or cathode, then every electron 
which leaves the filament surface passes over to the anode. According to this 
theory the current, being determined by the rate at which the electrons eva- 
porate, is independent of the magnitude of the positive potential on the anode. 
This constant current is termed the saturation current. 

More recent experiments have shown that with very strong fields ranging 
from 10,000 to 1,000,000 volts per centimeter at the surface of the cathode, 
the electron current gradually increases until finally at very high fields electrons 
can be drawn even from a cold cathode. This is spoken of as field emission. 

Wehnelt in 1904 discovered that platinum cathodes covered with alkaline- 
earth oxides emit far more electrons than platinum alone. Wehnelt worked 
with gas pressures ranging from 0.01 to 0.1 mm of mercury, and under these 
conditions was able to obtain large currents, often of many amperes. Soddy 
in 1908 found that these currents stopped entirely if the residual gases in the 
vacuum were absorbed by vaporizing metallic calcium. 

Pring and Parker working in Rutherford’s laboratory in 1912 measured the 
current from incandescent carbon rods in vacuum. They found that with pro- 
gressive purification of the carbon and improvement in the vacuum the current 
decreased to extremely small values. They concluded that the previously obser- 
ved large currents were caused by ‘‘some reaction at high temperatures between 
the carbon or contained impurities and the surrounding gases.” Pring in 1913 
concluded that ‘‘the small residual currents which are observed in high vacuum 
after prolonged heating are not greater than would be anticipated when taking 
into account the great difficulty in removing the last traces of gas.” 

In an earlier article’ of this group I related how in 1912 I undertook 
experiments to see whether, in fact, with the much better vacuum that I learned 
to produce, there would be any measurable electron emission of the Richardson 
type. For this purpose I used as anode a second filament heated to a high 
temperature in order to rid it entirely of gas. I then applied a potential of 
about 250 volts and gradually raised the temperature of the cathode, measuring 
the current of electrons that flowed to the anode by a galvanometer. The cur- 


1 “Fundamental Industrial Research”, Gen. Elect. Rev. 38, 7 (1935), pp. 324-333. 
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rent increased with filament temperature quite in accord with the Richardson 
equation, giving a value for 5 of 52,500. But when the current reached a defi- 
nite value of about five milliamperes, a further increase in the temperature 
of the cathode produced no increase in the electron content. 


Space Charge Effect 

The curve representing the electron current as a function of temperature 
therefore consists essentially of two parts: first, a part in which Richardson’s 
equation applies and, second, a part in which the current is independent of 
the temperature. In the first part of the curve it is found that the current is 
independent of the voltage, or shape and size of the anode, but in the second 
part of the curve the current is affected by both of these factors and may also 
be either increased or decreased by placing the lamp in a magnetic field. It 
is thus evident that the only reason that the current does not continue to in- 
crease, according to Richardson’s equation, is that the space between the 
electrodes is capable of carrying only a certain current with a given potential 
difference. 

The explanation of this phenomenon was found to be that the electrons 
carrying the current between the two electrodes constitute an electric charge 
in the space which repels electrons escaping from the filament and causes some 
of them to return to the filament. 

A theoretical investigation of the effect of this space charge led to the fol- 
lowing formulas by which the maximum current that can by carried through 
a space (of certain symmetrical geometrical shapes) may be calculated. 

In the case of parallel plates of large size, separated by the distance x, the 
maximum current per square centimeter J is 


I = (242/92) (e/m)¥2 V3!2 [22 (2) 
Here, e is the charge on an electron, m the mass of an electron, and V the 
potential difference between the plates. If we substitute the numerical value 
of e/m and express J in amperes per square centimeter and V in volts, then 


this equation becomes 
I = 2.33 x 10-*V9/x# (3) 


In the case of a wire in the axis of a cylinder, the maximum current per 
centimeter of length from the wire is given by the equation 
t= [2(2)"?/9] (e/m)'2V9*rf2 (4) 


where £, a function of the ratio of the diameters of the cylinder and the coaxial 
cathode, has a value very close to unity when the cathode is a wire of rela- 
tively small size. If we substitute numerical values as before, and take B = 1, 
we find 

i= 14.65 x 10-°V9?/r (5) 


Google 


Electric Discharges in Vacuum and in Gases at Low Pressures 183 


where ¢ is the current in amperes per centimeter of length, and r is the radius 
of the cylinder in centimeters. 

These equations have been found to agree with experiments when the vacu- 
um is so high that there is no appreciable positive ionization. 

Extremely minute traces of gas, however, may lead to the formation of 
a sufficient number of positive ions to neutralize, to a large extent, the space 
charge of electrons and thus very greatly increase the current-carrying capacity 
of the space. For example, a pressure of mercury vapor of about 1/100,000 mm 
has, under certain conditions, been found to eliminate completely the effect 
of space charge, so that a current of 0.1 amp was obtained with only 25 volts 
on the anode, whereas, without this mercury vapor, a potential of over 200 
volts was necessary to draw this current through the space. 

Besides this enormous effect on the current-carrying capacity of the space, 
many gases have a great influence on the electron emission from the cathode. 
But in every case where the cathode is of pure tungsten, the effect of gas is 
to decrease, rather than increase, the electron emission. For example, it is 
found that a millionth of a millimeter of oxygen, or gas containing oxygen, 
such as water vapor, will cut the electron emission down to a small fraction 
of that in high vacuum. 

As a result of this work, we became firmly convinced that the electron 
emission from heated metals is a true property of the metals themselves and 
is not, as had so often been thought, a secondary effect, caused by the pre- 
sence of gas. 


Elimination of Gas Effects 

Further investigation showed that with the elimination of the gas effects, 
all of the irregularities which had previously been thought inherent in vacuum 
discharges from hot cathodes were found to disappear. In order to reach this 
condition, however, it was not sufficient to evacuate the vessel containing the 
electrodes to a high degree, but it was essential to free the electrodes so 
thoroughly from gas that gas was not liberated from them during the opera- 
tion of the device. It was also necessary to free the glass surfaces very much 
more thoroughly from gas than had been thought necessary previously. The 
difficulty thus consists not in the production of high vacuum but in the main- 
tenance of this vacuum during the use of the apparatus. However, by special 
methods of exhaust and by special methods of treating the electrodes, these 
difficulties were overcome and so it became possible to construct apparatus 
in which a large current density was obtained and potential differences of 
much more than 100,000 volts could be applied without obtaining effects 
attributable to positive ionization. 

In previous devices which employed discharges through vacuum, either 
with or without a hot cathode, there was always evidence of positive ioniza- 
tion if the current density was increased above an extremely low value, or 
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if potentials over 50 or 100 volts were applied while a current of as much as 
a few milliamperes was flowing. The effects of this positive ionization mani- 
fested themselves in many ways. If the ionization was sufficiently intense, 
a glow throughout the tube was visible. For example, in the Braun tube, with 
a lime-covered cathode, Wehnelt stated that a vacuum as high as possible 
should be obtained, but he speaks of being able to see the path of the cathode 
rays. It had apparently always been assumed that cathode rays of sufficiently 
high intensity can always be seen, but of course such luminosity is direct evi- 
dence of ionization of the gas. One of the most sensitive indications of the 
presence of positive ionization is the failure of the current to increase with 
the voltage in a regular manner. If much gas is present, and by this I mean 
a pressure in the order of 0.0001 mm, the current-voltage curve often shows 
decided kinks when the potential is raised to about 50 volts. In many cases 
the discharge is unstable and the current fluctuates periodically between two 
values. All these effects tend to be extremely erratic, since they vary with 
the composition and the pressure of the residual gases, and these, in turn, 
are altered by the discharge taking place through them. For example, in the 
gas type of x-ray tube, the vacuum continually improves, and it is necessary, 
from time to time, to admit fresh portions of gas. 


Disintegration of the Cathode 


With the higher voltages, perhaps the most troublesome feature of positive 
ionization is its tendency to disintegrate the cathode. The positive ions, moving 
under the influence of the electric field, acquire high velocity, and when they strike 
the cathode cause rapid disintegration and ultimate destruction of the electrode. 

With a pure electron discharge, none of these effects are present. The cat- 
hode rays are entirely invisible, the current-voltage curve is a smooth curve 
and follows the 3/2-power law in case the filament temperature is sufficiently 
high and the shape of the electrodes is such that the small initial velocities 
of the electrons from the cathode do not play too large a role. It is possible to 
obtain a very high current in this type of discharge, but in order to overcome 
the space charge effects it is then necessary to use a very strong electric field. 


Electron Discharge in X-ray Tubes 


Dr. Coolidge used pure electron discharge in a new type of x-ray tube. 
Prior to 1912 all x-ray tubes had depended upon a gaseous discharge between 
two cold electrodes. The pressure was maintained so low that the Crookes’ 
dark space filled the entire tube, for only under these conditions could the 
necessary high voltage be maintained across the tube. 

Coolidge used as a cathode a flat spiral of tungsten wire surrounded by 
a molybdenum cylinder or cup which served as a focusing device, while the 
anode or target was a massive piece of tungsten mounted near the center of 
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the tube. With this type of tube it has been possible to use voltages as high 
as 400,000 volts. With multisection tubes in which the electrons pass from 
one bulb into a series of others, voltages as high as 900,000 are in use today 
in x-ray tubes. The current through the tube is determined by the electron 
emission from the filament which, in turn, depends upon the temperature, 
in accordance with Richardson’s equation. The voltage can be raised without 
appreciably altering the current. In the old type of gas x-ray tube the voltage 
and the current could not be separately regulated except by altering the pres- 
sure of the gas in the tube. Because of the disappearance of the gas produced 
by the discharge, the characteristics of the old tubes were therefore very erratic 
and the life of such tubes was short. 


The Kenotron Tube 


The next device that was developed making use of pure electron discharge 
was the high-voltage rectifier known as the Kenotron tube. The name was 
derived from the Greek kenos signifying empty space (vacuum) and the ending 
tron used by the Greeks to denote an instrument. 

The Coolidge x-ray tube is, of course, a rectifier for high-voltage alterna- 
ting current, unless such heavy currents are allowed to flow that the anode 
or target becomes heated to a temperature at which it emits electrons. How- 
ever, by its design the x-ray tube is not adapted for use as a rectifier; to 
produce x-rays efficiently the voltage drop from cathode to anode must be 
very high, for this determines the velocities with which electrons strike the 
target. A rectifier, on the other hand, should be capable of passing a large 
current in one direction with a low voltage drop, although in the other direc- 
tion a high voltage should cause no measurable current. A rectifier is used in 
a circuit in which most of the energy is liberated in a load or resistance in 
series with the rectifier instead of in the rectifier itself. 

It is evident from the space-charge equations that a large current of elec- 
trons through high vacuum can be obtained only by maintaining a positive 
charge on the anode sufficient to overcome the space charge of the electrons, 
In other words, an accelerating field must exist at the surface of the cathode 
in spite of the space charge. 

The higher the voltage of the anode, the greater the velocities of the electrons 
when they strike the anode. All of this kinetic energy is converted into heat at 
the surface of the anode and this is wasted energy as far as the operation of 
the rectifier is concerned. Consider a cylinder four centimeters in diameter, 
at the axis of which there is a tungsten cathode. From Equation (5) the current 
from the cathode would be about 20 ma per cm of length when there are 200 
volts on the anode, and 220 ma per cm at 1000 volts. 

To build a Kenotron rectifier capable of carrying a current of 0.2 amp, 
when the anode is 200 volts positive, a cylinder of a total length of 10 cm is 
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needed. The power dissipation at the anode is therefore the product of the 
0.2 amp by the 200 volts, so that 40 watts is wasted in the form of heat; con- 
sidering, however, that the current is flowing only half the time and the ave- 
rage current is less than 0.2 amp, the average power dissipation would be 
something less than 20 watts. 

It is evident from these considerations that the Kenotron rectifier can be 
an efficient rectifier for currents of thé order of an ampere only when very 
high voltages are to be rectified, so that the hundreds or even thousands of 
volts needed in the tube to counteract space charge represent only a small 
fraction of the total voltage. 

These characteristics of the Kenotron tube are in marked contrast to those 
of the earlier Wehnelt rectifier in which enough gas was present to eliminate 
space charge effects, the voltage drop in the tube when current was flowing 
being only a small multiple of the ionizing voltage (10 to 20 volts). 


Limiting Effect of the Space Charge 


In a pure electron discharge, as the temperature of the filament is raised 
a point is always reached where the current becomes limited by the space 
charge between the electrodes. Under these conditions, only a small fraction 
of the electrons escaping from the cathode reach the anode, whereas the major- 
ity of them are repelled by the electrons in the space and therefore return 
to and are absorbed by the cathode. From this viewpoint it is evident that 
if a negatively charged body is brought into the space between the anode 
and cathode, the number of electrons which then return to the cathode will 
increase. On the other hand, if a positively charged body is brought near the 
cathode, it will largely neutralize the negative charges on the electrons in the 
space and will therefore allow a larger current to flow from the cathode. In 
this way it is possible to control the current flowing between the anode and 
cathode by an electrostatic potential on any body placed in proximity to the 
two electrodes. This controlling effect may be best attained by having this 
controlling member in the form of a fine wire mesh, or grid, placed be- 
tween the electrodes. 


The Pliotron Tube 


The term Pliotron was adopted to designate a Kenotron tube in which 
a third electrode has been added for the purpose of controlling the current 
flowing between the anode and cathode. This word is derived from the Greek 
pleion signifying more. A Pliotron tube is thus an instrument for giving more, 
or an amplifier. A similar use of the prefix plio occurs in the geological term, 
Pliocene. 

The three elements, hot-filament cathode, grid, and anode, are similar to 
the elements of the DeForest audion. However, the operation of the audion 
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is in many ways quite different from that of the pure electron device operating 
in the way I have described. 

In the audion, the amplifying action was largely dependent upon gas ioni- 
zation, even when the device operated well below the point at which blue 
glow occurs. The action is probably somewhat as follows: there is normally 
present a small amount of gas ionization, owing to the passage of the electrons 
between cathode and anode. The positive ions partly neutralize the space 
‘charge which limits the current flowing between the electrodes. If a small 
positive potential is applied to the grid, the velocity of the electrons passing 
by it is somewhat increased and they therefore produce more ions in the gas. 
Besides this, as the potential on the grid is increased, the number of electrons 
passing the grid is increased, and this again tends to increase the amount 
of ionization. A very slight increase in the amount of ionization brought about 
in this way very greatly reduces the space charge and therefore largely increases 
the current that can flow between the electrodes. Thus, with a given construc- 
tion of grid, filament, and plate, the relaying action may be very greatly increased 
beyond that which would occur if no gas were present. The amount of gas 
ionization which is necessary, in order to eliminate practically completely 
the effects of space charge, is often much too small to produce a visible glow 
in the gas, 

If too much gas is present, or if the potential on the plate or the current 
flowing to the plate is too large, then the amount of positive ionization may 
reach such values as to neutralize almost entirely the space charge and thus 
_ allow the current to rise to the saturation value. Under these conditions, the 
relaying action of the audion is lost. This is the case, for example, when the 
audion gives a blue glow. In the borderland between these two conditions, 
there is a region of instability in which the sensitiveness of the audion may 
be enormously great, but it is usually not found very practicable to operate 
the device in this region because of the difficulties in maintaining adjustment, 
for any lack of adjustment may cause the audion to go over into a condition 
of blue glow. 

The audion was usually used with a condenser in series with the grid. 
Under these conditions, the audion required the presence of a certain amount 
of gas ionization so that the positive ions formed prevented the accumulation 
of too large a negative potential on the grid. With the Pliotron tube, owing 
to the absence of positive ions, when it was desired to use a condenser in series 
with the grid, it was necessary to shunt the condenser by a high resistance and 
often to place a source of potential in series with the high resistance, in order 
to supply positive electricity to the grid to compensate for the electrons col- 
lected by it. 

The current from the cathode of an electron tube is limited by the emission 
of the cathode whenever there is an accelerating field at the cathode. When 
‘the electrode surrounding the cathode is at a negative potential of several 
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volts, the retarding field at the surface of the cathode is so great that all of the 
electrons that are emitted are driven back to the cathode. The limitation of 
the current by space charge thus corresponds to the intermediate case when 
the field at the cathode is practically zero, or where there is a retarding field 
so small that the thermal energy of the electrons as they escape from the hot 
filament is just sufficient to enable a fraction of them to move against this small 
retarding field. Strictly speaking, then, with space charge limitation there is, 
close to the surface of the cathode, a potential minimum beyond which the 
potential rises rapidly. The difference of potential between the cathode and 
the region of potential minimum is usually only a few tenths of a volt. For 
most calculations, however, the initial velocities of the electrons from the 
filament may be neglected and we can look upon the space charge limitation 
of current as being characterized by a zero-potential gradient at the cathode 
surface. 

In the Pliotron tube the field at the cathode is caused by the combined effects 
of the grid and the anode. The grid exerts a kind of screening effect on the 
field which would otherwise be produced by the anode. By considerations such 
as these it is possible to get an understanding of the action of the grid in con- 
trolling the current in these pure electron devices. The current that flows 
from cathode to anode should thus theoretically be a function of the potentials 
of the grid and anode according to the equation. 


i= A(V,+RV,)"" 


where V, and V, are the potentials of the anode and the grid with respect 
to the cathode, A is a constant which is analogous to that occurring in the 
space charge equations and which depends upon the geometrical forms of the 
electrons but not upon the size of the whole device, and the constant k is the 
amplification constant which represents the ratio between the relative effects 
of the grid potential and the anode potential on the field at the cathode. By 
a development of this theory it becomes possible to calculate k and A for tubes 
having grids and anodes of simple geometrical design. 


Some Applications of Electron Tubes 


The applications of these electron tubes are today familiar to everyone. 
They are used as receiving tubes in radio sets, and for the production of high- 
frequency oscillations in the broadcasting of radio programs. By using water- 
cooled anodes it has been possible to construct high-vacuum tubes of this 
character capable of generating several hundred kilowatts of high-frequency 
power, using voltages of the order of 20,000 volts. Electron tubes are also used 
industrially for many control purposes. An application of growing importance 
is the use of such tubes to amplify the small currents produced by photoelectric 
cells in response to light. This action is not only employed for talking motion 
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pictures but is now widely used for the control of machinery; for example, 
cigars may be automatically sorted according to their color. 

I do not wish, however, to dwell upon these industrial applications but 
would rather attempt to outline the fundamental principles of electric discharges 
in gases at low pressures, for I feel that this is a field which will ultimately 
become of much greater practical importance than that of pure electron dis- 
charge. The theory of pure electron discharge serves as a foundation for an 
understanding of the far more complicated phenomena of gaseous discharges. 


Theory of the Space Charge Effect 


Before proceeding to a general consideration of gaseous discharges it will 
be useful to analyse in a little more detail the theory of the space charge effect. 
The principles may be well illustrated by taking the simple case of a heated 
plane cathode at zero potential and a parallel plane anode at potential V,. 
If the initial velocities of the electrons as they leave the cathode are neglected, 
the kinetic energy of the electrons at any point is the work done upon the 
electron by the field through which it has moved. If follows that 


1/2 mo? = Ve (6) 


At any point in the space between the two electrodes the electrons are all 
moving with the same velocity and in a direction perpendicular to the planes 
of the electrodes. Let n be the electron density, that is, the number of elec- 
trons per unit volume in the space at any point. The current density J pro- 
duced by these electrons as they move toward the anode is 

I = nev (7) 

The potential distribution in a volume in which there is a space charge 

may be calculated by Poisson’s equation 

i = 4ane (8) 
The space-charge equation for parallel planes, Equation (2), is obtainable 
directly from these equations by eliminating 2 and v. We should keep in mind 
that Equation (2) is based on the assumption that the electrons start from 
rest at the surface of the cathode, and that the electrons exchange no energy 
with one another. It is evident from this derivation that if we use the appro- 
priate value, m, we should be able to apply the equation to currents carried 
by positive ions emitted from an anode. 

It has been possible to test the equation for unipolar ion currents by using 
a tungsten filament at the axis of a cylinder and introducing caesium at room 
temperature which gives a vapor pressure of 10-* mm. The caesium atoms 
when they strike the heated filament generate positive ions. Unless, however, 
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a large negative potential is applied to the cylinder, all the positive ions are 
not able to escape from the filament so that the current is limited by space 
charge and varies in proportion to V/?, Because the mass of the caesium atom 
is 242,000 times that of the electrons, the positive ion current at any given 
voltage should be only 1/492, that is, (1/242,000)”*, of the current that would. 
flow with the same voltage when the cylinder is made positive and the filament 
is heated until electrons are emitted. The experimental data are in complete: 
agreement with this theory. The space charge equation is therefore, in general, 
applicable to unipolar discharges due to either electrons or ions. 

When the phenomena in a modern high-vacuum electron tube is compared 
with those in the old DeForest audion which depended upon gas ionization, 
it will be realized that the gas profoundly modifies the phenomena of electric 
discharges. Therefore it will be of interest to trace through the changes that 
take place in a pure electron discharge device as progressively larger quantities 
of gas are introduced. 

Of course the fundamental change produced by the presence of gas is brought 
about by the positive ions that are formed in the gas by the collisions of the 
electrons with gas molecules. According to the modern theory of the structure 
of atoms and molecules, each atom consists of a positively charged nucleus 
surrounded by a group of electrons having a total negative charge equal to the 
positive charge of the nucleus. When an electron with a kinetic energy exceeding 
a definite lower limit, corresponding to the ionizing potential, strikes a gas 
molecule, it may knock out one of the external electrons, so that the molecule 
then has an excess of positive electric charge. Such a charged molecule is called 
an ion. 


Modification of Pure Electron Discharge by Gas Presence 


In order to understand how a pure electron discharge becomes modified 
by the presence of gas, it is necessary to become familiar with the effects pro- 
duced by ions. It is evident that, in general, the ions are generated throughout 
the body of a gas wherever electrons of sufficient velocity pass through the gas. 
To calculate the exact distribution of the ions as they are produced would be 
a very complicated problem. But fortunately the fundamental principles are 
not modified if certain greatly simplified conditions are assumed. 

Before considering the case where the ions are generated throughout a volume, 
consider a simpler case of two parallel electrodes having a difference of poten- 
tial between them, one of which is capable of emitting an abundant supply 
of electrons, and the other, the anode, can emit any desired number of ions. 
It is interesting to inquire what effect is produced by the ions that escape from 
the anode. Their effect will certainly be to neutralize in part the space charge 
of the electrons and thus allow more electron current to flow. Can we, however, 
in this way account for any of the characteristic phenomena of gaseous dischar- 
ges? 
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It is evident that it will take the ions hundreds of times longer to pass from 
the anode to the cathode than it takes the electrons to go in the reverse direc- 
tion, and therefore each ion will have the effect of neutralizing the charge of 
several hundred electrons as they pass by. I first solved this problem about 
1916 but at that time it seemed as though the results were not applicable directly 
to experimental conditions and therefore they were not published. But ten 
years later, because of my increasing knowledge of the nature of gaseous dis- 
charges, it was found that this earlier theory corresponded to conditions fre- 
quently observed in gaseous discharges at hot cathodes. I will describe this 
application later. 

The mathematics involved in the calculation of space charge limitations 
of bipolar currents is considerably more complicated than that of the usual 
space charge equations which apply to unipolar currents. Therefore consider- 
ation will here be given only to the results obtained. 

Since we are considering electron currents limited by space charge, 
there is no electric field at the cathode, but at the anode the field is much 
stronger than if no electron current were flowing. Now let us consider the 
effect of generating ions at the anode. The calculations show that the field 
strength at the anode gradually decreases as the ion current increases and 
that the total current of electrons is considerably increased by relatively 
few ions. 

The mass of the mercury atom is about 368,000 times greater than that of 
an electron, and therefore when electrons and mercury ions are subjected to 
the same electric field the velocity of the ion is only 1/607 of the velocity of the 
electron, that is, 1/(368,000)"?. The calculations show that if a very few mercury 
ions are liberated from the anode in a space charge limited discharge between _ 
parallel planes, each mercury ion permits an increase in the electron flow cor- 
responding to 229 electrons. However, with increasing numbers of mercury 
ions liberated at the anode the relative effect of each ion increases more and 
more rapidly until finally each mercury ion permits 2100 additional electrons 
to flow. This increase, however, does not go on indefinitely, for the potential 
gradient at the anode keeps on decreasing until, when the ion current becomes 
1/607 of the electron current, the potential gradient at the anode becomes zero. 
It is evident, therefore, that both the electron and ion currents become limited 
by space charge, and that no increase in the electron emission from the cathode 
or the ion emission from the anode can cause any further increase in either the 
electron or positive-ion currents. When this limiting condition has been reached, 
the ratio between the two currents is the inverse ratio of the square root of the 
masses of the particles, and the electron current is 1.86 times as great as it would 
be if no ions were liberated at the anode. 

From this analysis it may be seen that although the effect of individual ions 
is relatively very great, even an indefinitely great production of ions at the 
anode can produce only a moderate increase in electron current and does not 
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in any sense cause an elimination of space charge such as is indicated by the 
high conductivity of the space in typical gaseous discharges. It is clear, therefore, 
that in order to understand typical discharges we must consider that the ions 
are generated throughout a large part of the space between ‘the electrodes. 


PART II 
NATURE OF DISCHARGES — QUANTITATIVE RELATIONSHIPS 


Nature of Gaseous Discharges 


Much information about the nature of gaseous discharges can be obtained 
by a consideration of a very simple hypothetical case. Take, for example, the 
case where ions are generated uniformly throughout the space between the 
plane anode A and a parallel plane cathode C which is at a negative potential 
V, and is at a distance a from the anode. We shall assume that S ions are pro- 
duced per unit volume per second, and that they are generated without initial 
velocities. For the present we shall assume that no electrons are generated by 
this ionization. 

To calculate the potential distribution between the electrodes under these 
conditions is a problem which involves integral equations. Under certain con- 
ditions, however, the solution takes a very simple form. When S has a value 0, 
that is, no ions are produced in the space, there is a uniform potential gradient 
before the anode and the cathode. As S increases, the potential gradient at the 
anode gets smaller, while that at the cathode increases. Finally when S has 
increased to a critical value S,, the potential gradient at the anode becomes 
zero, and under these conditions the curve giving the potential distribution 
between the electrodes is a parabola whose vertex lies at the anode. When the 
rate of production of ions has the critical value S,, the total ion current reaching 
the anode, which we may call J,, is given by 


I, = (9/n)L, = 2.865 I, (9) 


where I, is the current which would flow between A and C if ions were libera- 
ted from the anode A and the current were limited by space charge. 

This result means that if we have-two parallel plane electrodes having a 
given difference of potential between them, there is a definite limit to the posi- 
tive-ion current density J, which can flow between them when the anode emits 
an abundant supply of ions. Now if, instead of these ions being liberated at 
the anode, 2.86 times as many ions are liberated with a uniform distribution, 
S,, throughout the whole space between the two electrodes, the positive-ion 
space charge that results is sufficient to give a parabolic potential distribution 
between the electrodes with a zero-potential gradient at the surface of the anode. 
With a rate of production of ions greater than S,, a potential maximum will 
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then appear in the space near the surface of the anode. All of the ions that are 
generated between this potential maximum and the anode flow to the anode 
while those generated on the other side of the potential maximum move to 
the cathode. The value S, is thus the critical rate of ion production which just 
leads to the formation of the potential maximum in space. 

In this treatment of the effect of ion generation throughout a volume we 
have neglected the electrons which, of course, must always be produced with 
ions in any actual ionization process. When the rate of ion production S is less 
than the critical value S,, there is a potential gradient throughout the whole 
space between A and C, and since the electrons that are produced by the ioni- 
zation move hundreds of times faster than the ions, they are swept out of the 
space before they can accumulate sufficiently to have any appreciable effect 
on the space charge. 

If, however, the rate of production of ions exceeds S, so that a potential 
maximum tends to appear, there is in the neighborhood of the potential maxi- 
mum no field which can sweep out the electrons, In fact, the electrons can 
escape from this region of potential maximum, a kind of dome in the potential 
distribution, only if they are, at the time of their generation, endowed with 
sufficient energy to carry them to the anode in spite of a retarding field. 

A potential maximum in any space in which electrons and ions exist pro- 
duces a profound modification in the type of the gaseous discharge. Any low- 
velocity electrons generated in the region of the potential maximum tend to 
be trapped within this region, and thus to accumulate. The presence of the 
accumulated electrons adds a negative space charge so that the potential of the 
region falls until it reaches a value at which the electrons can just escape to 
the anode as fast as they are produced. This potential is slightly higher than 
that of the anode since the electrons have initial velocities which enable them 
to travel against a small retarding field. 

Thus the potential dome flattens out to a potential plateau and there is then 
an extensive region in which n,, the electron concentration, is practically equal 
to n,, the concentration of the positive ions. Near the anode and particularly 
near the cathode are regions where the electrons are turned back towards the 
plateau; if these regions did not exist, the electrons could not accumulate and 
the positive-ion space charge could not be neutralized. 

It may be thus seen that when the intensity of ionization rises to a critical 
value S,, sufficient to cause a potential maximum to occur, two distinct types 
of regions appear within the discharge. The region corresponding to the po- 
tential plateau, within which electrons are trapped until m, and m, are nearly 
equal, will be referred to as the plasma. The regions of relatively strong field 
which surround the plasma and in which n, and n, are not equal, will be called 
the sheaths. 

A simple way of producing a typical plasma consists of passing a discharge 
of 10 to 50 milliamp. from a hot tungsten cathode to a disk-shaped anode, with 
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an applied potential of 25 volts or more, in a spherical bulb about 15 cm in 
diameter containing mercury vapor saturated at room temperature (pressure 
about 0.002 mm). The positions and shapes of the electrodes are relatively 
unimportant. The region which shows the uniform characteristic green-blue 
glow of the mercury-vapor discharge, and nearly fills the tube, constitutes the 
plasma. By careful observation it can be seen that a dark space separates the 
glow from the walls of the tube; this corresponds to the sheath on the walls. 
As the current is increased by raising the cathode temperature, the sheaths 
become so thin that they may no longer be seen. 


High-speed Electrons and Gas Molecules 


In the ionization process in which a high-speed electron collides with a 
neutral gas molecule, the momentum of the electron is so small that it cannot 
give any appreciable kinetic energy to the molecule, so that the kinetic energy 
of the ion when first formed is the same as that of the neutral gas molecule 
from which it is produced. The ionization, however, produces a new electron 
so that there are two electrons in place of the original one. The surplus energy 
of the original electron, obtained by subtracting the energy needed for ioniza- 
tion, is divided between the two electrons in a ratio that varies in different col- 
lisions. In general, therefore, the electrons in a plasma acquire considerable 
energies when they are first generated by ionization. A few of the electrons 
with the highest kinetic energies may thus be able to escape through the anode 
sheath, whereas those that have smaller kinetic energies are trapped within 
the plasma, being continually reflected from the sheaths which bound it. The 
interactions among these trapped electrons and the elastic collisions which they 
may make with gas atoms produce a random motion among the electrons. The 
distribution of velocities tends toward a typical Maxwellian distribution such 
as that which exists among the molecules of a gas at a definite temperature. 
In fact, the motions of the electrons within the plasma may be well described 
as a thermal agitation corresponding to a temperature T,. Experiments have 
shown that in most gaseous discharges, especially those at very low pressures, 
this Maxwellian distribution is brought about far more rapidly than is to be 
expected from any known mechanism. The experiments indicate that this 
phenomenon is intimately connected with the presence of very high frequency 
oscillations that occur within the plasma, these having frequencies correspon- 
ding to 

ov = e(n/xm,)!? = 898071 sec". (10) 


The electron temperatures determined by a method which will be described 
presently have been found to range from about 5000 deg K up to temperatures 
in some cases as high as 80,000 deg K. The average energies of these electrons 
range from about 1 to 10 electron volts. 
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With the electrons thus moving in random directions, there is a definite 
random current density J, of electrons passing per second per unit area across 
any imaginary plane within the plasma. From equations of the kinetic theory 
it is thus found that this current density is given by 


I, = en, (kT, 2am)" = 2.48 x 10-4n,T29 amp cm-* (11) 


When gas molecules in thermal equilibrium are exposed to a steady field 
of force, their concentration becomes different in places of different potential 
energy. In such cases the distribution is determined by the Boltzmann equa- 
tion. For the case of electron distributions, the Boltzmann equation takes the 
form, 

n= nyeVerT (12) 
where n is the concentration of electrons at any place of potential V, and n, is 
the concentration at a point where the potential is zero. For numerical calcula- 
tions in this equation we may put e/k = 11,606 deg per volt. We thus see that 
if there are differences of electron concentrations in different parts of the plasma, 
there will be corresponding potential differences; or conversely, differences 
of potential necessarily involve differences of concentration if the assumption 
of thermal equilibrium is valid. 

In the case of an arc discharge contained in a long tube, such as a low-pressure 
mercury arc, the region commonly called the positive column is a typical plasma. 
When considerable current is flowing, there is normally a small potential gra- 
dient throughout the length of the cylindrical plasma. The electrons in the 
plasma are therefore being accelerated by the field which acts on them, but 
soon a stationary stage is reached in which the energy losses of the electrons 
by their collisions with gas molecules just balance the gain in energy produced 
by the field. There is then, strictly speaking, no thermal equilibrium among 
the electrons. With a long, uniform, positive column, the electron temperatures 
are the same throughout the plasma, but the concentration is also uniform in 
spite of the potential gradient. Thus the Boltzmann equation is not applicable 
to determine changes in concentration along the length of the arc, but it may 
well be used to determine variations of concentration over a cross-section. 


Random and Drift Currents Within a Plasma 


In general, therefore, we must distinguish between two kinds of current 
within the plasma, the random currents having a density J, and the drift cur- 
rents having a density I,, caused by any applied electric field. The energy input 
per unit volume into the plasma is thus the product of I, by the potential gra- 
dient. In most typical discharges the random-current density is at least several 
times greater than the drift-current density. 

If the positive ions had kinetic energies approximately equal to those of the 
electrons and were also moving in random directions, it would ‘follow that the 
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positive-ion current densities J, would be less than J, in the ratio of m}'?:m}/3, 
In the case of mercury vapor, therefore, I, would be (1/607)Z,. Experimentally, 
by methods to be described later, it is usually found in a mercury arc that J, 
= (1/411)J,. ; 

It has been seen, however, that the positive ions are generated without initial 
velocities. It is thus very improbable that the ions should acquire a Maxwellian 
distribution of velocity. 

In any low-pressure plasma in a steady state, that is, if n, does not increase 
with time, it is necessary that the ions shall move out of the regions in which 
they are generated as fast as they are produced, since at low pressures there 
is no appreciable recorhbination of ions and electrons. To move these ions 
requires the presence of electric fields which can be set up only by the pre- 
sence of a slight excess of positive charge within the plasma. The fact that the 
electrons have relatively high energies tends to make them move out of the 
plasma, leaving behind an excess of positive charge. This positive charge builds 
up until it causes ions to flow out from the plasma into the surrounding sheaths 
at a rate equal to that at which they are produced. 


Theory of the Motions of lons 


Dr. Tonks and I have been able to develop a complete mathematical theory 
of the motions of ions when the plasma is bounded by two parallel planes or 
by a cylindrical or a spherical surface. At low pressures the ions fall freely from 
their points of origin to the boundary of the plasma. Assuming that the rate 
of generation of ions S at any point is proportional to the concentration of 
electrons at that point, the characteristics of a plasma may be expressed in 
terms of a parameter A which may be defined as the number of ions generated 
per second by each plasma electron. It has been shown that in order that the 
plasma fields determined by the Boltzmann equation may draw out the ions 
as fast as they are generated, it is necessary, in the case of a cylindrical plasma, 
that the following plasma balance equation be fulfilled: 

A = (9957/a)(T./M)'” (13) 
where a is the radius of the plasma and M is the molecular weight of the ion. 
For mercury vapor (M = 200), this gives 

A = (703/a)T2? (14) 

Similar equations have been derived for plasmas bounded by plane or sphe- 
rical surfaces. 

The plasma balance equation thus requires a definite relationship between 
Aand T,. With a mercury arc of one ampere flowing through a long glass tube 
of 1.6 cm radius containing mercury vapor at room temperature, T, was found 
to be 29,000 and thus, according to Equation (14), 4, the number of ions gene- 
rated per second by each plasma electron, was equal to 75,000. 
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According to this theory of the plasma, the velocities of the ions are very 
small at the center of a cylindrical plasma, but the radial velocities increase 
gradually toward the cylindrical bounding surface. The positive ions thus 
do not have a Maxwellian distribution of velocities nor is their distribution 
in accord with the Boltzmann equation. The energies which the ions receive 
are derived from the plasma fields which are set up by the motions of the elec- 
trons. The average energies of the ions are, however, considerably less than 
the average energies of the electrons. Experiments have shown that the radial 
components of the ion velocities, when they reach the walls, are roughly those 
which they would have if the ions had a temperature about one-half that of 
the electrons. As an approximation, therefore, at the edge of the plasma, we may 
consider that the ions have a Maxwellian distribution with T, = T,/2, but 
must recognize that the ions are moving outward from the center of the plasma, 
toward and into the sheath which bounds the plasma, whereas the electrons 
with a true Maxwellian distribution are moving equally in all directions, being 
reflected from the negatively charged region in the sheath. Taking these facts 
into account, the ratio of the positive ion to the electron current density is approx- 
imately given by 


1, = (1/2) (T,m,/ Tm)" (15) 
» For mercury vapor this gives 
I,/I,, = 429 (16) 


Experimentally the average value for this ratio was found to be 41117. 
From measurements in which I, and T, are determined, the concentration 
of electrons and ions in the plasma may be calculated according to the equa- 
tion, : 
n = 4.03 x 104J,/T}? (17) 


which is the equivalent of Equation (11). - 

Although the potential of the plasma is not entirely uniform, the drop in 
potential from the center to the sheath edge is only about 5x10-* 7, and is 
thus usually less than one volt. It is these plasma fields, however, which give 
to the ions their velocities. 

If the glass walls of a tube containing a plasma were at the same potential 
as the plasma itself, the current relationship given by Equation (16) shows 
that the walls would receive electron currents hundreds of times greater than 
correspond to the positive ions that reach the walls. Actually, in a steady state, 
the number of negative and positive charges which reach an insulated wall 
must be equal. To render these currents equal, the walls must therefore become 
so highly negatively charged that they force nearly all the electrons back into 
the plasma. The walls thus become covered with a positive-ion sheath. The 
potential drop in this sheath can be calculated by means of the Boltzmann 
equation, Equation (12). Since the electron temperature is uniform throughout 


Google 


198 Electric Discharges in Vacuum and in Gases at Low Pressures 


the plasma, the current density J which moves against the retarding field in 
the sheath is proportional to the electron concentration m and thus Equation 
(12) may be written. 

I= I,e¥* (18) 


In the case of mercury vapor the electron current density J which reaches 
the wall, being equal to J,, is thus about (1/429)J,, where J, is the electron 
current density in the plasma near the sheath edge. The potential drop in the 
sheath is therefore 

V, = —6.06T,/11,600 (19) 


so that if T, = 25,000 deg, the walls of the tube are about 13 volts negative 
with respect to the edge of the plasma. 

Within the positive-ion sheath the conditions are closely similar to those 
in the typical unipolar discharge. The ions from the plasma reach the sheath 
edge moving radially outward with energies_of usually less than one volt. With- 
in the ‘sheath, however, they are acted on by strong electric fields which accele- 
rate them rapidly toward the walls. It is therefore apparent that the space-charge 
equation, Equation (2), is applicable to the positive-ion currents that flow 
through these sheaths and the thickness of the sheath can thus be calculated 
from J, and V, as given by Equation (19). The higher the positive-ion current 
density, the thinner the sheath must become. : 

By covering a portion of the glass wall which encloses a plasma with a metal 
electrode or collector, and by applying a negative potential, a positive-ion cur- 
rent of density J, flows to the collector and electrons are repelled. If the nega- 
tive potential is made sufficiently great, no electrons reach the collector. This 
occurs when the potential of the collector is greater than — 5 to — 10 volts 
with respect to the neighboring plasma. Experiment shows that when all elec- 
trons are repelled, the current flowing to a plane collector is independent of 
the applied voltage and thus is a true measure of J,. 

If the potential of a collector is raised gradually (that is, the negative po- 
tential is lowered) until it is no longer able to repel all of the electrons from 
the plasma, the collector current no longer remains constant, but decreases 
in magnitude from the value corresponding to I, because the collector is now 
receiving both positive ions and electrons. As the potential is raised still further, 
the current passes through zero and increases with the opposite sign. These 
increments of electron current afford a measure of the electron current density 
I, which is able to move against a negative potential applied to the collector. 
From Equation (18) it is seen that the logarithms of these values of J, vary 
linearly with the voltage V and that the slope of the line obtained by plotting 
In I, against: V gives e/kT, = 11,606/T,. 

Experiments under a wide variety of conditions yield semilogarithmic plots 
which are straight over a range covering a 1000-fold increase in J,. It has been 
established by these plots that the electrons in a plasma usually have a Max- 
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wellian distribution of velocities; moreover that this distribution is maintained 
in spite of the fact that the walls constantly remove the faster electrons, so 
that the equilibrium when disturbed must be re-established with surprising 
rapidity. In a mercury arc the electron temperatures T, given by the slope 
of these semilogarithmic plots decrease markedly as the mercury-vapor pres- 
sure is raised, but are nearly independent of the arc current. The average values 
are as follows: 
Pressure (mm) 1, (deg K) 


0.0008 25,000 
0.0028 18,500 
0.025 8900 


If the collector potential is raised to a point where it becomes equal to that 
of the plasma, the positive-ion sheath disappears and the electron currents that 
are received by the collector are about 400 times greater (for mercury vapor) 
than the steady positive ion currents J, obtained at large negative voltages. 
Up to this voltage the semilogarithmic plots of J, are straight. If the collector 
voltage is raised above this point, however, J, tends to remain constant, for 
the collector is receiving all the electrons which are flowing toward it in the 
plasma. The effect of raising the voltage above this point is merely to push 
back the positive ions in the plasma and cause an electron sheath to develop 
over the collector in which the flow of current is unipolar and the thickness 
of the sheath can be calculated by the space charge Equation (2). The voltages 
cannot be raised very much, however, without accelerating the electrons in 
this electron sheath to such an extent that additional ionization occurs and 
then the electron sheath breaks down and much larger currents can flow to the 
collector. : 

It is, however, a characteristic feature. of these volt-ampere characteristics 
of a collector that there is a relatively sharp kink in the plot of In J, against V 
when the collector is at the same potential as the plasma. The position of the 
kink affords an accurate determination of the space potential. 

By such studies of the current-voltage curves of collectors placed within 
a plasma, it is thus possible to determine the values of n,, ,, T, and the space 
potential. I have explained particularly the use of plane collectors on the wall 
of the tube but the theories and experiments have covered also the use of cylin- 
drical and spherical collectors placed within the plasma. The flow of ion or 
electron current to the collector is related to the voltage drop through the sheath 
and the sheath thickness by space charge equations such as Equations (2) and (4). 
A hot tungsten filament used as cathode in a discharge tube is also covered 
by a positive-ion sheath of thickness determinable by the space-charge equa- 
tions. If the cathode is heated to high temperature and if the circuit connected 
to the tube limits the current through the discharge to a value less than the 
electron emission of the cathode, then the potential gradient at the cathode 
surface becomes zero. The cathode sheath is thus a double sheath having an 
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inner electron and an outer ion sheath. This case corresponds exactly to the 
bipolar space-charge problem which we have already considered; the electron 
current that can flow is definitely related to the rate at which ions reach the 
outer boundary of the cathode sheath. The cathode drop in potential adjusts 
itself to a value which will supply the necessary number of ions. 


Determining Values of Fundamental Factors 


By the methods outlined in this article it has been possible to determine 
the values of all the fundamental factors which characterize a low-pressure 
arc, such as that produced when a current of 0.1 amp or more passes through 
a long tube containing mercury or neon at low pressures. For example, we 
may calculate the electron concentration m, at the axis, the electron tempera- 
ture T,, the positive-ion current density reaching the wall, the rate of pro- 
duction A of ions per second by each electron, and the potential gradient along 
the axis of the tube. To determine these five quantities we need five equations, 
but as our theory supplies us with five equations the problem of the nature 
of the arc is solved at least in principle. 

From the foregoing theory of the low-pressure arc, the ratio of the drift 
current to the random current has a definite value under any given set of con- 
ditions, this ratio being uniform along the length of the arc. 

If there is an arc in a tube which varies gradually in cross-section along 
its length, the drift-current density J, must vary in inverse proportion to the 
cross-section of the tube since the total drift current must remain constant. 
Similar changes must occur also in the random current J,. At any point where 
there is a sudden change in diameter of the tube, there will therefore be diffe- 
rences in the values of n, between adjacent points which will require, in accord- 
ance with the Boltzmann equation, corresponding differences of potential. 
If, at the cathode end of a constriction of the tube, the random-current density 
of electrons moving towards the constricted area is not sufficient to carry the 
drift current into this region, an increased potential gradient will occur near 
the constriction, the electrons being accelerated to a velocity which causes 
them to produce new ions. There will thus be formed a double layer or double 
sheath across the arc in which there is a potential drop corresponding roughly 
to the ionizing potential. This causes a luminous appearance in the tube which 
resembles that at the head of the positive column of a typical low-pressure 
gaseous discharge. 

At the anode end of the constriction, the electron concentration in the nar- 
row part is several times greater than that in the larger part next to it. In accor- 
dance with the Boltzmann equation, therefore, a retarding field of several volts 
will be set up, corresponding to this difference of concentration. Because of 
the surplus of high-speed electrons in this region, more than are needed to 
preserve the normal ratio J,/I,, there will be a tendency for the electron tem- 
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peratures to decrease in this region and less ionization will occur so that there 
will be less luminosity. This region therefore will appear as a dark space. It 
is believed that this is entirely analogous to the Faraday dark space in ordinary 
discharges. In fact, dark spaces of this kind can be easily produced artificially 
at any point by allowing electrons to be emitted from a negatively charged hot 
filament introduced into the plasma. The Faraday dark space, therefore, may 
be looked upon as a region in which the ratio J,/J, has less than the normal 
value needed to maintain a positive column. 

The cathode, or Crookes, dark space in a typical low-pressure discharge 
between cold electrodes is merely a positive-ion sheath in which the electrons 
from the plasma are repelled from the negatively charged cathode. The space 
charge equations apply, however, only roughly to this cathode dark space because 
the ions do not all originate at the edge of the dark space, but many are produced 
within the sheath itself by the high-speed electrons coming from the cathode. 
The fact that an appreciable part of the current is carried by these electrons 
also prevents the accurate application of the space charge equations. 

The cathode glow marks a region where the electron concentration is large 
and the electron temperature T, is high because of the presence of many high- 
speed electrons arriving from the cathode. Because of this excess ionization 
the ratio J,:I, is abnormally small and therefore the cathode glow is followed 
by the Faraday dark space. When this ratio has fallen just below its normal 
value, there is no longer a sufficient production of ions to satisfy the plasma-ba- 
lance equation. This results in the production of a field at the head of the po- 
sitive column which accelerates electrons and produces the required number 
of ions. If more than enough ions are produced than are required to satisfy 
these equations, a striated discharge results and we have a succession of Faraday 
dark spaces alternating with heads of positive columns. If, however, the condi- 
tions are such that at the head of the positive column the number of ions pro- 
duced as a result of the double sheath conforms more nearly to the require- 
ments of the equations, then a uniform positive column results. 

If the anode is of large size so that its area multiplied by J, is greater than 
the drift current, there will usually be a slight negative anode drop of a volt 
or so. If the anode, however, is of very small size so that the random current 
striking it is not sufficient to carry the current required by the external circuit, 
then there exist conditions similar to those occurring at the beginning of a stria- 
tion, namely, a double sheath must form and a second plasma will form within 
the first. This will produce an anode glow in the form of a more or less spheri- 
cal region of glow attached to the anode. These concepts involving the ratio 
I,:I, thus help to explain, at least qualitatively, the most important characteristics 
of typical low-pressure discharges. 

I have attempted, in this article, to outline the fundamental principles of 
pure electron discharges and of discharges in gases at low pressures. These 
studies have served as the basis for the development, in our laboratory and 
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elsewhere, of various technically useful devices such as the Tungar rectifier, 
the Thyratron tube, and the Phanatron tube. These devices are able to carry 
large currents at low voltages because of the presence of a plasma in which 
space charge is nearly absent. In the Thyratron tube the plasma is formed 
and disappears again during each cycle of the alternating current which is con- 
trolled. Dr. A. W. Hull has published several papers describing these devices. 
The development has involved the construction of special cathodes, anodes, 
and grids very different from those that are suitable for pure electron discharges. 
The circuits required for the proper utilization of these new tubes are also quite 
different from those used for electron tubes. 

Because of their extent, these many new developments cannot be described 
in this article but it is hoped that the explanation which has been given con- 
cerning the theory of gaseous discharges will assist in understanding the beha- 
vior of these interesting devices. 


Google 


ELECTRICAL DISCHARGES IN GASES 


With Kart T. Compton as co-author 
Review of Modern Physics 
Vol, II No, 2, April (1930). 


PART I. SURVEY OF FUNDAMENTAL PROCESSES 


As A RESULT of continuous intensive investigation of the properties and pheno- 
mena of ionized gases during the past thirty years, it is likely that most of the 
fundamental elementary processes occurring in gas discharges are now reco- 
gnized. The great problem at present is to analyze the complex phenomena 
so that they can be quantitatively described in terms of these fundamental 
processes in every region of each one of the widely differing types of gas dis- 
charges. These fundamental processes are classified and described briefly in 
this article. Some of them will be discussed more in Part II, which will deal, 
primarily with a study of gas discharges themselves. In the present discussion 
particular attention is given to those aspects of the subject which are still 
rather obscure, and some phenomena which are very important are not discussed 
in such detail because they are quite familiar and generally understood. In 
every case, however, an attempt is made to give such references to the literature 
of the subject as will enable an interested reader easily to make his own more 
intensive study. 


A. Production of Electrons and Ions in Gases 


(1) Ionization by electron impact, originally suggested by Townsend, 
appears to be of first importance in nearly all gas discharges. In order to ionize 
any normal gas molecule,* the impacting electron must possess kinetic energy 
in excess of a certain minimum amount which is characteristic of each parti- 
cular type of gas molecule. This minimum energy is usually specified as the 
Minimum Ionizing Potential* of the gas, since it is usually measured in terms 

1 Townsend, Phil. Mag. 1, 198 (1901); Electricity in Gases, Chap. VIII (Oxford, 1915). 

* The term “molecule” is here used in its original sense, including monatomic as well as 
polyatomic molecules. 

* For methods of determining ionizing potentials and their values see Compton and Mohler, 
Critical Potentials, National Research Council Bulletin No. 192; Franck and Jordan, Anregung 
von Quantenspriingen durch Stésse, Springer, 1926; Geiger and Scheel, Handbuch der Physik 23 
(1927); Bloch, Jonization et Resonance des Gas et des Vapeurs, Société Francaise de Physique, 
1925; Mohler, “Critical Potentials of Atoms and Molecules”, Int. Critical Tables 6, 69-74 (1929). 
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of the potential difference V, through which an electron must move in order 
to acquire this minimum ionizing energy. There are also higher ionizing po- 
tentials corresponding to the removal of two electrons simultaneously, or to 
the removal of a second after the first had previously been removed, or to the 
removal of one of the more deep-seated electrons from the molecule. Since 
the minimum energy required to remove an electron from a molecule is the 
same, whether this energy be supplied by an impinging electron (impact ioni- 
zation) or by absorption of radiation (photo-ionization), we can equate these 
energies giving 
eV, = hy, 


where », is the convergence frequency of the spectral absorption series. This 
relation, whose proof and applications were so actively pursued by physicists 
between five and ten years ago, is now so well understood that no further discus- 
sion of it need by given here. 

The probability of ionization of a gas molecule by an electron impact® appar- 
ently increases from zero approximately linearly with increase in energy of 
the impacting electron from the minimum ionizing energy up to about twice 
this energy, and then more slowly. The experimental determination of this 
probability involves measurement, first, of the number of new ions formed per 
unit path by an electron of given energy and, second, of the measurement of the 
total number of collisions made per unit path by the electron. As we shall see, 
this latter quantity is not easy to measure nor even to define accurately. Thus 
while it is often convenient to know approximately the probability of ioniza- 
tion at an impact, it is simpler for purposes of the theory of gas discharges to 
deal directly with the more accurately determined quantity, the number of 
new electrons produced by ionization per unit path at a specified gas pressure 
by an electron of given energy. This may be called the probability of ionization 
per unit path at unit pressure® 

If the energy of the impacting electron exceeds the amount necessary to 
disengage two or more electrons from the molecule, then it is necessary to 
consider the nature of these products of ionization, #.e. whether they are singly, 
doubly, triply, etc., ionized. This was first done by Smyth,” and very recently 


* Compton and Van Voorhis, Phys. Rev. 27, 724 (1926) give values for a number of gases 
up to 400 volts. Jones, Phys. Rev. 29, 822 (1927) and Bleakney, ibid. 35, 139 (1930) give values 
for Hg vapor. Buckmann, Ann. d. Physik 87, 509 (1918) gives values for air up to electron energies 
of 25,000 volts. Penning, Physica 6, 290 (1926) shows that, if actual experimental values of the 
numbers of electron collisions are used in computing the probability, then the probability of 
ionization at a collision is found for a number of gases to be about the same function of the electron 
energy, if the unit of energy for each gas is taken to be its minimum ionizing energy. 

This is contrary to conclusions drawn by von Hippel, Ann. d. Physik 87, 1035 (1928) whose 
results seem impossible to reconcile with those of other observers and whose method of measu- 
rement seems to have allowed some unsuspected complicating factor to play an overwhelming 
role. See also, however, Funk, Ann. d. Physik 4, 149 (1930). 
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by Bleakney,? who has determined also the probability of production of each 
of the various types of Hg ions as a function of the energy of the impacting 
electrons. These results are shown in Fig. 1. 

The method by which the values of P in Table I were found is such that 
a doubly-ionized molecule would be recorded as two single ions, a trebly-char- 
ged molecule as three ions, etc. To the extent to which multiple ionization 





Electron Velocity (volts) 


Fic. 1. Number of Hgt, Hg*+, Hg*+, Hg“+ and Hg'+ ions per cm path per mm 
pressure at 0°C. To the right is the effective cross-sectional area for ionization 
of a Hg atom. 


occurs by single electron impacts at the higher voltages, the values in Table I 
are in error if considered in connection with any theory of ionization by impact. 
For such considerations, separate measurements of single and multiple stages 
of ionization are desirable, as attempted by von Hippel, and achieved by Bleak- 
ney. But there is high probability that a multiply-charged ion, at a collision 
with a neutral molecule, robs an electron from the molecule, so that very quickly 
the state is reached in which the multiply-charged ions are replaced by singly- 
charged ions of equivalent total charge. Furthermore, since the probability 
of forming original multiply-charged ions appears always to be less than that 
of forming singly-charged ions, it would seem justifiable to take values of P 
such as those in Table I to be correct if considered in connection with theories 
of gas discharges, for here it is the total rate of production of ions which is of 
interest. 

The impacting electron and the new electron formed in an ionizing collision 
may in subsequent collisions with gas molecules produce new ions. When 
the free paths of the electrons are small compared to the dimensions of the 
gas space, or where the boundaries are negatively charged so that the electrons 
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Tazz I 
Ionization of Gases by Electron Impact 

V, = minimum ionizing potential. 

P(V) = probability that an electron with V volts energy will ionize a gas molecule in 1 cm 
path at 0.01 mm pressure at 28C 

C = constant in equation P(V) = C(V—V;), which holds rather accurately in the range 
V, to 2V;. Most of the ionization by direct electron impact in gas discharges occurs within this 
range except in cases of very high voltage and low gas pressure. 





Gas v. | Peo | Peo | P50) | Pro | P00) | Cc 
Cs 3.88 volts 

K 4.32 

Na 5.12 

Hg 10.39 0.067 0.146 0.195 0.213 0.193 0.00753 
He 24.53 0.000 0.002 0.009 0.016 0.018 0.00039 
Ne 21.47 0.000 0.003 0.010 0.026 0.035 0.00037 
A 15.69 0.017 0.052 0.093 0.112 0.094 0.00365 
*H, 15.84 0.006 0.021 0.033 0.038 0.032 0.00156 
°N, 16.34 0.004 0.028 0.072 0.101 0.101 0.00223 





* In the case of polyatomic gases the minimum ionizing potential is not as sharply defined 
as in monatomic gases, because there is a probability that the molecule will suffer a change 
in nuclear separation simultaneously with its ionization. This probability can be calculated by 
the quantum mechanics,* and the probability of a large change is found to be small. The 

xperimental values given are therefore sufficiently accurate for ordinary purposes. 


continue to ionize until their energies fall below the ionizing potential, the 
total number of ions produced by each primary electron becomes independent 
of gas pressure.” Recently-improved methods for measuring this total ionizing 
power of electrons of various energies have been developed which yield values 
somewhat larger for He and smaller for other gases than were given by earlier 
work.® Some of these values are given in Table II. 

If the impacting electron has more than the minimum amount of energy 
required to ionize the molecule, the excess of energy must be retained by the 
impacting electron, or transferred to the ejected electron, or used in exciting 
or further ionizing the ion, — or to any combination of these. From the laws 
of momentum transfer it is obvious that the energy transformed into kinetic 


* Compton and Van Voorhis, Phys. Rev. 27, 724 (1926). Jones, ibid. 29, 822 (1927), who 
used a method for the lower voltages superior to that of Compton and Van Voorhis in insur- 
ing more uniform energies of the ionizing electrons, obtained values of P for Hg similar to 
those of Compton and Van Voorhis, but approximately 25 per cent larger at the lower values 
of V. This suggests that perhaps the constant C should be about 25 per cent larger than shown 
in Table I for all the gases. The values above 100 volts are probably quite accurate. 

* © Condon, Phys. Rev. 32, 858 (1928). 

7 Langmuir and Jones, Phys. Rev. 31, 402-3 (1928). 

* Johnson, Phys. Rev. 10, 609 (1917); Lehmann and Osgood, Proc. Roy. Soc. A115, 609 
(1927). 
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energy of the ion will be insignificant. There is evidence that the excess energy 
is not retained wholly by the impinging electron but may be shared in any 
Proportion between the two electrons,® though there is some indication that 
its even distribution between them is considerably less probable than the reten- 
tion of most of it by one or the other.!? 


Tasxe II 
Total Ionizing Power of Electrons.’ Ions per Primary Electron of V Volts 





Gas | V = 30 | 50 | 75 100 | 150 | 0 
He 1.2 2.9 

Ne 1.2 2.0 

Ar 0.45 0.9 1.6 2.2 

H, 14 2.8 
N: 13 1.6 

Hg 1A 14 2.7 5.3 





The immediate products of such ionization are the ejected electron and a 
positive ion which is simply the original molecule minus an electron.“ In many 
polyatomic molecules the internal energy of this ‘‘primary” ion is greater than 
that of its dissociated products, so that it may split up into a positively charged 
and one or more neutral ‘‘secondary” products of ionization. Generally this 
secondary transformation requires some external stimulus, such as a collision, 
even though it is energetically possible without external aid, but there are a few 
cases known where this dissociation, subsequent to ionization, follows spon- 
taneously and perhaps instantaneously.* This behavior subsequent to ioni- 
zation has been well explained" in terms of the relation between internal energy 
and nuclear separation of the atomic constituents of the neutral molecule and 
of the primary molecular ion, which relations can be found from a study of the 
band spectrum. In hydrogen, for example, the primary product of ionization 
is Hj.’ If the gas pressure is such that these ions collide with molecules, they 
tend to dissociate or to associate into H++-H or H+ +H, the relative amount 
of Hj being greater if the effective temperature (mean kinetic energy) of the 
ions is low. It was formerly thought that polar molecules always dissociated 


* Eldridge, Phys. Rev. 20, 456 (1922); Langmuir and Jones, Phys. Rev. 31, 385-7 (1928). 

1 Harnwell, Phys. Rev. 34, 661 (1929). 

4 Smyth, Proc. Roy. Soc. A102, 283 (1922); A104, 121 (1923); Phys. Rev. 25, 452 (1925); 
Hogness et al., Phys. Rev. 26, 44, 284 (1925); 30, 26 (1927); 32, 784, 936, 942 (1928). 

%* Hogness et al., Phys. Rev. 32, 784, 936, 942 (1928); Kallmann and Rosen, Zeits. f. 
Physik 58, 52 (1929). 

4 Franck, Tyans. Faraday Soc. 21, part 3 (1925); Condon, Phys. Rev. 28, 1182 (1926); 
32, 858 (1928); Winans and Stueckelberg, Proc. Natl. Acad. Sci. 14, 867 (1928); Condon and 
Smyth, ibid. 14, 871 (1928). 

1 Hogness and Lunn, ibid. 26, 44 (1925). 

™ Brasefield, Phys. Rev. 31, 52 (1928). 


Google 


208 Electrical Discharges in Gases. I. Survey of Fundamental Processes 


into positive and negative atom-ions upon ionization, because the ionizing 
potentials of the halogen halides could be accurately calculated from a thermo- 
dynamic cycle based upon this hypothesis.* This is now known to have been 
a fortuitous agreement. In HCl, for example, the primary product of ionization 
is HCl+, and there appear to be no secondary products.!” 

(2) Photo-tonization may occur if the normal molecule is exposed to radia- 
tion of frequency greater than the value of », in the relation ho, = eV,. The 
probability of such ionization is proportional to the radiation density and varies 
with frequency. Quantitative experimental studies are extremely difficult be- 
cause, except in the case of the alkali metal vapors, the effective radiation lies 
too far in the ultraviolet to permit easy estimation of radiation intensities. With 
light of this spectral region, moreover, photo-electric emission of electrons 
from the walls of the apparatus masks the gas ionization unless special precau- 
tions are taken. 

The probability B, of photo-ionization may be defined as the probability 
that an atom, exposed to unit density of radiation of frequency », will be ionized 
within unit time. All theories agree in predicting that this probability is maxi- 
mum for radiation at the arc series limit, of frequency »,, and decreases rapidly 
with increasing frequency. In general the experiments confirm this. For very 
high frequencies (X-rays) there is the well-known Owen’s law, according to 
which the absorption coefficient of a substance is inversely proportional to 
the cube of the frequency. Since the energy absorbed in any absorption act 
is hy, we see that Owen’s law may be stated in the form: ‘‘the probability of 
an absorption act varies inversely as the fourth power of the frequency.” Since 
absorption produces photo-ionization, Owen’s law is equivalent to 

B, = Cv-4, 

By the statistical principle of detailed balancing, there is derived a relation’® 

vy, 


B, 
aa const —; (1) 





between B, and the effective cross-section of the atom for recombination q, 
(which is equal to the electron velocity » times the coefficient of recombination 
a of an ion and an electron of velocity » to form the atom). But the effective 
recombining cross section g, is not known experimentally with accuracy (see 
section C2) and theories regarding it are not sufficiently developed to be strictly 
applicable. Milne! assumed that the probability that an electron will be cap- 
tured by an ion varies inversely as the square of their relative velocities, i.e. 
that g,a ‘‘varies as” 1/v*, which led directly to 
B, = C'v 

** Born, Verh. d. D. Phys. Ges. 21, 13, 679 (1919); Grimm, Zeits. f. Physik Chem. 102, 

113, 141, 504 (1922); Foote and Mohler, Origin of Spectra, Chap. VIII (Chem. Cat. 1922). 


17 Barton, Phys. Rev. 30, 614 (1927). 
%* Becker, Zeits. f. Physik 18, 325 (1923); Milne, Phil. Mag. 47, 209 (1924). 
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since mv? = h(y—y,) (see Eq. 65 in section C2). This assumption is justifi- 
able as an approximation, for Milne shows that it is the asymptotic form of 
b, as the relative velocity approaches zero. Morse and Stueckelberg’? have 
recently proved this also by wave mechanics and have, moreover, shown how 
q varies in general with velocity for various states of the hydrogen atom. These 
latter expressions, while exact, have thus far proved too complicated to permit 
of expression in form suitable for substitution in Eq. (1). Thus even the simplest 
case, that of hydrogen, has resisted exact solution. Kramers® derived Owen’s 
law. Becker'® assumed that g, varies with velocity in the same way that the 
probability that a canal ray robs an electron from a neutral molecule is found 
to vary with their relative velocity*! and obtained from Eq. (1) 


___ const (v—»,)* 
ae a q 


which is inapplicable for » >», but reduces for » close to », to 


const 
oO Gaye ®) 

By methods of the recent quantum theories Suguira, Oppenheimer and 
Reiche have derived expressions® for the case of a hydrogenic atom in which 
B, varies as 1/r5, 1/r*3, 1/r5 respectively. Obviously the situation on the theore- 
tical side is far from solved with any degree of assurance. 

On the expermental side, recent very careful work** shows conclusively 
that photo-ionization in vapors of calcium and rubidium agrees well with Eqs. 
(2 and 3), and not at all with any of the other equations, Even in these cases 
only relative values for different frequencies are known. In the case of potassium 
vapor * all results to date are in serious conflict with all the above theories, 
although this may be due to a complicating contribution of K, molecules to 
the observed ionization. 

Thus although it is observed in these vapors and some others,** we are 
as yet unable to estimate with confidence the role of photo-ionization in gas 
discharges. It is generally believed, however, that the absolute magnitude of 
photo-ionization is generally very inferior to that of ionization by electron 
impacts. 


1® Morse and Stueckelberg, to appear in Phys. Rev. 

*° Kramers, Phil. Mag. 46, 836 (1923). 

™ Rickhardt, Ann. d. Physik 71, 377 (1923); Zeits. f. Physik 15, 164 (1923). 

® Suguira, ¥. de Phys. 8, 113 (1927); Oppenheimer, Zeits. f. Physik 41, 268 (1927); Reiche, 
ibid. 53, 168 (1929). 

** Kunz and Williams, Phys. Rev. 22, 456 (1923); Foote, Mohler and Chenault, ibid. 27, 
37 (1926); Lawrence and Edlefsen, ibid. 34, 233 (1929). 

™ Williamson, Proc. Natl. Acad. Sci. 14, 793 (1928); Lawrence and Edlefsen, Phys. Rev. 
34, 1056 (1929). 

* Mohler, Phys. Rev. 28, 46 (1926). 
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It should be stated that some photo-ionization has been found in mercury** 
and alkali metal vapors®’ for radiation of frequency less than the limit »,, — par- 
ticularly for radiation belonging to the line absorption spectrum. This is un- 
doubtedly due to cumulative effects involving two or more contributions of ener- 
gy. However, this effect seems to be larger than can be accounted for by any 
of the proposed theories. 

A review of the subjects of Recombination and Photo-ionization has just 
been published by Mohler.?” 

(3) Cumulative ionization refers to ionization-in two or more stages. This 
may be accomplished in a variety of ways. By electron impact or by light absor- 
ption a molecule may be excited to a state which falls short of complete ioni- 
zation. It will then revert to a state of lower energy either spontaneously and 
with the emission of radiation, or as the result of a subsequent collision in which 
the energy may be radiated, or transferred to the impacting molecule. Experi- 
ments show that ordinarily an atom or molecule, if undisturbed by collisions, 
remains in the excited state for a time interval of the order of 10-® sec.** If this 
state happens to be a ‘‘metastable” state, from which spontaneous escape by 
radiation is inhibited according to the ‘‘selection principles” of the quantum 
theory, the lifetime in this state is much longer. If the gas pressure is high so 
that molecular collisions are frequent, the life may be limited to the average 
interval before the next collision. But in any situation an excited molecule has 
a certain average period of existence denoted by t. If, while in this excited 
state, it is struck by another electron or absorbs more radiant energy, or collides 
with another excited molecule, it may acquire enough additional energy to 
complete its ionization. Successive impact, successive absorption, or a combina- 
tion of an absorption and an impact which may be termed photo-impact etc. 
denote the various ways in which this cumulative ionization may occur. 

The rate of cumulative ionization is obviously jointly proportional to the 
intensities of the contributing ionizing factors, and to the average lifetime r of 
the excited state. If the ionization is due entirely to current through the gas, 
the rate of two-stage cumulative ionization should be proportional to the square 
of the current, other factors being assumed constant. 

Except at the very lowest pressures, there are two phenomena which enhance 
the rate of cumulative ionization by increasing the concentration of excited 
molecules. The first of these is the strong absorption by the gas of the ‘‘reso- 
nance” radiation which arises when molecules revert from an excited state to 
the normal state. By this absorption other molecules are in turn excited, — and 
they in their turn will excite still others when they radiate their energy. In this 
way the energy is passed on from molecule to molecule, thus multiplying the 


%* Rouss and Giddings, Proc. Natl. Acad. Sci. 11, 514 (1925); 12, 447 (1926); Houtermans, 
Zeits. f. Physik. 41, 619 (1927); Foote, Phys. Rev. 29, 609 (1927). 

87 Mohler, Phys. Rev. Supp. 1, 216 (1929). 

28 Wien, Ann. d. Physik 60, 597 (1919); 73, 483 (1924). 
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chance that each quantum of energy may ultimately contribute to ionization. 
This passage of resonance radiation through a gas can be treated as a problem 
in diffusion?® by the equation 


[fk Mas [ffawae ow 


where a is the absorption coefficient for the radiation, t the average life of an 
excited state, N’ the concentration of excited molecules, n the normal to a sur- 
face element dS and R the total rate of production of new quanta of resonance 
radiation within the closed surface. The second phenomenon is the tendency 
of molecules in excited states to go into long lived metastable states as the result 
of collisions with other molecules. It is still uncertain as to which of these pheno- 
mena is the more important in the cumulative ionization of mercury vapor 
and the noble gases. In the vapors of the alkali metals, which have no meta- 
stable states, the first process alone can be effective. 


. Tasie III 
Average Life Times t of Some Excited Molecules*® 








\ 





Molecule | Excited to emit | Average life 
H | H, Hy or Hy 1.85(10)-* sec 
Hg | 1518, —2p*P,(2536) 9.7 
Hg | 2p*P, —2s8S,(4358) 1.81 
Na | 1:85,—2p"P, (aD, ») 3.70 
N | arc lines 9.33 
N | spark lines | 1.35 





The experimental values of Wien’s in Table III are not necessarily the true 
values of t characteristic of the excited states in question, since the conditions 
of the experimental measurements permitted also higher states of excitation, 
from which the lower states in question could be replenished in one or more 
stages. For example, hydrogen atoms excited to the fifth quantum state can 
emit H, by reversion directly to the second quantum state. But they may also 
revert successively to the fourth, third and second states, emitting H, in the 
last transition. In this case the value of t measured for H, would be the sum 
of z’s for the three transitions. Wien’s method gives a value of t which is 
a weighted mean of all such processes. The probabilities of the transitions 


*° Compton, Phil. Mag. 45, 570 (1923); Milne, ¥. London Math. Soc. 1, 1 (1926); Ze- 
mansky, Phys. Rev. 29, 513 (1926). Milne’s equation is more general than Compton’s Eq. 
(4) in that it is not limited in application to cases in which the dimensions of the apparatus 
greatly exceed the effective “free path” of the radiation. 

2° Wien, Ann. d. Physik. 60, 597 (1919); 73, 483 (1924); Kerschbaum, ibid. 79, 465 (1926); 
Dempster, Astrophys. Jour. 57, 193 (1923). 
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are such, however, that the experimental values are not greatly in error from 
such complications. Methods which are free from this complication can be 
used to determine the life times of some optically excited states.3 

Maxwell®? has measured t for lines of mercury atoms in various states of 
ionization and found values ranging between 10-® and 9(10)-? sec for lines 
of Hg II, Hg III, Hg IV, with a regular gradation of values which sug- 
gests that the mean life is longer for higher states of ionization. His calcu- 
lation of the mean life t of an excited state from the aggregate rate of its de- 
population leads to 


- 
r=( Sarr) 
nik 

where the summation is taken over all the states n’, k’ to which the state 
may change, A®’¥ being the transition probability of such change. This expres- 
sion, previously given by Tolman** and others, indicates that the same life 
should be found from measurements of all spectral lines originating from 
the same state. This expression also neglects the repopulation of the state in 
question from higher states. 

The average ‘‘natural” life times of metastable states are of a larger order 
of magnitude than those of other excited states. Saha and Kothari* derived 
the theoretical expression 


—_ 3c5m? 
~ wWehyy 

for the natural lifetime of a metastable atom whose ‘“‘forbidden” line has wave 
number ». For 4 = 10,000 A this leads to t = 0.15 sec. 

In actual experimental discharge tubes the lives of the metastable atoms 
are limited by collisions with the walls of the apparatus or with other mole- 
cules, so that the actual lifetime is a characteristic of the apparatus rather 
than of the atom itself. Under such conditions it is given by a relation 


Bs 
p 


1 
ner eg 

where p is the pressure and A and B involve effective collision radii, dimen- 
sions of apparatus, etc. The term A/p gives the rate of disappearance of meta- 
stable atoms at the walls of the apparatus and the term Bp gives the rate of 
disappearance within the apparatus. Couliette®* showed that metastable atoms 


1 Cario, Zeits. f. Physik 10, 185 (1922); Turner, Phys. Rev. 33, 464 (1924). 
** Maxwell, Phys. Rev. 84, 199 (1929). 

38 Tolman, Phys. Rev. 23, 693 (1924). 

% Saha and Kothari, Naturwiss. 17, 271 (1929). 
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of Hg diffuse through Hg according to the ordinary laws of gas diffusion, and 
as if the effective radius of a metastable atom is 1.5 times that of a normal 
atom. Much work has been done to discover the probability that a metastable 
atom will revert to the normal state as the result of collisions with other atoms 
or molecules. Apparently the most effective destroying collisions are those 
with molecules which can absorb the available energy by becoming themselves 
excited or dissociated, — such as dissociation of H, by metastable Hg. Dor- 
gelo* found metastable atoms of neon in neon to persist as long as 0.10 sec. 
A critical survey of recent work in this field, with an interesting theoretical 
analysis, has just been published by Zemansky.*” 

The concentration of metastable atoms in a discharge tube is very important 
to know, if they are active agents in ionization either of the gas or the elec- 
trodes. The only methods suitable for measuring this concentration are optical 
ones, based on absorption or dispersion,®* and these require extreme care in 
technique and interpretation. For neon in the positive column of glow dis- 
charges, Kopfermann and Ladenburg found the concentrations in the me- 
tastable states s,, s, and s, to be given approximately by 


aJ 
= Whe te) 


where J is the current density and a, b, ¢ are production and extinction 
factors which are independent of current but depend on pressure. For the 
state s, they give a = 3.5(10)", b = 0.365, ¢=1 with J in milliamperes 
per cm?*. It is thus obvious that the concentration of metastable atoms may 
be as large as (10), and therefore comparable with that of positive ions (as 
we shall see in Part II). 

(4) Ionization by positive ion impact is well known in the cases of a par- 
ticles and canal rays and has long been assumed*®® to occur to some extent 
with positive ions of much smaller velocity. Ions apparently begin to be very 
effective ionizing agents when their velocities are as large as those of electrons 
which have fallen through the minimum ionizing potential,“° which means 
Positive ions of energies corresponding to tens of thousands of volts. When 
their energies are much smaller, however, they become exceedingly ineffective, 


N, 


%8 Dorgelo, Physica, 5, 429 (1925). 

3* Meissner and Graffunder, “Metastable neon in neon”, Ann. d. Physik 84, 1009 (1927); 
in Hy, Ny, A, Eckstein, ibid. 87, 1003 (1928). Metastable Hg in Hg, Zemansky, Phys. Rev. 
29, 513 (1927); Coulliette, ibid. 32, 636 (1928); in N, Pool, Phys. Rev. 33, 22 (1929); Asada, 
Phys. Zeits. 29, 708 (1928). 

37 Zemansky, Phys. Rev. 34, 213 (1929). 

** De Groot, Zeits. f. Physik 55, 52 (1929); Kopfermann and Ladenburg, ibid. 48, 15, 26, 
51 (1928) (an excellent discussion of the general theory of dispersion). 

3® Townsend, Electrician, April 3 (1903); Electricity in Gases, Chap. 1X (Oxford 1915). 

«0 J.J. Thomson, Rays of Positive Electricity, 1st. ed. p. 36. 
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so that the ionization due to these impacts is masked by a variety of compli- 
cating secondary ionizing effects which are more or less inherent in any method 
of experimental investigation. As a result, our direct knowledge of this pheno- 
menon is very meager and much of the evidence is contradictory.“ 

In apparatus which could have detected about one ionizing act for every 
thousand primary positive ions, no evidence of ionization of hydrogen by 
sodium or potassium ions was found for velocities of the ions up to about 
1000 equivalent volts.“ In the noble gases, ionization by potassium ions could 
be detected at velocities as low as 100 volts, and the trend of values in this 
region indicated that the probability of ionization would fall, if not strictly 
to zero, at least to very much less than 0.1 per cent at velocities somewhat 
below 100 volts. The ionization of several gases by potassium ions at 750 volts, 
expressed as the number of ions formed per initial positive ion per cm path 
at 0.01 mm pressure, is: argon 0.00288; neon 0.00112; nitrogen 0.00124; 
air, 0.00098; hydrogen 0.0000. Perhaps the most nearly direct evidence of 
ionization at velocities as low as 40 volts is found in the excitation of mercury 
arc lines in mercury vapor bombarded by sodium ions,“ but quantitative 
conclusions cannot be drawn from this. Experimental difficulties have thus 
far made it impossible to draw any definite conclusions regarding the efficiency 
of ionization of molecules of a gas by ions of the same gas, except for showing 
that this efficiency is of a smaller order of magnitude than that of ionization 
by electron impacts. Direct experiments designed to discover the ionizing 
efficiencies of positive ions of energies in the range of those to be expected 
in arcs, sparks and glow discharges are very much needed. 


(5) Ionization by collisions of the second kind is ionization effected by 
a transfer of energy from an excited or ionized molecule to some other molecule. 
The prime requisite is that the energy available be adequate for the ionization. 
' The probability of this process seems always to be maximum if the available 
energy is just sufficient, and to decrease with excess of energy. Thus at con- 
tact, an ion of one gas may capture a neutralizing electron from a neutral mo- 
lecule of another gas of lower ionizing potential, thereby ionizing the latter, 
and at the same time the latter ion may also be raised to an excited state.‘ 
In these cases one type of ion is simply exchanged for another. But new 
ions also may be produced, as by the action of metastable helium atoms in 

“ Loeb, Science 66, 627 (1927). 

‘* Hooper, J. Franklin Inst. 201, 311 (1926). 

@ Sutton, Phys. Rev. 33, 364 (1929); Sutton and Mouzon, ibid. (in print). 

“ Tate, Phys. Rev. 23, 293 (1924). 


«© Harnwell, Phys. Rev. 29, 683, 830 (1927); Hogness and Lunn, ibid. 30, 26 (1927); Smyth 
erg, ibid. 32, 777 (1928). 


“© Duffendack and Smith, Naturv, May 21 (1927); Duffendack, Henshaw and Goyer, Phys. 
Rev. 34, 1132 (1929). 
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the 23S or 21S states (of 19.77 or 20.55 volts energy) in ionizing atoms of im- 
purities at contact (all requiring less energy). 

(6) Thermal ionization of a gas may be treated as a case of thermal dis- 
sociation in which the products are an electron and a positive ion, and the 
degree of ionization may be calculated as a function of the temperature T and 
pressure P of the gas by applying Nernst’s heat theorem. This idea has been 
applied with striking success to problems of ionization in stellar atmospheres 
by use of the so-called ‘‘Saha” equation and its successive refinements.“ 
There have been attempts to apply this equation to calculate the degree of 
ionization of gas in an enclosure,‘® but these are seriously wrong because of 
neglect of the very important part which may be played by emission of elec- 
trons from the walls of the enclosure. But a more general equation will 
apply equally well to a star or to a laboratory device, viz. 
nn, __ _S040V, 
ng T 





Logie + F logy T+ 15.385 (5) 
where n,, n, and n, are the numbers of electrons, positive ions and atoms, 
respectively, per cm’; V, is the ionizing potential of the gas in volts and 
T is the absolute temperature.®° In particular, Langmuir and Kingdon show- 
ed that the proportional ionization of caesium atoms incident upon a hot 
metal surface is a thermal ionization which may accurately be calculated by 
this equation. 


B. Liberation of Electrons and Ions from Electrodes 


All processes of emission from electrodes are greatly dependent on their 
surface condition as regards surface films of foreign metals or adsorbed gases. 
For this reason it is not certain how accurately experimental data from special 
studies of these processes can be carried over to the actual conditions in gas 
discharges. It is likely that this can be done at least to a first approximation, 
though it is desirable, from the standpoint of the theory of gas discharges to 
investigate as many of these processes as possible under the conditions which 
obtain in the discharge. 

(1) Thermionic emission of electrons is capable of yielding currents limited 
only by the temperatures to which the cathodes can be raised. At the melting 
point of tungsten, for example, the saturation emission is 480 amp./cm?. The 


“ Franck and Jordan, Anregung von Quantenspriingen durch Stésse, p. 119, Springer 1926. 
See also Penning, Zeits. f. Physik 57, 723 (1929), for the ionization of argon by metastable neon. 

“ Saha, Phil. Mag. 40, 472 (1920); Proc. Roy. Soc. 99, 135 (1921); Tolman, ¥. Am. Chem. 
Soc. 43, 1630 (1921); Russell, Astrophys. 7. 55, 119 (1922); Fowler and Milne, Monthly Notices 
Roy. Astr. Soc. 83, 403 (1933); Milne, ibid. 85, 111 (1924); 86, 8 (1925). 

“* Saha, Phil. Mag. 46, 534 (1923). 

*° Langmuir and Kingdon, Proc. Roy. Soc. 107, 61 (1925); Fowler, Statistical Mechanics, 
p. 281 (Cambridge 1929). 
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saturation current density j, is a function only of the temperature T and the 
nature of the metal as defined by a certain constant ® known as its ‘‘work 
function” and by another constant A: 


j= AT%eKT = AT%OF, (6) 


where, by putting ejk = 11,606 degrees per volt, we can express ®, in equiva- 
lent volts. This equation was originally derived by a thermodynamical argu- 
ment®! based on the assumptions: (1) that the potential energies of an electron 
inside and outside the metal surface differ by e®; (2) that e = e®,+ (3/2)kT, 
where %, is independent of temperature; (3) that the electrons outside the 
metal follow the gas law pu = nkT; (4) that all electrons striking a surface are 
absorbed by it. Of these, (2) results as an approximation from a consideration 
of the Thomson coefficient based on assumptions (1) and (3), (3) is based on 
the experimental fact that the emitted electrons posses a Maxwellian distribu- 
tion of velocities characteristic of the temperature of the emitting metal,® 
and (4) is known to be only approximately true, but the error thus introduced 
is probably nearly independent of temperature 7(see ref. 57 below). Direct 
experimental confirmation of the relation 


eb = eby+ (3/2)kT (7) 


is very difficult. Such evidence as is available suggests a relation of this sort 
but with a somewhat larger temperature coefficient. 

Subject to neglect of the contribution of electrons to the specific heat of 
a metal, to neglect of energy of surface charge, to acceptance of the Sakur- 
Tetrode chemical constant as the appropriate constant of integration for the 
Clapeyron equation and to assumption of zero reflecting power of all metals 
for electrons, it is predicted that A should be a universal constant™ of value 
A, = 60.2 amp./cm? deg’, and this seems to be the right value for a number 
of metals rather similar to tungsten. There is some evidence, however, that 
A is itself a function of ©), such as A = A, exp (ea/k), in which a is the 
negative temperature derivative of ©). For tungsten a = 0, for platinum 
a is positive and for thoriated tungsten it is negative. 

On the basis of Sommerfeld’s recent theory of metals,5* he and Fowler*’ 
have again derived Eq. (6), but with certain differences in interpretation. 


5! Richardson, Emission of Electricity from Hot Bodies, Chap. II (1916); Phil. Mag. 23, 
601, 619 (1912); ibid. 24, 740 (1912); ibid. 28, 633 (1914). i 

*? Richardson and Brown, Phil. Mag. 16, 353 (1908); (see also ref. 57 below). 

% Davisson and Germer, Phys. Rev. 20, 300 (1922). 

* Dushman, Phys. Rev. 21, 623 (1923); see also Richardson, Emission of Electricity from Hot 
Bodies, p. 39. 

*6 Du Bridge, Proc. Natl. Acad. Sci. 14, 788 (1928); Bridgman, Phys. Rev. 31, 90, 862 
(1928). 

5* Sommerfeld, Zeits. f. Physik 47, 1 (1928). 

5? Fowler, Proc. Roy. Soc. A117, 549 (1928); ibid. 122, 36 (1929). 
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Fowler finds A = 2A, (1—r), where the factor 2 enters because of the two 
possible orientations of the electron spin vector, and r is the fraction of the 
electrons, incident on the metal surface from a surrounding electron atmos- 
phere, which are reflected. On this theory, the variation in A for different 
metals is due to characteristic differences in this reflecting power r (a fact also 
recognized by Richardson). The experiments would support this theory if 
it could be shown that r = } for tungsten (for which A = A,), r< } for 
platinum and r > } for thoriated tungsten. There is some little experimental 
suggestion that r~ 3} for very slow electrons, but these experiments are 
subject to corrections which become very uncertain at low velocities. There 
are, furthermore, convincing theoretical reasons against assuming an apprecia- 
ble value of r for very slow electrons (see B 7). Thus Fowler’s theory cannot 
be said definitely to be supported by experiments on this point. Sommerfeld 
shows that the work function e® is the difference between the work required 
to take an electron out of the metal against the attractive forces at the surface 
and the contribution of the pressure of the conducting electrons within the 
metal toward overcoming these forces. 

Despite these uncertainties in interpretation, Eq. (6) is one of the 
most accurately verified equations in the whole field of physics, since it holds 
within the degree of accuracy with which temperatures can be measured 
throughout a current range of about a million-million-fold. Furthermore, 
there is no doubt about the essential correctness of the interpretation of ® 
as the work necessary to remove a unit charge of electrons from 
a metal. 

The more electropositive metals are characterized by smaller work func- 
tions and hence emit larger thermionic currents at any given temperature 
than do not electronegative metals. They are not, however, generally suitable 
for use as high temperature cathodes on account of their volatility. However, 
monatomic films of such substances on more electronegative metals adhere 
with remarkable tenacity and constitute convenient sources of low tempera- 
ture emission. The best known of these are thorium®® and caesium®® on tung- 
sten, which are typical of two methods of coating. 

Thorium films are produced by diffusion of metallic thorium toward the 
surface. This diffusion is particularly rapid along crystal grain boundaries 
but must occur also from the interior of crystals to these boundaries and 
probably also through the surface layer of crystals. This diffusion occurs at 
a convenient rate at about 2100°K, and proceeds until the surface is covered 
by a monatomic layer of thorium. Such surfaces can be operated to give 
thermionic emission of about 1 amp. per cm? at the maximum tempe- 


*8 Langmuir, Phys. Rev. 22, 357 (1923). 


‘* Langmuir and Kingdon, Science 57, 58 (1923); Proc. Roy Soc. 107, 61 (1925); Becker, 
Phys. Rev. 28, 341 (1926); 29, 364 (1927); Bell Tech, Lab. Reprint No. B-412, August, 1929. 


Google 


218 Electrical Discharges in Gases. I. Survey of Fundamental Processes 


rature at which thorium is not lost by evaporation faster than it is replaced 
by diffusion. 

Caesium films are produced by the deposit of caesium atoms from its vapor 
upon the tungsten surface. Its adherence up to temperatures as high as 900°K 
depends upon the fact that the ionizing potential of caesium atoms is less 
than the work function of tungsten, so that the tungsten robs the caesium 
atoms of their valence electrons when they strike the surface, and holds them 
on the surface as ions. If the temperature is raised high enough to evaporate 
them off the surface, they leave as ions so long as the work function of the 
surface exceeds the ionizing potential of the atom. If a metal of larger work 
function than tungsten is used, such as oxidized tungsten, the caesium adheres 
still more firmly and the maximum temperature at which emission can be 
obtained without loss of the film is raised. Similar effects are observed with 
vapors of rubidium and potassium. 

The degree of activation of such coated surfaces is conveniently expressed 
by a quantity 6, called by Langmuir ‘‘the fraction of the surface covered by 
adsorbed ions.” This is approximately a linear function, of the work func- 
tion so that 


6 = (9"—9)|(8"—9'), (7.5) 


where , ®’ and ®” are the work functions of the actual surface, of the 
most completely (effectively) coated surface, and of the clean surface, 
respectively.5#.5° 

In gases at low pressures these activated surfaces, such as those of thor- 
ium, are easily destroyed (knocked off) by positive ion bombardment when 
the anode voltage is raised above certain critical values.* 

The distribution of velocities of thermally emitted electrons is Maxwellian, 
and characteristic of the temperature of the emitting surface.** The mean 
kinetic energy of the electrons in equilibrium in a given volume is (3/2)kT, 
being (1/2)kT for each of the three dimensions. For the electrons which cross 
or are emitted from a surface the mean kinetic energy is still (1/2)kT for each 
of the two dimensions parallel to the surface, but the mean energy correspond- 
ing to the velocity component normal to the surface is kT, making a total of 
2kT for the mean energy of the emitted electrons, 

These energies may readily be expressed in equivalent volts defined by 
the relation 


Ve = kT. (8) 


© Killian, Phys. Rev. 27, 578 (1926). 

“ Kingdon and Langmuir, Phys. Rev. 22, 148 (1923); A. W. Hull, Trans. Amer. Inst. of Elec- 
trical Engs. 49, 753 (1928). 

* Richardson and Brown, Phil. Mag. 16, 353 (1908); Schottky, Ann. d. Physik 44, 1101 (1914); 
Jones, Proc. Roy. Soc. A102, 734 (1923); Germer, Phys. Rev. 25, 795 (1925). 
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Taste IV 
Some Thermionic Work Functions®* 

Metal | ®, (volts) Metal - , (volts) 

Hf | 5.09 | Th 3.35 

*Pt I 4.8—6.35 “Th 2.63 

Ww i 4.52 | -U 2.84 

Mo | 4.41 **Ce H 2.72 

Ta i 4.07 i **La 2.72 

Zr | 4.50 i ***B20 1.68-3.44 
°°Zr \ 3.15 BaO+SrO ! 1.51-1.89 

Cs | 1.81 C20 2.19 
**Cs | 0.72 MgO 1.02 











* Pt, perhaps because of its electronegative character, is extremely hard to free from hydro- 
gen and electropositive contaminants. It is only after the severest purification and degassing that 
the characteristic value 6.35 is reached. 


** Monatomic layers on tungsten. 
*** Values depend on treatment of the surface (flashing, bombardment, etc.). 


The value of e/k is conveniently expressed as 11,606 degrees per volt 
(10° x 1.5911 x 10-*9/1.3709 x 10). Thus the mean energy (2kT) of the 
electrons emitted at temperature T corresponds to V given by 


V = 2kT/e = 27/11,606 volts. (9) 


This mean energy corresponds to only 0.052 volt at room temperature 300°K, 
0.41 volt at 2400°K and 0.63 volt at 3655°K, the melting point of tungsten. 
The fraction n/n, of the emitted electrons which are capable of moving 
against a retarding field of V volts can be calculated from the Boltzmann 

equation® 
n|ng = e~VekT, (10) 


Thus, for example, only one out of a thousand electrons from a hot cathode 
at 2400°K can move into regions which are more than 1.43 volts negative with 
respect to the cathode. 

The heat of evaporation of electrons from a metal surface is the heat ab- 
sorbed in the process of emitting an electron. It is analogous to the latent 
heat of evaporation of molecules from a liquid surface and is due to the fact 
that only the fastest electrons in the metal are able to escape. It and its con- 
verse, the heat of condensation, have been measured for electrodes in high 


* Dushman, ref. 54; Dushman, Dennison and Reynolds, Phys. Rev. 29, 903 (1927); Du Bridge, 
Phys. Rev. 31, 236 (1928); Dushman, Int. Critical Tables 6, 53. 

 Birge, Phys. Rev. Supp. 1, 1 (1929). 

® Langmuir and Mott-Smith, Jr., Gen. Elect. Rev. 27, 449 (1929); Mott-Smith and Langmuir, 
Phys. Rev. 28, 756 (1926). 
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vacuum, and the ‘latter also for electrons received by the anodes in gas dis- 
charges.*? This heat of evaporation is found to be identical with the work 
function e®. The heat of condensation is perhaps the best way to determine 
the work function of an electrode in a neutral or ionized gas, since it may be 
measured without highly heating or otherwise influencing the electrode. With 
saturation emission the cooling effect due to loss of electrons increases expo- 
nentially with the temperature whereas the cooling due to conduction and 
radiation varies roughly as the first and fourth powers of the temperature, 
respectively. Hence at high temperatures the cooling effect due to thermionic 
emission may exceed that due to other causes. 

(2) Thermionic emission of positive ions consists usually in the emission 
of charged atoms of electropositive substances such as the alkali or alkaline 
earth metals which are present, either purposely or accidentally as impurities 
on the surfaces of more electronegative metals.** Alkali atoms do not evapor- 
ate as ions from surfaces of their own metal. They do evaporate as ions from 
surfaces of platinum, iron oxide, etc. It seems likely that here, as in the case 
of alkali metal films on tungsten,®* the criterion for evaporation as an ion is 
very nearly that the work function of the surface exceeds the ionizing poten- 
tial of the atom. When the surface conditions remain constant, this positive 
ion emission varies with temperature according to an equation similar to 
Eq. (6).°° 

Quite recently another type of positive ion emission has been found, in 
which the ions are charged atoms of the heated metal itself, and not impuri- 
ies. This is proved by measurement of their masses by a mass spectrograph. 
Wahlin”® first reported this type of emission and has found that these charac- 
teristic ions are emitted by chromium, molybdenum, tungsten, rhodium, 
ruthenium, tantalum and columbium. They were not detected from iron, 
nickel, cobalt, copper, silver, gold, iridium, platinum, zirconium, palladium 
or antimony. Manganese is doubtful. All these metals gave the usual alkali 
impurities when first heated. The first group only gave the characteristic ion 
emission which persisted after the impurities had disappeared with continued 
heating. 

L.P. Smith has investigated more extensively tungsten and molybde- 
num.” He finds these currents to vary with temperature according to an equa- 
tion of the general type of Eq. (6), from which he calculates positive ion 


** Richardson and Cooke, Phil. Mag. 20, 173 (1910); ibid. 21, 404 (1911); Cooke and Richard- 
son, ibid. 25, 624 (1913); Wehnelt and Jentzsch. Verh. d. D. Phys. Ges. 10, 610 (1908). 

* Schottky and Issendorff, Zeits. f. Physik 26, 85 (1924); Van Voorhis, Phys. Rev. 30, 318 
(1927). 

** Richardson, Phil. Mag. 16, 740 (1908); Proc. Roy. Soc. 89, 507 (1914); Davisson, Phil. Mag. 
23, 121 (1912); Barton, Harnwell and Kunsman, Phys. Rev. 27, 739 (1926). 

** Richardson, Phil. Mag. 4, 98 (1902); Kunsman, Proc. Natl. Acad. Sct. 12, 659 (1926). 

7 Wahlin, Phys. Rev. 34, 164 (1929) and unpublished data. 

1 L, P. Smith, Phys. Rev. 34, 1496 (1929); 35, 381 (1930). 
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work functions of ®,) = 6.55 volts for tungsten and 6.09 volts for molyb- 
denum. These values are much smaller than other estimates based on a simple 
thermodynamical energy cycle. Also the term corresponding to A in the equ- 
ation corresponding to Eq. (6) does not agree with its theoretical value unless 
these positive ions are assumed to have a reflection probability of about 0.99999 
if they strike the metal surface to condense upon it!! Hence it is obvious that 
the physical interpretation of this interesting type of emission is far from 
understood. 

It should be emphasized that these ‘‘characteristic ion” currents are ex- 
tremely small in comparison with other thermionic emission currents, For 
example measurements made in the Research Laboratory of the General 
Electric Company gave, from tungsten, about 5.4 (10)-° amp. per cm? at 
2500°K and about 1.4 (10)-* amp. per cm? at 2800°K. These values indicate 
that the rate of emission of these ions is far less than the rate of evaporation 
of neutral atoms. Thus there is only about one ion for every 2000 atoms at 
2500°K and about one for every 4200 atoms evaporating at 2800°K. One 
might suspect that this represents thermal ionization of the emitted metal 
vapor, but application of Eq. (5) shows that such thermal ionization would 
account for ionization of only about one in every million evaporated atoms, 
and is therefore quite inadequate as an explanation. Another suggestion is 
that such ion emission is causally related to the ionic nature of the metal lat- 
tice, but this is mere speculation at present. 

For many purposes an extremely useful source of positive ions is obtained 
from a hot filament of electronegative metal in the presence of a vapor whose 
ionization potential is less than the work function of the filament.5® For exam- 
ple, a tungsten filament at any temperature above 1200°K will send off as 
a positive ion every caesium atom which strikes it. In this way intense sources 
of positive ions can be obtained even though the vapor pressure of the source 
of these ions is so small that the vapor plays no detectable role in the discharge, 
except to supply these positive ions by contact with the filament. Such a source 
gives a current which is independent of the temperature of the filament, but 
is proportional to the pressure of the vapor.” 

(3) Photo-electric emission of electrons occurs if a metal is illuminated 
by radiation of frequency » greater than a threshold value » given by 

hy = e (11) 
where h is Planck’s constant and e® is the work done in removing an electron 
from the metal. ® is generally called the ‘‘photo-electric work function” of 
the metal. The number of electrons emitted per second is directly proportio- 


nal to the intensity of the incident radiation, but the velocities of emission 
are independent of the intensity. 





™ Bainbridge, Phys. Rev. 34, 752 (1929). 
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Velocities of emission of photo-electrons are distributed between zero and 
a definite maximum which depends only upon the frequency of the radiation 
and the work function of the metal, as given by Einstein’s well-known photo- 
electric equation” 


met, = eV = hye (12) 


which has been verified over the entire spectrum from near infra-red to X- 
rays.” In it, V denotes the smallest retarding difference of potential which 
prevents the fastest electrons from going from the emitting to the receiving 
electrode. The ordinary interpretation of this equation is that the electron 
aequires energy hy from the radiation and loses energy e® in escaping. 

Between zero and this maximum velocity there is a distribution of velo- 
cities such that the most probable energy is about half the maximum energy’> 
in the case of ordinary or ultraviolet light acting on metal surfaces. When 
the photo-electric emission is caused by X-rays, the larger portion of emitted 
electrons have energies close to the theoretical maximum. The great general- 
ity of the hy = energy relation suggests that those electrons which escape with 
less than the maximum energy must have lost the difference of energy at ato- 
mic encounters within the metal in the interval between acquiring the energy 
and escaping from the surface.7¢ 

Table V gives some typical data on initial energies of electrons, expressed 
in equivalent volts. 


TABLE V 


Maximum Emission Energies of Photo-electrons for Various 
Metals and Wave-lengths 

















Threshold V (volts) : 
Mos A 4000 | 3000 | 2500 | 2000 | 1000 
i 1 i | 

Pt”? (outgassed) 1995 | a —-{- 6.00 
Pt” (ordinary) 2880 Ze a 0.66 1.89 8.07 
W’® (outgassed) 2575 _ _- 0.14 1.37 7.55 
Hg” (liquid) 2735 ee lt 228 0.42 1.65 7.83 
Zn’ (ordinary) 3760 _ 0.83 1.65 2.88 9.06 
K*® (clean) 7000 1.32 2.35 3.17 4.40 | 10.58 
K* (sensitized hydride) 10000 1.85 2.88 3.70 4.93 | 11.11 





7 Einstein, Ann. d. Physik 17, 145 (1905). 

™ Richardson and Compton, Phil. Mag. 24, 575 (1912); Millikan, Phys. Rev. 7, 355 (1916); 
Duane and Hunt, ibid. 6, 166 (1915); Webster ibid. 7, 599 (1916). 

7 Richardson and Compton, Phil. Mag. 24, 575 (1912). 

7 Richardson, Proc. Roy. Soc. A94, 269 (1918). 

77 Du Bridge, Phys. Rev. 31, 236 (1928). 

78 Warner, Proc. Natl. Acad. Sci. 13, 56 (1927). 

7 Kazda, Phys. Rev. 26, 643 (1925). 

8° Richardson and Young, Proc. Roy. Soc. A107, 377 (1925). 
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On the basis of apparent discrepancies between contact difference of po- 
tential and difference between work functions of two metals Millikan at one 
time held that thermionic electrons originate as free or conducting electrons 
in a metal and that photo-electrons are originally bound electrons in the metal- 
lic atoms." This view was supported by the fact that temperature has very 
little effect on photo-electric emission® (unless the physical condition of the 
surface is affected by temperature changes®*). Later the above discrepancies 
were found to be due to complications in the interpretation of the contact 
difference of potential measurements, and the original conclusion of Richard- 
son and Compton,” in regard to the identity of contact difference of potential 
and difference of work functions of pure metals, has been well confirmed. 
(Complications, which are discussed later, cause departures from this identity 
in the case of metals with composite surfaces.) Furthermore, Sommerfeld’s 
theory of metals® explains the independence of photo-electric effect with tem- 
perature. Thus there is no present reason for not supposing that the same 
group of electrons in the metal contribute to thermionic and photo-electric 
emission. 

It it true that photo-electrons have been observed, which come from the 
deep interior of atoms as ‘‘bound” electrons under the influence of X-rays 
or y-rays. For these the values of ® in Eq. (12) include the binding energies 
of the electrons in the various ‘‘shells” in the atoms, and indeed Eq. (12) 
gives a good method of measuring these energies.** It is doubtful, however, 
whether such energies play any appreciable role in the phenomena of gas 
discharge. 

For a time it was thought that evidence had been found for ‘‘cumulative” 
photo-electric emission®™ in that, at frequencies less than the ordinary thresh- 
old ¥, there was feeble emission in which the maximum velocity appeared to 
be given by Einstein’s equation (12) with 2hy instead of hv», but this is now 
found to be due to the remarkable effect of even small accelerating fields in 
decreasing the apparent work function of activated surfaces, as will be dis- 
cussed further in the following section (B 4). 

The total photo-electric emission, besides being proportional to the light 
intensity, is a function of the metal and of the frequency. The more electro- 
positive metals are the more sensitive. The sensitivity appears in general to 
increase, with increasing frequency of radiation, from zero at ») to a maximum 
at v = 3y,/2 after which it decreases, but rises to one or more maxima at still 


"! Millikan, Phys. Rev. 7, 18 (1916); ibid. 18, 236 (1921). 

* Millikan and Winchester, Phys. Rev. 24, 16 (1907); Burt, ibid. 24, 207 (1924); Koppius, 
ibid. 18, 443 (1921); Nielson, ibid. 25, 30 (1925). 

* Ives and Johnsrud, ¥. Opt. Soc. Am. and R. S. I. 11, 565 (1925). 

De Broglie, Your. d. Phys. et le Rad. 2, 265 (1921); Robinson, Phil. Mag. 50, 241 (1925); 
Ellis, Proc. Camb. Phil. Soc. 22, 369 (1924). 

** Nottingham, Phys. Rev. 33, 633 (1929). 
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shorter wave-lengths.*° Any maximum in the light absorption for a given 
frequency would give rise to a maximum in the photo-electric emission, but 
at least the first maximym seems not to be thus explained. The only theory 
of total emission as a function of frequency, which is by Richardson,®’ seems to 
be dimensionally correct and predicts the maximum of sensitivity at 3»,/2, 
but it has not been proved to be correct in detail. 

The complete photo-electric emission under the influence of black body radia- 
tion has been shown theoretically®* and experimentally*® to vary with the black 
body temperature according to an equation similar to Eq. (6) for thermionic 
emission. This suggested the attractive hypothesis that thermionic emission 
is simply the photo-electric emission due to the radiation density within the 
hot metal, integrated over the complete spectrum and throughout the body 
of the metal. Quantitative test is very difficult, owing perhaps principally to 
uncertainty regarding the depth within the surface from which photo-electrons 
can emerge. The best estimates place the integrated photo-electric emission 
at about 5000 times less than the thermionic emission,” this difference being 
attributed to the factor A of Eq. (6). 

Experiments on the photo-electric effect from thin films of metal on quartz 
have shown that photo-electrons may escape from depths of several atomic 
diameters within the surface of the metal.*! The average distance which an 
electron may move in the metal without losing its ability to escape appears 
to be about 2.7 (10)-? cm in platinum and 5.0 (10)-? cm in gold, and the 
probability of going a given distance without losing ability to escape falls off 
exponentially with the distance. 

Finally, mention must be made of the selective photo-electric effect which 
is found with electropositive metals and usually when the electric vector in 
the incident radiation has a component normal to the surface of the metal. 
It appears as an increased sensitivity reaching a maximum at the same fre- 
quency v = 3+,/2 discussed above as the region of maximum photo-electric 
sensitivity. It was formerly thought to depend on some different mechanism 
from that of the normal photo-electric effect, but it is now believed to be iden- 
tical in nature, and to exist in virtue of selective absorption in this spectral 


** Compton and Richardson, Phil. Mag. 26, 549 (1913); Richardson and Rogers ibid. 29, 
618 (1915); Richardson and Young, Proc. Roy. Soc. 107, 377 (1925); Ives, ¥. Opt. Soc. Am. and 
R. S. I. 8, 551 (1924). 

* Richardson, Phil. Mag. 23, 619 (1912). 

** Richardson, Phil. Mag. 23, 619 (1912); 31, 149 (1916); 47, 975 (1924); Wilson, Ann. d. 
Physik 42, 1154 (1913). 

*® Wilson, Proc. Roy. Soc. A93, 359 (1917); Proc. Roy. Soc. A112, 599 (1926). 

8° Richardson, Phil. Mag. 31, 149 (1916). 

*! Ladenburg, Ann. d. Physik 12, 558 (1903); Partzch and Hallwachs, Ber. d. D. Phys. Ges. 
749 (1907); Robinson, Phil. Mag. 32, 421 (1916); Compton and Ross, Phys. Rev. 31, 374 (1919). 

** Pohl and Pringsheim, Verh. d. D. Phys. Ges. 12, 349 and 682 (1910); 13, 474 (1911); 14, 
46 (1912); Ives and Johnsrud, Astrophys. F. 60, 231 (1924). 
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region and with light polarized so as have its electric vector normal to the 
surface.** This theory has, however, not been entirely adequate to explain the 
observations. ** 

(4) Relation of contact difference of potential to thermionic and photo- 
electric emission are of a simple but most fundamental nature. These appear 
in the theoretical equation® ; 
,—9, = V,—V,+Prs (13) 
in which V,—V, is the contact difference of potential between metals 1 and 2, 
and P,, is the Peltier coefficient at their junction. P is negligible in compari- 
son with the other terms. This expression has been verified within the limits 
of accuracy of experiments for ® measured photo-electrically,* thermionic- 
ally,®? and as a heat of condensation of electrons.** Of these, the thermionic 
test is least accurate because it is difficult to make a contact difference of po- 
tential measurement between metals which are suitable for simultaneous 
determination of the thermionic constants. 

In the case of metals with surfaces which are not atomically homogeneous, 
such as metals with surface patches of adsorbed materials, the simple relation 
above cannot hold, for the following reasons. The contact potential property 
of a composite surface, as measured by any of the standard methods, is sim- 
ply an average value to which patches of different character contribute simply 
in proportion to their areas. The photo-electric work function, if measured 
as usual by the long wave-length limit, is characteristic of the most electroposi- 
tive region on the surface. The thermionic work function, as measured by 
emission as a function of temperature, is again an average value, but an ave- 
rage in which the electropositive areas are weighted much more heavily than 
the electronegative areas. These differences are strikingly illustrated if one 
considers, as a simple example, a square centimeter surface of platinum on 
which is a patch of potassium of one square millimeter. The latter area deter- 
mines the thermionic and photo-electric work functions, but affects the measu- 
red value of contact potential by only about one-half per cent. Such differences 
have frequently been observed in dealing with activated emitting surfaces, 
but only the start of systemic study of them has been made.*? 

Recent experiments and suggestions of Nottingham®*® appear to be very 
significant in this connection. He determined the maximum wave-length at 

* Millikan and Souder, Proc. Natl. Acad. Sci. 2, 19 (1916); Hughes, Bull. Nat. Res. Counci 
Vol. 2 , Part 2, No. 10, p. 115; Ives and Briggs, Bull. Am. Phys. Soc. 5, 18 (1930). 

 Frehafer, Phys. Rev. 15, 110 (1920). 

** Richardson, Phil. Mag. 23, 261 and 615 (1912). 

** Richardson and Compton, Phil. Mag. 24, 575 (1912); Millikan, Phys. Rev. 18, 236 (1921) 

*’ Richardson and Robertson, Phil. Mag. 43, 557 (1922). 

** Van Voorhis, Phys. Rev. 30, 318 (1928). . 

** Langmuir and Kingdon, Phys. Rev. 34, 129 (1929). 

**.8 Nottingham, article soon to appear in J. Franklin Inst.; also Proc. Am. Phys. Soc. February 
(1930) meeting. 
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which photo-electric emission could be detected for each of a number of ap- 
plied fields (both retarding and accelerating) between an emitting and a re- 
ceiving electrode. The emitting electrode was of nickel, activated by a distilled 
film of an alkali metal. By Einstein’s equation (12) the expected relationship 
would be as indicated by curve AB, Fig. 1.5. Here B is the point at which the 
field changes from retarding to accelerating and BC is the region of saturation 
current in which the threshold frequency is independent of field (except for 





Ria. 1.5. Nottingham’s curve of relation between “effective” low frequency thres- 

hold »’ and applied potential difference V. Curve ABC shows relation given by 

Einstein’s equation and found for homogeneous metal surfaces. Curve ABD is 
found for activated surfaces. gy’ is the “effective” work function. 


the very slight Schottky effect described in the following section (B5)). »’ is 
the lowest frequency at which photo-electric emission can be detected with 
applied potential difference V. The part AB of the curve has a slope of 45° if 
hy'/e and V are expressed in the same units. Curve ABC actually represents 
the relationship as found with metals whose surfaces are homogeneous. 

With activated surfaces, however, curve ABD describes the relations. The 
threshold frequency is changed by an accelerating field, PP’ representing the 
reduction in ‘‘effective” work function due to an accelerating field BP. To 
illustrate the order of magnitude of this effect, an example is the following: 
A field BP of 4 volts caused a reduction PP’ = 2 volts in ‘‘effective” work 
function, but a further increase of 700 volts in the field caused only a few tenths 
of a volt further reduction. 

A similar phenomenon is evident in the thermionic emission, at very small 
accelerating fields, from thoriated tungsten, as reported by Reynolds'® (sce 
Fig. 3 of Phys. Rev. 35, 164 (1930)). There is every reason for believing that 
it is a general characteristic of emission from activated surfaces in weak 
accelerating fields. 

There are several important consequences of this fact: (1) The values of 
work function of activated surfaces (Table IV) all refer to the ‘“‘effective” work 
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function as determined for accelerating fields greater than P’ (Fig. 1.5) and 
extrapolated back to zero field (such as B’). Similarly photo-electric long wave- 
length limits are generally measured with considerable accelerating fields (see, 
for example, the work of Millikan). On the other hand, the long wave-length 
limits calculated by Einstein’s equation or extrapolated from the region AB 
of Fig. 1.5 give values characteristic of zero field, such as B. (2): There is a 
theory of change in effective work function produced by an accelerating field 
which accounts satisfactorily for experiments on emission from homogeneous 
surfaces. This theory, and all extensions of it which have thus far been pro- 
posed, fail signally in accounting for all the results obtained with activated 
surfaces. These theories are discussed in the following two sections (B 5, 6). 

(5) Electron emission in an accelerating electric field never, strictly speak- 
ing, becomes completely saturated, for there is always an increase of current 
with field. For many purposes this effect is negligible, but in some cases it is 
very important. It gives rise to the necessity of examining just what we mean 
by the saturation electron emission, as defined for example by Eq. (6). It cer- 


(a) (b) 


fe 


Tlie 





Fic. 2, F(x) is the surface force which attracts an electron, distant x from the metal 
surface, toward the metal. x, is the distance at which this surface force is just equal and 
opposite to the force of the applied field. 


tainly plays an important role in phenomena at the cathode in some forms of 
gas discharges. It was first discussed by Lenard,’ but was put into concrete 
and useful form by Schottky,! and is generally known as the Schottky Effect. 
Essentially the phenomenon is this: : 

Any escaping electron (—e) is attracted back toward the metal by a force 
F(x) due to the induced positive charge on the metal surface, which is appro- 


100 Lenard, Ann. d. Physik 8, 149 (1902). 
1 Schottky, Phys. Zeits. 15, 872 (1914); 20, 220 (1919); Ann. d. Physik 44, 1011 (1914); 
Zeits. f. Physik 14, 63 (1923). 
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ximately equal to the attraction of the “‘mirror image” charge (+-e). This force 
F(x) is accurately e?/42? if the electron is at a distance x which is large compared 
with distances between consecutive atoms in the surface of the metal, for then 
the metal surface is effectively a conducting plane. Even at a distance of only 
four or five inter-atomic distances, this expression would hold to a rough appro- 
ximation. On the other hand it would obviously fail completely at distances 
of the order of atomic diameters, being replaced, at the close distances, by 
a f orce function which depends on the discrete atomic structure of the metal 
surface and which must approach zero at the surface. The work function is 
given in terms of this force by 


= f F(x) dx. (14) 


Obviously F(x) cannot be simply the image force e*/4x* in the entire range 
from 0 tooo, for in that case this integral would be infinite. If we make the 
natural assumption that F(x) = 0 at x = 0 and, for small displacements, in- 
creases linearly with x, then the simplest graphical representation of F(x) is a 
parabola rising from F(x) = 0 at the origin x = 0 to a maximum and then down- 
ward, merging into the curve of the image force at x = x’, as shown in Fig. 2b. 
With such a law of force Langmuir’ has shown that Eq. (14) leads to 
e 
o= oF 

and that x’ is of the order of an atomic radius. Values of x’ in Angstrom units 
are: W 1.58, Pt 1.12, Mo 1.62, Ta 1.75, Th 2.13, Cs 3.95. These values vary 
roughly as the cube roots of the atomic volumes and are approximately equa 
to the atomic radii. 

Direct experimental evidence regarding the nature of F(x) is obtained by 
investigating the effect of accelerating fields on the electron emission. In the 
presence of an accelerating field E, there is a critical distance x, from the sur- 
face at which the resultant force vanishes. Within it the intrinsic surface attra- 
ctive force F(x) predominates, while beyond it this force is inferior to the applied 
force Ee. The critical distance is defined by the relation 


F(x):—2, = Ee. (15) 


For all except the strongest attainable applied fields it turns out that this 
critical distance x, is sufficiently large that the approximation F(x) = e?/42* is 
valid, so that we can use e?/4x2 = Ee, giving 


% = 4(e/EP". (16) 


The range in which this approximation is justifiable may be suggested by 
taking an extreme case of E = 1,000,000 volts/em. Then x) = 19 (10)-® cm. 


103 Langmuir, Trans. Am. Electrochem. Soc. 29, 157 (1916). 
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The closest distances between atoms in a metal are!® Th 3.54 (10)-® cm, W 2.73 
(10)-* cm, K 4.50 (10)-* cm, etc. Thus even in this extreme case x, is about 
six times the inter-atomic distance. For E = 10,000 volts/cm the approxi- 
mation would be very close indeed, for x) would be about sixty times the inter- 
atomic distance. 

The applied accelerating field reduces the work which must be done by an 
electron in order to escape in two ways: (1) the integral of Eq. (14) needs to 
be carried out only to a distance x, instead of to infinity since, once past 9, 
its escape is assured; and (2) the force which must be overcome in the path 
from 0 to x, is not F(x), but F(x)—Ee. Calling ©’ the ‘‘effective” work function, 
i.e., the actual work which must be done by an electron to get free from the 
metal, we have 


e®’.= f@)—ze ax = J Ftsyae— fFtsyae— das 
0 .) te 0 


The first integral is simply e®, and in the second integral F(x) = e*/4x* in the 
range x, tooo. Thus, introducing the value of x, from Eq. (16) we have . 
@' = S—(Ee)'3, (17) 
The actual emission, whether photo-electric or thermionic, is governed by 
the ‘‘effective” work function ®’ rather than the true work function ®. Ther- 
mionic emission lends itself most readily to a test of this Schottky effect, because 
of the relative ease of securing a large field at the surface of a filament of small 
diameter. Eq. (6) then takes the form 


fH ATH G— FO] = ATE eOdkT « eBay M/T — Ff generner (18) 
or, if E is expressed in volts/cm, 
j = feb 3emerniT (19) 


This equation may easily be tested if the current is small and gas ionization 
absent (so as to avoid distortion of the field by space charge, see Part II) for 
then E is directly proportional to the applied difference of potential V, the 
constant of proportionality being calculable by principles of electrostatics and 
depending only on the geometry of the electrodes. Grouping together this 
constant and the quantity e**/kT as a ‘‘shape factor” S, we have 


J=j,e"", whence logj—logj, = SV". (20) 


The graph of log j against V/? should therefore give a straight line, whose 
slope S is calculable from the geometry of the electrodes and whose intercept 
logj, at V = 0 serves to define the ‘‘saturation” current J,. 

Experimental tests of Eq. (20) are very illuminating in that they afford an 
insight into surface conditions which greatly affect electron emission. With 
clean metal filaments Eq. (20) is accurately verified in the entire range from 


1¢? Compton, X-rays, 116 (Van Nostrand 1926). 
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2 or 3 volts (below which initial velocities of emission and current limitation 
by space charge may cause a departure) up to the highest fields (10* volts/cm) 
which have been used in thermionic emission.“ Generally the shape factor S 
is from 5 per cent to 100 per cent larger than the value calculated from the 
geometry, but this departure is found to be due to microscopic roughness of 
the surface which concentrates the field at protruding points. Abnormally 
large values of the slope S are found for wires which have been subjected to 
positive ion bombardment, indicating a ‘‘pitting” of the surface when struck 
by high speed ions. With clean tungsten wire of small crystal grain structure 
and flashed at a high temperature to smooth out surface inhomogeneities Eq. 
(20) is satisfied as accurately as the measurements can be made, with the theo- 
retical value of the shape factor S. This proves that the surface force F(x) is 
identical with the electrostatic image force e?/4x? at distances greater than the 
minimum value of x, attained in these experiments. 

Even if the surface force should, for any reason, not be the image force, 
the above method may still be applied to explore the surface force if it is per- 
missible to assume that the force is uniform over a plane parallel to the surface. 
Writing Eq. (6) in the most general form suggested by Eqs. (14) and (17) 


j = AT*exp {fer — Baar} 


and differentiating by EZ, we obtain 


dlogj exo 
“GE = 3T- (21) 


Thus the rate of change of the logarithm of the thermionic current with change 
in accelerating field gives the distance x, from the surface at which the surface 
force F(x) equals the applied force. By using a wide range of fields, the surface 
force is thus found over a wide range of distances from the surface. 

In general, the emission from activated surfaces, such as caesium or tho- 
rium on tungsten or Wehnelt oxides, does not follow the simple Schottky 
equation (19), but shows wide departures especially at low fields. Furthermore, 
these departures are greater for surfaces only partly covered with activating 
material than for surfaces which are either nearly bare or nearly completely 
covered, Eq. (21) has been used to investigate the peculiar surface force for 
such surfaces, as will be described later. It may be noted, further, that the 
degree of approximation to the Schottky Eq. (19) is largely affected by the 
previous history of the surface as regards method of activation, ion bombard- 
ment, etc,1% 


106 Schottky, Ann. d. Physik 44, 1011 (1914); Dushman et al, Phys. Rev. 25, 338 (1925); Lauri- 
ston and Mackeown, ibid. 32, 326 (1928); Phorte, Zeits. f. Physik 49, 46 (1928); de Bruyne, Proc. 
Roy. Soc. A120, 428 (1928); Reynolds, Phys. Rev. 35, 158 (1930). 

31°8 Reynolds, Phys. Rev. 35, 158 (1930). 
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The only present theory of these departures from Schottky’s equation is 
based on a suggestion by Langmuir! that the electropositive atoms on the 
activated surface give rise to electric force fields near the surface which vary 
from point to point and affect differently the escape of electrons from different 
regions, thus tending to produce imperfect saturation. The electropositive 
atoms thus behave as a sort of positively charged ‘‘grid” to affect the emis- 
sion. These electropositive atoms may act in groups, or ‘‘patches” which are 
electropositive with respect to the surrounding bare metal, in which form the 
theory has been utilized by Richardson and Young’” and by Reynolds.’ Or 
they may act individually as charges situated just outside the surface giving 
rise, with their mirror images, to doublet fields, in the form of the theory deve- 
loped by Becker.!°* We propose to discuss these theories somewhat at length, 
both because of the interest attaching to the phenomena and because the follow- 
ing analysis shows that none of the present theories appears to be capable 
of accounting for the observed departures from Schottky’s equation. 

The theory of patches was suggested by Langmuir! to explain the lack of 
definite saturation observed with filaments whose surfaces are only partly 
covered with adsorbed films, such as those of thorium. At 1500°K the elec- 
tron emission from a tungsten surface completely covered with a layer of thorium 
atoms is about 126,000 times as great as that from pure tungsten. If half of 
a large tungsten surface were covered with such a thorium film while the other 
half were bare, the total emission would be about 63,000 times that of pure 
tungsten. If the thorium, however, is uniformly distributed over the filament, 
the work function is a linear function of the amount of thorium on the surface, 
and thus, according to Eq. (7.5), the electron emission from the surface would 
be 356 times that of pure tungsten (126,000)"*. 

In the first case we have an emission which corresponds to an arithmetical 
average while in the second we have to deal with a geometrical mean. In either 
case the current should increase with the applied accelerating field in accord 
with Schottky’s theory, Eq. (20). Thus with enough thorium to cover half 
the surface the line AB in Fig. 3(a) represents the emission as a function of 
field for uniform distribution while a parallel line CD represents the 356 times 
larger currents when the thorium is gathered into large patches. If the linear 
dimensions 5 of a patch of active material on a cathode are sufficiently small 
compared to x, the distance to the critical surface as given by Eq. (16), the 
distribution will be effectively uniform and AB will give the current, but when 
6b > x, CD will apply. As the field increases, x) decreases and thus the tran- 
sition from AB to CD may be expected to occur as illustrated by AGHD so 
that in region GH the Schottky effect will be. abnormally large. 


20¢ Langmuir, Gen. Elect. Rev. 23, 504 (1920). 

17 Richardson and Young, Proc. Roy. Soc. 107, 377 (1925). 

208 Becker and Mueller, Phys. Rev. 31, 431 (1928); Becker, Bell Tech. Lab. Reprint B-412, 
August (1929). 
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A quantitative estimate of the field strength that is needed to cause the 
emission to depart appreciably from the Schottky line AB, for example at G, 
may be made by considering the following simplified case. Let a surface con- 
sist of patches of two kinds having a contact potential difference V, between 
them, and let them be arranged in alternate squares like a checkerboard, each 





Fic. 3. Effect of patch size on electron emission. 


square having sides of length b. If the potential of the more negative squares 
is 0, and there is no applied field, the distribution of potential in the space 
near the checkerboard is given by the following expression 


4V, 1 nx nq 
“3° ao [5 exp (—n(2)!/*x2/b) cos == cos se 





Va5Vet 
where x is the distance from the surface while x and y are the distances meas- 
ured from the center of one of the more electropositive squares in directions 
parallel to the edges of the squares. 

To determine the motions of electrons we must add together this poten-. 
tial V, the potential due to the external field FE, and the fictitious potential 
e/4z due to the electric image force. The name ‘‘motive” has been proposed!® 
for a scalar quantity whose gradient in any direction and at any point repre- 
sents the force component per unit charge which acts on an electron or ion. The 
motive M is thus 


M=Matz+Est+V 


where M,, is a negative quantity numerically equal to the work function for 
0 field and expressed in volts. Thus for tungsten M,, = —4.52 volts. 

By differentiating M with respect to z and equating to 0, an equation is 
obtained which, when solved for z, gives the distance z, at which the motive 


109 J. Langmuir and K. H. Kingaon, Proc. Roy. Soc. A107, 68 (1925). 
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is minimum; that is, it gives the location of the critical surface. This distance 
3,, is a function of x and y, but if V, is placed equal to 0, z, then has the same 
value as x, given by Eq. (16). The value of z,, corresponding to V. = 0 we will 
call 2, and we may then place 

sy (1+4)z5 (22) 
where A is a small quantity if z) > 6. The equation dM/dz = 0 can then be ex- 
pressed in the following form, 


1—(1+4)-* = a exp (—A) 





where 
a@ = ay Cos (3) cos () (23) 
= 40 exp (—2) (24) 
p=) = = AM (25) 


This expression can be expanded into a power series in 4, and then, by rever- 
sion, the following series is or for A ] terms of a, 


a=tatS = 3- 28)+-$¢ o (S—9B-+3p"). 


This equation thus allows us to determine by Eq. (22) the distance 2, to the 
critical surface of minimum motive as a function of x, y and Vy. The motive 
M,, at the critical surface can also be expressed in terms of A and therefore in 
terms of a. The final expression for the change in motive at the critical surface 
produced by making E different from 0 is ai ii 


AM, = co[i+g +337 a (l= -0)]. 


The total electron emission may then be calculated* from Eq. (6) by decreas- 
ing the value of b by an amount equal to (e/kT)AM and averaging the result- 
ing current density over the whole surface of the cathode. The terms involv- 
ing odd powers of a then drop out and the total current density from the sur- 


face is found to be 
ae apf 1 
wv] = i+ (5 i)| (26) 


where j, is the current density corresponding to the normal Schottky effect 
as given, for example, by Eq. (19). 


* This assumes that the electrons which reach the critical surface from the cathode have a Max- 
wellian velocity distribution. This will be true regardless of the motive distribution near the cat- 
hode, if the critical surface is approximately plane, that is, if A << 1. See Mott-Smith and Lang- 
muir, Phys. Rev. 28, 754-8 (1926) particularly the theorem on p. 756. 
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For convenience, the value of a, may be calculated by eliminating E be- 

tween Eqs. (24, 25). Thus 
Gy = 2.55 x 10°V,bf* exp (—f) (27) 
where V, is expressed in volts. 

As an example to illustrate the use of these equations we may take the case 
of a tungsten filament having a radius 0.01 cm inside of a cylinder having a 
radius of 1 cm. 

With the cylinder at various positive voltages V, with respect to the fila- 
ment as given in line 1 of Table VI the accelerating field strengths E at the 
filament are given in line 2. Line 3 shows the normal increase in electron emis- 
sion according to the Schottky theory as given by Eq. (19). The normal distance 
&, of the critical surface from the cathode is in line 4. 


. Tasrg VI 
The Effect of Local Fields Due to Checkerboard Patches of Thorium-covered 
Tungsten in Causing Lack of Saturation. Size of Squares b = 10-* cm; Contact 
pot. diff. V, = 1.9 Volts 





1 V, (volts) 


0 100 | 250 500 
2 E (volts cm-}) 0 2170 5430 10850 
3 jnlis 1.000 1.146 1.242 1.357 
4 4 (10-* cm) © 4.0 2.6 1.8 
5B co 18.0 11.4 8.0 
6 a% 0 2.16-* 0.007 0.10 
7 G-inlin ty) —10-° —10° —3.10-¢ 
8 Ay 0 10-* 0.003 0.05 





Let us now assume that the surface of the filament is one-half covered in 
checkerboard fashion by square patches of close-packed throium atoms, the 
side of each square being b = 10-* cm. Since a tungsten surface completely 
covered by thorium contains”° about 7 x 10/4 atoms of thorium per cm’, each 
patch contains 700 atoms. 

The values of 8 and a, given by Eqs. (25) and (27) are in lines 5 and 6 while 
line 7 gives the fractional change in current caused by the local fields of the 
patches as calculated by Eq. (26). 

Thus even with such extremely non-uniform distribution of thorium atoms 
as we have assumed, with clusters of 700 atoms, the local fields cannot cause 
variations of emission which are at all comparable with those of the normal 
Schottky effect. 

With patches of a little larger size, containing about 7000 atoms and about 
3x 10-* cm square, the values of (j—j,)/j, calculated by Eq. (26) become much 
larger and reverse in sign, so that the Schottky effect will increase rapidly as 
illustrated by GH in Fig. 3 but then 1/8 and BA become so large that the appro- 


uo J, Langmuir, Phys. Rev. 22, 375 (1923). 
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ximations made in deriving these equations are no longer valid. However, 
it is very improbable that such large clusters of adsorbed atoms can exist on 
plane surfaces. Becker has shown,! for example, that a thorium layer at emis- 
sion temperatures behaves like a 2-dimensional gas on the surface. 

A random distribution of adsorbed atoms would also give considerable 
irregularities in emission even over rather large areas. For example, if the ave- 
rage number of atoms in equal square patches (each of area 5%) is g, then the 
average difference between the number of atoms in any two squares selected 
at random is (2g)? so that the average contact difference of potential between 
adjacent squares is 5.2x10-* V,/b where V, corresponds to the difference 
between completely covered and uncovered surfaces. Thus if we take b = 4 
x 10-* (about equal to 2,) and V. = 1.9 we get a potential difference of only 
0.025 volt. With a filament at 1500° this would cause a 20 per cent difference 
in the normal emissions of the two surfaces. In this case the arithmetic mean 
and the geometric mean (of 0.9 and 1.1) differ by only 0.5 per cent so that no 
abnormally large Schottky effect can occur. 

Finally, if there are attractions between the thorium atoms so that they 
form clusters of m atoms each, the clusters being distributed at random, then 
the average contact difference between adjacent squares of areas 5* becomes 
AV = 5.2x10-* V,n/*/b. Thus the difference between the arithmetic and 
geometric means which is proportional to (AV)* becomes 50 instead of 0.5 
per cent if n = 100. 

Langmuir, Richardson and Becker have experimentally observed cases 
with filaments whose surfaces are partly covered by adsorbed films where the 
variation of emission with voltage is much greater than the variation obser- 
ved with bare surfaces or completely covered surfaces. 

_ K.H. Kingdon and Langmuir in some unpublished work in 1923 and more 

recently Reynolds! measured the emission as a function of voltage and tem- 
perature for thoriated filaments of various activities. They had unusually 
good vacuum conditions, the metal parts being thoroughly degassed and the 
bulbs excessively baked out and immersed in liquid air. The filaments were 
in the axis of a cylinder provided with end guards so that the field strengths 
were accurately known. 

Reynolds, working with thoriated filaments which had been flashed to 
very high temperature and then activated, found a variation with voltage in 
excellent agreement with the Schottky theory for field strengths exceeding 
about 10,000 volts/cm, as shown by curves A and B of Fig. 4 for two different 
degrees of activation. If, however, the filament had been well activated and 
was then slightly deactivated by positive ion bombardment (which occurred 
slowly if the liquid air were removed while high voltage was applied), then 
the emission did not agree with the Schottky curve above 10,000 volts/cm, as 
shown by curve C, Fig. 4. This bombardment must have roughened the sur- 
face and there is evidence that it also fractured the surface layer of tungsten 
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crystals. Subsequent flashing at high temperature followed by activation al- 
ways brought the filament back to the condition giving curves A and B. 
Kingdon’s and Langmuir’s results were the following. The thoriated fila- 
ment was flashed 1 minute at 2740° and activated for 25 minutes at 2120°. 
It was free from carbon and thus could be completely deactivated by heating 
10 seconds at 2600°K; partial deactivation was accomplished in 4 stages by 














VFieip i Voirs fer 


Fic. 4. Electron emission from a heated thoriated filament as a function of field, 

showing approach to Schottky’s curve A, B above 10,000 volts/cm for a regularly 

activated filament, and the different relation C for a filament which had been 
subjected to positive ion bombardment (Reynolds). 


heating 30 or 60 seconds at 2300 or 2400°. In each stage the emission was 
measured at 5 voltages and about 6 testing temperatures. Fig. 5 gives a few 
of the typical curves obtained by plotting T log,ej against YE where E is in 
volts per cm. According to Eq. (19) the lines obtained should be straight and 
should all have a slope 1.906. At the highest field strengths (about 10,000 
volts/cm) the curves are seen to approach the theoretical slope. In Fig. 5 they 
have been displaced in a vertical direction by various amounts A in order to 
show how they approach the Schottky line asymptotically. 

These results indicate that with nearly complete thoriation of the surface 
(6 = 0.91) and with a bare surface (9 = 0.00) the approach to the Schottky 
curve is fairly close,* but relatively large departures occur with incomplete 
thoriation (6 = 0.69). In every case the departures from the Schottky line 


* Closer fits than this to the Schottky curve and over a much larger range of fields have been 


obtained by Reynolds with bare wires. The small departure here is believed to be due to the effect 
of slight surface roughness on the “shape factor” of Eq. (20). 
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become greater as the temperature is lowered, thus proving that the devia- 
tons are not due to space charge. 

Table VII gives 7, the ratio of the observed emission at a field of 1840 
volts/cm (50 volts on anode) to that calculated from the Schottky line by 
extrapolating down from E = 9200 as shown in Fig. 5. It is seen that the maxi- 
mum departure from the Schottky law occurs when the tungsten is about 70 
per cent covered by thorium. 


--™- @=0.9! 


—o 6=069 





40 50 60 70 60 90 100 


Fic. 5. Electron emission from thoriated filament as 
a function of activity 6 and field, at various tempera- 
tures. (Kingdon and Langmuir). 


When tungsten filaments are heated to very high temperature so that eva- 
poration occurs, the etching of the surface causes the development of the 
dodecahedral faces. These form angles of 120° with each other. Sometimes 
the resulting ridges are large enough to see under a microscope. The effect of 
such ridges and valleys on the variation of emission with voltage can be roughly 
calculated from the theory that we have developed for the case of patches. 
If we consider a plane surface level with tops of the ridges, then the poten- 
tial at points on the surface over the centers of the valleys will be roughly 











Tasie VII 
Departures (n) From Schottky’s Law with Field of 1840 Volt/cm 
r) T = 1500° n at a temp. giving 
n | j(amps cm-*) Jj = 17x 10-* amps cm* 
0.91 0.81 9200x 10-* | 0.69 
0.76 0.64 1800, 0.46 
0.69 0.59 765s, | 0.44 
0.24 0.72 3.75,, 0.77 
0.00 0.80 0.23 ,, | 


0.89 
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Fh where h is the effective height of the ridges above the valleys. We may 
therefore use Eqs. (25, 27) by merely substituting V, = Fh. The increase of 
V, with F will then have the effect of causing departures from the normal 
Schottky effect which increase still more rapidly with increasing voltage than 
in the case of patches in a plane surface. The effect of such geometrical irreg- 
ularities in the surface would thus seem also to give a curve of the type AGHD, 
Fig. 3. 

The final result of this study is the conclusion that the ‘‘patch” theory pre- 
dicts variations of emission with field which, while qualitatively in the right 
direction, are found on closer examination to be totally unlike the observed 
variations, such as shown in Fig. 4, 5. There are two outstanding difficulties. 
In the first place, to obtain departures from the Schottky curve comparable 
with those observed, the patches must be assumed to contain many thousands 
of atoms. In the second place, the patch theory predicts a departure from the 
Schottky curve which is small with small field and increases with large fields, 
whereas exactly the reverse is the actual case. 

The reason for this failure is easy to see. By Eq. (21) it is seen that the 
rate of increase of current with field depends solely on the conditions at the 
critical x, (or later ,) where the intrinsic surface force is just balanced by the 
applied field. For weak fields x is large, approaching oo for zero field. Ob- 
viously local inhomogeneities in the field due to ‘‘patches”’ or to adsorbed ions, 
which may be important close to the surface, average out and become negli- 
gible at larger distances. Thus any theory based upon such surface inhomo- 
geneities must fail to account for the observed relatively large deviations from 
the Schottky equation at small fields, and would predict large deviations at 
strong fields, which again is contrary to the facts. In order to obtain appre- 
ciable departures from the Schottky equation, these theories require that the 
scale of the surface inhomogeneity be comparable with the critical distance xp, 
hence that the patches be large enough to contain thousands of atoms. Even 
if this were true, which is very unlikely, we would still be faced with the fun- 
damental failure to account for the fact that it is at low rather than high fields 
that the deviation from the Schottky equation is most pronounced in this 
case of activated surfaces. 

We now turn to that form of ‘‘grid” theory of activated surfaces which has 
been interestingly investigated and extended by Becker,!°* and which we may 
call ‘‘the adion field theory,” borrowing from Becker the term ‘‘adion” to desig- 
nate ‘‘adsorbed ion.” The theory aims to account for the three peculiarities of 
activated surfaces, (1) low work function, (2) lack of saturation in emission, 
(3) electropositive character of surface, as follows: 

Consider two similar electrodes C and A (Fig. 6(a)) distant d apart, and 
assume the cathode C to be more or less covered with a surface layer of posi- 
tive ions distant d,. We may suppose the electrodes to be of tungsten and the 
ions to be of some activating material such as Bat. The fact that the barium 
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evaporates as ions is evidence of its existence in the form of ions on the sur- 
face, since the surface forces which tend to ionize it are presumably strongest 
at or very near the surface. The effect of this layer of ‘‘adions” on the field 
between the plates may be considered to a first approximation as that of a layer 
of positive charge of surface density o = Ne, where N is the average number 
of adions per cm*. The field due to this layer is uniform and is very nearly 
E, = 4aNe on the cathode side and 42Ne d,/d, on the anode side. The po- 
tential rise from cathode to layer is 4%Ne d,, and is equal to the potential! drop 
from layer to anode. 





rererererararararsarararard |] 


Fic. 6. Adion theory of activated surfaces. 


If the electrodes C and A were connected by a wire (V = 0) then the adion 
layer would be without effect on the emission from the cathode C, since the 
total work done on an electron in escaping from C to A is the same as if the 
adion layer were absent. However the field E, is interpreted by an observer 
as a contact difference of potential between C and A and he compensates it _ 
by an equal opposite field V applied externally in order to obtain what he 
considers to be the true saturation emission from C with zero field. (This is 
exactly in accordance with observation and procedure in any case of emission 
beween dissimilar electrodes.) Under these conditions the work which an 
electron must do to escape is less, by this apparent contact difference of 
potential V = E,d, = E,d,, than in the absence of the adion layer. The 
emission is therefore greater in accordance with this decrease in effective 
work function. 

These considerations are shown graphically in Fig. 6(b), where F(x) re- 
presents the. surface force at various distances x from the cathode and the 
area under it equals the work function ® of the normal cathode surface. The 
adion layer produces an additional force E, inside the distance d,, and E, in 
the reverse direction beyond this distance; these forces add an amount 9%, 
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to the energy of the escaping electron within the distance d, and subtract an 
equal amount ®, beyond. The total work done in escaping is thus unchanged, 
being 2—%,+9%, = ®. If however, the outer field E, is compensated by apply- 
ing an external field as in correcting for contact potential difference, the effec- 
tive work function is reduced to the difference between the areas ! = —@,. 
This theory therefore gives a plausible interpretation of the effect of adions on 
the work function and the contact difference of potential. 

Thus far the theory fails to account for departures of emission with accel- 
erating field from Schottky’s Eq. (19). In an attempt to do this, we go to a sec- 
ond approximation and treat the adion layer no longer as a uniform positive 
layer, but as discrete positive charges, each of which with its negative mirror 
image in the metal constitutes an electric doublet. Electrons escaping at various 
points pass through fields of various intensities and extending into the re- 
gion outside the adion layer. Thus the effective work function varies over 
the surface and the nature of the force F varies with x differently than in the 
cases of bare or of uniformly covered surfaces. Qualitatively this is what is 
needed to account for the departure from the Schottky equation. Quantita- 
tive investigation, however, shows that this theory fails just as did the ‘‘patch” 
theory in that it fails to account for the fact that the departure from Schottky’s 
equation increases with decreasing fields. In Fig. 6(b), for example, such dou- 
blet fields may be important at distances of d, or 2d, from the surface, but not 
at the relatively large distances x) which, by Eq. (21) determine the variation 
of current with field for all ordinarily attainable fields. 

Dr. Becker has kindly informed us of his intention soon to publish, in the 
Physical Review, an analysis of the ‘‘adion” theory extended to treat the case 
of an activated rough surface, rather than the ideal activated infinite plane 
discussed above, and has stated that this analysis will be found to be in much 
better agreement with the facts. The ‘‘rough” surface is conceived of as com- 
posed of the surface crystal facets, whose linear dimensions may be of the order 

_ Of the critical distance x, for weak fields. 

In connection with this theory there is the further interesting question as 
to what extent the specific emission properties of the adsorbed material are 
present in a monatomic layer. A layer ten, or five, atoms deep of caesium on 
tungsten almost certainly possesses the emission properties of caesium. To 
what extent do these specific properties completely vanish for a monatomic 
layer, being replaced only by an electrostatic effect of the charges of the ions? 

In conclusion, it may be well to point out one assumption underlying both 
these forms of ‘‘grid” theory, i.e., that the explanation of the departure from 
Schottky’s theory in the case of activated substances is to be sought in the 
influence of adsorbed layers on the work function, neglecting a possible pe- 
culiarity in the constant A of the thermionic Eq. (6). For example Eq. (21) 
which has been used by Becker and Mueller’® to calculate the nature of the 
surface force F(x) is based upon the assumption that A is constant. However 
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Fowler™ has recently shown that A is not, in general, a constant, and that 
particularly in the case of activated surfaces there may be a marked depen- 
dence of A upon temperature. We shall see in the next section that a strong 
electric field may affect electron emission (in addition to thermionic emission) 
in the same way in which high temperature affects thermionic emission. It 
may be, therefore, that activated surfaces have such a dependence of A upon 
the field as to account for the abnormally small emission in weak fields. 

(6) Field currents. According to experimental evidence, the Schottky 
theory, Eq. (18), becomes more accurate with high field strengths. It is evi- 
dent from Eq. (18) that if the field should increase until 


Ee = PX(giving Ey = P4{e) (28) 


the work function and cooling effect should vanish and the current density 
should increase to a limiting value, 


j(max) = AT*. (29) 


We may measure rates of increase of the current j for given relative increases 
in T or E by exponents n, and ny defined as follows: 
Nz = d(log j)/d(log T) 
wr ir = O(log j)/d(log (30) 
ng = d(log j)/d(log E). 
By logarithmic differentiation by Eq. (18) with respect to T or E we then ob- 
tain 
my = 2+-(e/RT)[O.— (Ee?) 
= 24(b—4.389E")/T (31) 
and 
ny = 4(e/kT) (Ee)? = 2.20E"3/T. (32) 
For tungsten 6 = 52,600. At T = 1500, according to Eq. (31), ny decreases 
from 37 when E = 0 to n,= 2 when E approaches the limiting value, Ey, 
given by Eq. (28) which may for convenience be expressed 


Ey = 0.05195*. (33) 
For tungsten the limiting field is thus 
Ey, = 1.44(10)* volts cm-?. (34) 


At this field the current density, by Eq. (29) with A = 60.2, would be 1.36 
(10)® amps. cm-*. 

According to Eq. (18) it should be possible even at room temperature 
({T = 300°) to get a current of 5.4 (10)? amp. cm-? by raising the field strength 
to the same maximum value Ey. 


41 Fowler, Proc. Roy. Soc. A122, 36 (1929). 


16 Langmuir Memorial Volumes IV 
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The temperature coefficient of the electron ‘currents that could thus be 
pulled out of metals by intense fields becomes negligible compared to the 
temperature coefficients ordinarily characteristic of electron emission.” 

Eq. (32) shows that the relative increase in current with field strength 
increases as the field becomes greater until finally, as E increases up to Ey, 
n, = 6/2T. Thus with tungsten at room temperature, the maximum value 
n, is 88. As the field approaches the value Ey, a one per cent increase in field 
causes a 2.4 fold increase in 7. When E is 90 per cent of its final value, that 
is, when E = 0.9 Ey, the emission is only about 10-4 as great as when E = Ey. 

If there are slight geometrical irregularities, such as ridges or crystal corners 
on the surface of the cathode, there will be much stronger fields at the sum- 
mits of these elevations. In regions where the field is only 10 per cent greater, 
the current density would be so much greater that practically the whole emis- 
sion may well occur from such points. 

With the strong fields necessary to pull electrons out of cold metals, the 
electrostatic pull exerted on the surface may become very great. This force 
amounts to 4.4 (10)-’ E* dynes cm-* when E is in volts cm-!. Thus when 
E = Ey for tungsten, the pull on the surface is equivalent to a negative pres- 
sure of about 9000 atmospheres. This, however, is a force far below the ten- 
sile strength of a material like tungsten and therefore should not be able to 
disrupt the surface unless the temperature is extremely high or there are pro- 
jections only loosely held to the underlying metal. 

Experimental phenomena which involve the pulling out of electrons from 
cold metals have been observed and studied in considerable detail in recent 
years. R. W. Wood"® passed discharges from an induction coil between pla- 
tinum spheres 1.5 millimeters in diameter placed 1 to 5 millimeters apart in 
relatively high vacuum. X-rays were produced at the anode sphere, showing 
that the voltage across the gap was very high. This is clearly an example of 
a cold cathode discharge. There was a considerable transfer of platinum from 
the anode to the cathode. This was probably caused by the mechanical dis- 
integration of the anode resulting from the temperature fluctuation produced 
by the intermittent discharge, such as is produced at the anode of a Coolidge 
X-ray tube when operated on alternating current. The mechanical force due 
to the high local field would pull the disintegrated metal to the cathode. On 
reversing the polarity, showers of minute sparks were shot out from the new 
anode, consisting of incandescent particles ripped off the anode. 

F. Rother" has investigated the electron emission from a cathode in an 
intense field obtained by bringing the surfaces of the cathode and anode ex- 
tremely close together, the distances ranging from 10-* to 10-* centimeter. 
In this way it is possible to obtain great field strengths with such low voltage 


18 W. Schottky and H. Rothe, Handbuch d. Expl. Physik Vol. 13, Part 2, p. 261, Leipzig 1928- 
3 Wood, Phys. Rev. 5, 1 (1897). 
14 Rother, Ann. d. Physik 81, 317 (1926). 
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differences that measurements can be conducted at atmospheric pressure. 
Lilienfeld, using high voltages and high vacuum, utilized electron currents 
drawn from pointed cathodes and produced X-ray tubes on this principle. 
Millikan and Eyring” have measured quantitatively the electron currents 
drawn from tungsten filaments with fields ranging from 0.4 to 1.1 x 10® volts 
per centimeter, and have studied the effect of the temperature of the filament 
and the condition of its surface. 

The past history of the surface has a very great effect on the field strength 
needed to draw electron currents. A fresh surface generally shows large emis- 
sion which may vary with time so that the results are at first not reproducible. 
If the surface is ‘‘conditioned” by drawing currents with a high field, then the 
emission at lower fields usually becomes reproducible. Glowing the filament 
to 2700°K changes the surface in such a way as greatly to increase the field 
_ Fequired to obtain a given electron current with the filament at room temper- 
ature. These observers found not only that the temperature coefficient of the 
electron emission at high fields is much less than at low fields, but obtained 
the surprising result that the ‘‘field currents” were entirely independent of 
the filament temperature between 300°K and 900°K, within the experimental 
error of about 5 per cent. At 1100°, however, the field needed to draw a given 
current (10-" amperes) was as much as 30 per cent less than the field needed 
at 300° when the condition of the filament was such that strong fields were 
needed. When, however, the condition was such as to give greater electron 
emission (fresh filament), the critical field even at 1100° was the same as at 
300°. 

In a later paper, Erying, MacKeown, and Millikan™* studied field currents 
in high vacuum from points of tungsten, platinum, nickel and steel. The 
points were made as nearly as possible in the form of hyperboloids of revolu- 
tion and were brought close to a plane tungsten disk as anode. The field strength 
at the surface of the point was calculated according to a theory given. Within 
the experimental error (2 per cent), the field at the surface required to draw 
a given current was independent of the distance between the point and plane, 
and thus was independent of the total voltage applied between these electrodes. 

In all of these results as well as those published by the research staff of the 
General Electric Company, London,"? the data agreed with the empirical 
equation™® 

j = A(T+cE)eit+en) (35) 
according to which for strong fields and low temperatures the logarithm of the 
electron current is a linear function of the reciprocal of the field strength. This 

us Millikan and Eyring, Phys. Rev. 27, 51 (1926). This article contains references to the earlier 
investigators in this field such as Earhart, Kinsley, Hobbs, Hoffman and Lilienfled. 

u Millikan and Eyring, Phys. Rev. 31, 900 (1928). 

"7 Research Staff of the Gen. Elect. Co., London, Phil. Mag. (7) 1, (1926). 

48 Millikan and Lauritsen, Proc. Natl. Acad. Sci, 13, 45 (19 28). 
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type of relation is in much better agreement with the experiments than that 
suggested by Schottky’s theory according to which log J is a linear function 
of Ev, 

The fact that the temperature coefficient of the field current is practically 
zero and is thus negligible as compared with that given by the classical theory, 
Eq. (29), is proof that the electron energies do not increase in proportion 
to the absolute temperature as they should do according to the classical gas 
laws. This fact, however, seems to be consistent with the modern quantum 
theory of the degenerated electron gas as developed by Fermi, Dirac, Nord- 
heim, and Sommerfeld."* On this basis there has been developed a theory? 
according to which the field currents from cold metals should be given by 


joes (36) 


where a and D are constant for the metal. The data of Eyring, MacKeown 
and Millikan” obtained with a steel point give straight lines, when log j is 
plotted against 1/E, whose slope gives for D the value D = 6.7 (10)* volts 
cm-}, If we assume that the value of 5 for steel is 67,000, this would give for 
the value of c in Eq. (35) the value 0.010 deg. cm volt-?. 

By logarithmic differentiation of Eq. (36) we find for the value of n,, de- 
fined by Eq. (30), the value 


ny = 24-DE. (37) 


For the experiments with the steel points described just above, for which the 
average field strength was E = 0.33 (10)*, ng = 22. 

In some unpublished work by W. D. Coolidge and I. Langmuir in 1922 
a V-shaped tungsten filament 0.0216 cm in diameter was mounted in a small 
bulb opposite the center of a molybdenum disk 3 cm in diameter, the distance 
being adjustable by a micrometer through a Sylphon joint. The molybdenum 
disk was baked out at incandescence and the filament was aged at about 2700°K. 
One leg of the filament was then broken off by bringing the plate in contact 
with it so that there was then a straight piece of filament opposite the molyb- 
denum disk. 

The voltage difference between point and plane was adjusted until a field 
current of 10-5 amperes was obtained from the point at room temperature. 
The distance was varied and in each case the voltage was changed until the 
current rose to the same value. Fig. 7 gives the results obtained in this way, 
the voltages being plotted as abscissas and the logarithm of the distance be- 
tween the end of the wire and the plane being given by the ordinates. 


u* E. Fermi, Zeits. f. Physik 36, 902 (1926); P. A. Dirac, Proc. Roy. Soc. 112, 661 
(1926); L. Nordheim, Zeits. f. Physik 46, 833 (1928); A. Sommerfeld, Zeits f. Physik 47, 33, 38, 
43 (1927). 

#° Fowler and Nordheim, Proc. Roy. Soc. 119, 173 (1928); Oppenheimer, Phys. Rev. 31, 
66 (1928). 
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Maxwell! has calculated the potential distribution between two coaxial 
confocal paraboloids of revolution maintained at a given difference of poten- 
tial. The potential at any point P is found to be a linear function of log 
(r'/? cos 6/2) where r is the distance of the point P from the focus O and 6 
is the angle POT where the line OT lies in the axis of the paraboloid. The 
electric field normal to the surface of the inner paraboloid at its vertex is given 
by E=V/(p.In(c/p)), where V is the difference of potential between the 
two paraboloids, p is the distance from focus to vertex for the inner parabo+ 
loid defined by y* = 4px, while'c is the corresponding distance for the large 












































Fic. 7. Cold cathode emission. Relation of 
potential to distance between point and plane 
for constant current, 


one. If ¢ is much larger than p so that the curvature of the outer paraboloid 
is negligible compared with that of the inner, the outer paraboloid may be 
replaced without appreciable error by a plane surface. We thus have a means 
of calculating the potential gradient at the surface of a rounded point brought 
opposite a plane surface. This theory should, in fact, be better applicable to 
the case of a point and plane that the theory of confocal hyperboloids. If a 
is the radius of curvature at the point (at the vertex of the inner paraboloid) 
and ¢ is the distance between the point and plane, then the equation becomes 


_ 2V 

~~ @*In(2c/a) * 
If the currents from the tungsten point which gave the data of Fig. 7 de- 

pended primarily upon the electric field at the surface of the point, then, 

since the current is kept constant, the field E must have remained constant 

as the distance was increased. According to Eq. (38) the logarithm of the 


E (38) 


3181 Maxwell, Collected papers, Vol. 1, page 242. 


Google 


246 Electrical Discharges in Gases. I. Survey of Fundamental Processes 


distance ¢ should then be a linear function of the voltage V. It is seen, in fact, 
that the experimental points agree within the experimental error with a straight 
line. 

Because of the fact that the wire was broken off square instead of having 
the surface like that of a paraboloid, the actual field strength at the end of the 
wire must vary greatly at different parts of the surface and will not be given 
by Eq. (38). However, this equation must give a close approximation to the 
average field strength over the end of the wire. Thus since the ratio between 
the fields at given points over the surface of the end of the wire will be ap- 
proximately independent of the distance of the point from the plane, our con- 
clusion that the voltage for a given field strength should vary linearly with 
the logarithm of the distance remains valid. 

From the slope of the line in Fig. 7 we find that dV/d(In c) = 1910 volts 
and thus from Eq. (38), placing a equal to the radius of the wire (0.0108 cm), 
we find the average field strength E to be 350,000 volts cm7. 

The foregoing results, together with those of Erying, MacKeown and 
Millikan™* prove that the field currents are actually a function of E only and 
not a function of the applied potential difference, V, and thus seem to dis- 
prove the conclusions of del Rosario according to whom the current de- 
pended upon V and not E. 

The following quantitative observations by Coolidge and Langmuir in 
connection with these experiments throw light on the nature of the field cur- 
rents. When the currents exceed a few microamperes, spots of fluorescence 
appear on the glass and sometimes on the anode. These spots prove that the 
major part of the field currents emanate from minute spots on the cathode, 
for the fluorescence spots usually subtend angles of only a few degrees from 
their point of origin on the cathode, and sometimes less than 1 deg. In some 
experiments the cathode was a filament mounted on long leads. When the 
cathode was shaken the fluorescent spots always moved with it. 

As the current and voltage are increased, the fluorescent spots become 
more brilliant and the walls of the tube become intensely heated at these 
points. This may lead even to the puncturing of the glass. These effects do 
not depend upon the presence of gas and the fluorescence spots are able to 
receive electrons continuously only because they become positively charged 
as a result of secondary electron emission."*° As the field is increased, not only 
do the old spots become brighter but new ones continually appear. Thus 
experimental observations on the variation of field currents with field strengths 
should not agree accurately with the theory which led to Eq. (36) for this is 
deduced on the assumption that the current is uniformly distributed over 
the surface. hl 


123 Del Rosario, J. Franklin Inst. 203, 243 (1927). 
3 Langmuir, Gen. Elect. Rev. 23, 513 (1920). 
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Field currents are obtained much more easily from surfaces covered with 
adsorbed films of electropositive materials. This effect was studied in some 
detail by Dushman, Langmuir and Hull in June and October, 1914.%4 

In the development of the high voltage kenotron, it was found necessary to 
degas the anodes by heating them to incandescence using voltages of 30,000 
or 40,000 volts, the cathode temperature being reduced so that the current 
became limited by saturation emission, whereas in normal operation, the 
current is limited by space charge and the voltage drop from cathode to anode 
is relatively low. In 1915, kenotrons for 100,000 volts were manufactured. 
During exhaust the anode was made as much as 100,000 volts positive with 
respect to the cathode, while currents of 10 or 20 ma were drawn from the 
cathode. In this work the ‘‘cold cathode effect” became very noticeable at 
about 50,000 volts but by progressive degassing and heating of anode and 
cathode and baking the glass walls, it was finally possible to use 100,000 volts 
without appreciable ‘‘cold cathode effect”. This effect, when present, was evi- 
denced by fluorescent spots on the glass, and by intense local heating at points 
on the anode which became white hot while the rest of the anode was below 
red heat. To avoid this effect entirely at 100,000 volts, it was found necessary 
to eliminate all sharp points from parts of the electrodes where the electric 
field was the strongest. 

In 1914 some experiments were made to test the practicability of using 
thoriated tungsten filaments in kenotrons. At first it was not possible to obtain 
any higher electron emission than from a pure tungsten filament, but with 
continued degassing of the electrodes and the walls of the tube and by acti- 
vating the filament by heating to 2100° it was possible to obtain the typical 
increased currents from the adsorbed film of thorium. Then, for the first 
time, it was found that at 30,000 volts, without any heating current through 
the filament, enough electron current was obtained from the thoriated fila- 
ment to keep the anode red hot. At first the tube was not self-exciting, that is, 
if the anode was allowed to cool by removing the anode voltage for a couple 
of minutes, the tube would not start up again on applying the voltage. However 
ultimately, after further heat treatment, the tube was brought to the condi- 
tion that it would start up as soon as 30,000 volts, were applied to the anode, 
the current being at first small but rising rapidly as the cathode became heated 
by the back radiation of the anode. These and many other similar experiences 
proved that the cold cathode effect occurred with an activated thoriated cat- 
hode at voltages of only one-third to one-half those needed to give a similar 
effect with pure tungsten. For this reason for many years much care was used 
to avoid all traces of thorium in both cathodes and anodes of kenotrons and 
Coolidge X-ray tubes. 


1 
14 Unpublished work in Research Laboratory, Gen. Elect. Co., Schenectady; see also later 
work by Gossling, Phil. Mag. 1, 609 (1926). 
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In another experiment, a 5 mil V-shaped filament of tungsten containing 
1.5 per cent of ThO, was mounted in a tube with the tip of the V about 5 mm 
from a plate-shaped tungsten anode which had been degassed by heating 
white-hot by electron bombardment. With the filament activated and giving 
currents of the order of 10-4 amp., the saturation current at 5000 volts was 
more than 10 times that obtained at 100 volts. A capsule containing metallic 
potassium was then broken in the tube in order to make it easier to maintain 
the thoriated filament in an active condition. With 7000 volts a magnificent 
blue fluorescence was then observed on the tungsten anode in spots and streaks 
and there was green fluorescence on the glass behind the anode. After the 
discharge had heated the anode red-hot no further fluorescence on the anode 
was observed. With the filament heated to emit small currents at low volt- 
ages, the voltage was then raised to 10,000 and 20,000 volts. There were spots 
and streaks of green fluorescence on the glass which moved with the cathode 
when this was shaken. On a further rise of voltage sudden flashes or explo- 
sions seemed to occur within the bulb as though the charges on the glass read- 
justed themselves. After each flash the positions of all the fluorescent spots 
were shifted and the intensity usually much increased. Soon, however, the 
spots returned to their original places and the intensity decreased. Raising 
the voltage to 35,000 a sudden flash occurred accompanied by a crackling sound 
and there then appeared a dazzling bright minute spot on the anode which 
rapidly heated the whole anode to incandescence. This spot moved over the 
surface of the anode when the cathode was moved proving that it was due to 
a fine pencil of cathode rays emanating from a spot on the cathode. Turning 
off the filament heating current, field currents of 5 ma at 30,000 volts were 
obtained with cold cathode. There could have been no appreciable positive 
ion bombardment of the filament for there was never any heating observed 
at the cathode. Momentary heating of the filament to 1800°K made the fila- 
ment inactive so that no cold cathode emission was obtained at 30,000 volts, 
but at 35,000 volts again a similar flash occurred which rendered the cathode 
active. - 

Coolidge in 1914 and Coolidge and Langmuir in 1922 observed that when 
the field currents from a point in high vacuum were raised to several ma, in- 
candescent sparks were shot out from the cathode in the general direction of 
the anode. These particles described sharply curved paths, the curvature being 
convex on the side towards the anode, so that most of the particles did not 
strike the anode. Many of these particles when they struck the bulb rebounded; 
some were also observed to strike the disk-shaped anode and to rebound from 
its surface. This effect is probably caused by local heating resulting from the 
enormous current densities at the spot from which the electrons are emitted. 
Such particles are strongly negatively charged when they leave the cathode 
and are attracted toward the anode. Because of their high temperature, however, 
they emit electrons and become positively charged and are then repelled from 
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the anode. It is difficult to understand, however, how positive charges of suf- 
ficient magnitude can be acquired to cause such marked curvature as that which 
was frequently observed. ~ 

The temperature rise, AT, caused by a current ¢ (amperes) flowing out of 
a small spot in which the current density is J (amp. cm-*) can be calculated to 
be approximately 

AT = oli [8x (39) 
where ¢ is the specific resistance of the material (ohms cm) and 4 is the heat 
conductivity (watts cm-! deg). Thus for tungsten at room temperature 9 = 5 
(10)-* and 4 = 1.5 so that the temperature rise is AT = 1.3 (10)-? Ji. Thus, 
even if the current density were J = 10° amp. cm~, the rise in temperature 
at the emitting spot would only be 1.3° with an emission of 10 ma. The incan- 
descent particles pulled out from the tungsten cathode therefore probably 
originate only at points on the surface where the surface metal is not in good 
thermal and electrical contact with the underlying material.. Possibly also the 
Bridgman effect caused an increase in the heating. 

Schottky has calculated that the field at any surface irregularity is pro- 
portional to the average field over the surface, but about 10 times greater in 
magnitude provided these surface irregularities are small in comparison with 
the linear dimensions of the surface. This is in agreement with the fact that 
the observed values of E giving field currents are 10 or even 100 times less 
than those calculated either by Schottky’s theory or by the newer theories 
involving wave mechanics. 

The distribution of potential near the summit of a ridge-like elevation upon 
a surface may be roughly calculated as follows. Consider first the potential 
distribution in the neighborhood of an infinite conducting solid body which 
is bounded by two intersecting planes forming a dihedral angle , this angle 
being less than x. Let a be the external angle, a = 2x—f. Then it can be shown 
that the potential V at any point P in space outside the solid body is given by 

V = Kr* sin nO (40) 
where 

n=a2/a. (41) 
Here K is a constant, r is the distance of the poini from the line of intersection 
O of the two planes and @ is the angle between the radius vector PO and its 
projection on one of the planes. The electric field E at the surface of either 
plane of the solid is given by 


E=Knr™, (42) 


1 Bridgman, Proc. Natl. Acad. Sci. 10, 297 (1921); Proc. Amer. Acad. of Arts and Sci. 57, 
131 (1922). Bridgman found that the resistance of gold and silver increased about one per cent 
when the current density was 4(10)* amp, cm-* and this increase in resistance was roughly pro- 
portional to the square of the current density. 

1% Schottky, Zeits. f. Physik 14, 63 (1928). 
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We now consider a symmetrical ridge rising to a uniform height h above a 
horizontal plane and bounded by two plane surfaces forming an angle £, the 
bisecting plane being vertical. Let the line OC be a vertical line rising from 
any given point O at the summit of the ridge. At any given height ¢ above O, 
the field due to the ridge (ignoring for the present the horizontal plane) is in a 
vertical direction and has the value 


E=Kn™ (43) 
whereas the field due to the plane (ignoring that due to the ridge) is 
E=E, (44) 


where E, is the field strength which would exist over the plane in the absence 
of the ridge. Similarly we may find the potential at a point at a distance ¢ above 
O, first ignoring the plane and then ignoring the ridge, these potentials being 
respectively 
V = Ke" (45) 

and 

V = E,(h+<). (46) 
We may now eliminate ¢ and K by assuming that the fields given by Eqs. (43, 44) 
are equal and the potentials given by Eqs. (45, 46) are equal.* We thus find 
for the field strength E at the surface of the ridge at a distance r from the vertex 
the approximate value 





or 
mcls)=nelets)atsm(Z) 


Table VIII gives the values of r/h calculated by Eq. (48) for ridges having 
various summit angles 8. The values of r/h are calculated for two values of 
E, viz., 10 E, and 100 Ey. Thus for the 90° ridge (each side at 45° slope) a field 
E varies inversely with the cube root of r, the distance from the vertex, and 
the field is more than 100 times EZ, for a distance of 2 (10)-*xh from the vertex 
and is greater than 10 E, for a distance of 2 (10)-*xh. 

These results may be used to calculate the field distribution over the square 
end of the wire of the experiment of Fig. 7. The actual wire may be approxi- 
mately represented by a cylinder with rounded end on which is superimposed 
a square ridge with B = 90° and hk = 1/10 of the diameter of the wire, i.e., 
h = 0.0022 cm. The average field E, over the surface was 350,000 volts cm-?. 


* That this approximation gives reasonably accurate results follows from the fact that the 


field E at the summit of a hemispherical boss on a plane can be calculated in this way to be 4E,, 
whereas a rigorous calculation, which may be made for this case, gives E = 3B. 
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The field was at least 10 times greater than this for a distance of 4.4 10-* cm 
from the vertex of the ridge, giving a total area of 6 (10)-? cm*. Since the cur- 
rent was 10-5 amp, the average current density over this area would have been 
17 amp. cm-. A field of 100 E,, viz., 3.5 (10)’ volt cm extended for a distance 
r = 4.4 (10)-® cm according to the data of Table VIII, and to give the required 
current the current density would have been 1.4 (10) amp. cm-?. 


Tasrg VIII 
Field E at Distance r from Summit of Ridge of Height hon Plane; B = Angle at 
Ridge, E, Field at Large Distance from Ridge 


| rlh 











B n 
E = 10E, | E = 100E, 

0 0.500 | 0.01 | 10-* 

30° 0.545 0.0075 4.8x 10-6 

60° 0.600 0.0048 | 1.5x 10 

90° 0.667 0.0020 2 x10-* 
120° 0.750 0.0003 | 3 x10-* 
150° 0.857 6x 10-7 6 x10-™ 
180° | 1.000 0.00 , | 0 





Obviously we cannot expect to apply this theory when the value of r is less 
than the diameter of the atoms constituting the surface. Actually, the emission 
of fine pencils of cathode rays proves that the emission cannot occur from a 
ridge but from the serrated points along such a ridge. The theory, however, 
aids in forming a conception of the magnitude of the effects to be expected 
from surface irregularities. 

Some experiments under unusually good vacuum conditions were carried 
out by W. D. Coolidge in 1923 (unpublished work). Two short V-shaped fila- 
ments were mounted in a small bulb so that the tips of the V’s came within 
about 0.1 mm. One of these filaments was one mil in diameter (0.0025 cm) and 
the other one was 8 mil in diameter (0.020 cm). The tube was well exhausted 
and the filaments were degassed at very high temperature. During much of 
the work with the tube, it was immersed completely in liquid air to improve 
the vacuum still further. 

The following are some of Coolidge’s observations. With the bulb in liquid 
air after the filament has been heated to high temperature and allowed to cool, 
the filament is very inactive. If the voltage is gradually raised to the neighbor- 
hood of 10,000 volts until an appreciable field current can be measured on 
the galvanometer and the voltage is then kept constant, the current gradually 
increases at a rapidly accelerating rate but suddenly becomes constant and 
remains so. The filament is then in an ‘‘active” condition. The filament remains 
active if the voltages are taken off for a long time and reapplied. If the filament 
is heated to 1600° for 10 or 15 seconds, or to 2400° for one second, the filament 
becomes inactive but can be made active again by applying a sufficiently high 
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voltage until the current again rises to its limiting value. With continued experi- 
mentation, the voltage required to activate the filament gradually increases. 
Heating the anode filament (the large filament) even to 2500° while the bulb 
is in liquid air has no effect on the field currents obtained from the small fila- 
ment. 

After the liquid air is removed, as the bulb temperature rises, the field cur- 
rents at a given voltage first decrease and then, as the temperature approaches 
room temperature, the currents increase greatly. Heating the filament above 
1600°K still caused a great decrease in activity. 

In some experiments oxygen at a pressure of a few microns was introduced. 
Usually this caused no marked increase in activity if the bulb was in liquid 
air or at room temperature, but if the bulb was then heated moderately the 
filament became very active. This suggests that traces of alkali metal escaped 
from the glass and are held by a monatomic oxygen film on the tungsten. Heat- 
ing the filament above about 1600° drives off some of the oxygen from the 
tungsten surface and renders the film inactive. 

In general, the filament could be rendered active by raising the voltage 
sufficiently to draw fairly large currents. This activation was often accompanied 
by a crackling sound suggesting that disruptive discharges over the surface 
of the glass caused gas evolution which altered the cathode in such a way as 
to make it active. Activation also occurred as mentioned above by heating the 
bulb after oxygen treatment. Introduction of hydrogen seemed to have no 
effect on the activity. The cathode was rendered insensitive by heating to 1600 
or 1800°K and sometimes by drawing excessively large currents (a few milli- 
amperes). 

The difference in the voltages necessary to draw currents from the inac- 
tive and from the active filaments frequently differed in a ratio as great as 10 
to 1 or even 20 to 1. 

These results emphasize the importance in future work on field currents, 
of exceptional care in controlling surface conditions of the cathode. After each 
measuring of field current it would seem desirable to test the condition of the 
filament by measuring its electron emission at a suitable testing temperature. 

Finally, attention may be called to two very recent papers?’ dealing on the 
basis of wave mechanics with field currents, and especially with the modifica- 
tion introduced into Eq. (36) by the presence of a thin adsorbed layer of elec- 
tropositive material. Comparison with experiments indicates a possibility of 
satisfactory interpretation of complications due to surface layers and indicates 
stable films of thicknesses of the order of 2.5 (10)-® cm. 

(7) Electron emission due to electron bombardment is one of several pheno- 
mena which have been described as secondary electron emission, although it 


137 Stern, Gossling and Fowler, Proc. Roy. Soc. A124, 699 (1929); Stern, Proc. Camb. Phil. 
Soc. 28, 454 (1929). 
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was originally called delta ray emission. It is impossible to tell whether a 
secondary electron is simply a reflected primary, or whether it is an electron, 
originally of the metal, which has been ejected by the primary. For all practical, 
purposes these two possibilities need not be differentiated. The fact, however, 
that the number of secondaries somet:mes exceeds the number of primaries 
proves that real emission does occur. 

The main facts of this secondary emission may be summed up as follows: 
(a) The secondary emission depends considerably on the surface treatment of 
the metal, being generally reduced by heat treatment and degassing and increased 
by contamination, especially with electropositive impurities. (b) The emission 
increases from a low value (perhaps zero) for zero velocity of the primary elec- 
trons, rises to a maximum for primary electrons of a few hundred volts energy, 
and then slowly diminishes with further increase of energy of the primaries. 
(c) The maximum ratio of the number of secondary electrons per primary electron 
is between about 1.0 and 1.5 for well degassed ordinary metals; it may reach 
values of 3 or 4 for metals not specially treated. For electropositive metals this 
ratio is greater. For films of alkali metal on an oxidized metal surface, the number 
of secondaries per primary may be as large as 8 or 10. (d) Although the general 
trend of secondary emission with voltage is as described, there are superim- 
posed small variations of the nature of subsidiary maxima which suggest the 
existence of critical potentials at which secondary emission by new processes 
set in. (e) The velocities of the secondary electrons are, for the most part, quite 
small, amounting to only a few volts even for primary electrons of a thousand 
volts. (f) The directions of emission of the secondary electrons appear to be distri- 
buted more or less at random. (g) Except for its effect in conditioning the sur- 
face, moderate temperature variations of the surface appear to have little effect. 
(There is indication, however,’ that the critical potentials mentioned under 
(d) are strongly emphasized if the surface is extraordinarily well freed from 
adsorbed gases, as by keeping it continually hot in a good vacuum.) The fore- 
going characteristics have been established by many observers. A number 
of these agree in finding indication of about 0.50 of incident electrons of very 
low velocity reflected from ordinary metal surfaces, though the interpretation 
of results is particularly uncertain for very low velocities. 

In view of the importance of reflecting power in the theory of thermionic 
emission (see section B 1), it is of interest to note the following strong evi- 
dence against a reflecting power of the order of 50% at low velocities. Lang- 
muir and Jones* in their studies of ionization phenomena between an axial 
“48 Campbell, Phil. Mag. 22, 276 (1911); 25, 803 (1913); 28, 286 (1914); 29, 369 (1915). 

19° Krefft, Phys. Rev. 31, 199 (1928). 

189 Gehrts, Ann. d. Physik 36, 995 (1911); Hull, Phys. Rev. 7, 1, 141 (1926); McAllister, ibid. 
21, 122 (1923); Farnsworth, ibid. 20, 358 (1922); 25, 41 (1925); Petry, ibid. 26, 346 (1925); 28, 
362 (1926); Gill, Phil. Mag. 45, 864 (1923); Horton and Davies, Proc. Roy, Soc. 97, 23 (1920); 
Phil. Mag. 46, 129 (1923); Stuhlman, Phys. Rev. 25, 234 (1925). Tate, ibid. 17, 394 (1921). 

481 Langmuir and Jones, Phys. Rev. 31, 401 (1928). See particularly Fig. 15. 
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tungsten cathode in a cylindrical molybdenum collector measured the frac- 
tion of the primary electrons which left the cathode that were collected by the 
cylinder without having lost energy by inelastic collisions (see also section D 
2b). If the logarithm of this fraction is plotted as ordinate against the pres- 
sure, straight lines are obtained whose slope is R/A, where R is the radius of 
the cylinder and A, is the free path of the electrons for inelastic collisions at 
unit pressure. 

The intercept of this line gives the fraction of the electrons that would be 
collected if there were no collisions. This should be unity if it were not for the 
reflection of electrons incident on the cylinder. Actually, the intercepts that 
are found experimentally range from 0.77 to 0.83 and are independent of the 
nature of the six different gases used. This result proves that with molybde- 
num surfaces which have been cleaned by bombardment by positive ions the 
reflection coefficient, for electrons striking the surface normally with energies 
corresponding to 10 to 20 volts, lies between 0.17 and 0.23. 

The shapes of the curves obtained by Langmuir and Jones were in good 
agreement with the empirical equation 

1/(1—r) = 14-0.0645V3/* 


where r is the reflection coefficient of electrons having an energy correspond- 
ing to V volts. Their data are wholly inconsistent with any increase in r as V 
decreases. The results thus indicate that the reflection coefficient becomes 
very small for low velocity electrons. 

The electric image theory of the forces acting on an electron close to the 
surface of the metal also gives strong reasons for the view that the reflection 
coefficient should approach zero as the velocity of the incident electrons be- 
comes very small. Consider, for example, electrons in equilibrium with a sur- 
face at 2000° which impinge on the tungsten surface. These electrons will 
have, on an average, energies about 0.2 volt, but as they approach the metal 
they are acted on by the attractive force corresponding to the electric image. 
If the work function, 4.5 volts, is entirely due to the electric image force, the 
electrons will have an energy of about 4.7 volts by the time they reach the actual 
metal surface. If they should lose only 0.2 of a volt or about 4 per cent of their 
energy, they will be unable to escape from the surface. According to some 
modern theories involving wave mechanics, the electric image force may be 
equivalent to energies of 10 or even 15 volts which is partly balanced by the 
electron pressure within the metal. On this basis, energy losses of much less 
than 4 per cent would prevent the reflection of the electrons. 

It was pointed out by Langmuir that from the heat conductivity of a metal 
the time of relaxation of the electrons can be calculated. For tungsten this time 
is of the order of 10-5 seconds. This is about the time that it takes for an elec- 
tron, having unusually high energy, to lose all but 1/eth of its excess energy. 


41 T, Langmuir, Phys. Rev. 8, 171 (1916). 
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A 0.2 volt electron which has an energy of 4.7 volts when it reaches the metal, 
is traveling with a velocity of 1.2 10* sec and therefore when it penetrates 
within the metal to a distance of only a single atomic diameter, remains in the 
metal about 0.4 x 10-% sec and thus should lose about half of its energy because 
of the normal heat conductivity of the metal. Thus only an extremely small 
part of the electrons should lose less than 4 per cent and only these can be ref- 
lected from the surface. 

There is another effect, however, which must also greatly decrease the pro- 
bability that low velocity electrons will be reflected. When an impinging electron 
has penetrated within the surface layer of atoms, all other free electrons are 
repelled from it, leaving a slightly greater positive charge than before the inci- 
dent electron arrives. This is a kind of internal image force analogous to that 
postulated by Debye and Hiickel in their theory of electrolytes. The length 
of time it takes to bring about this redistribution of charge can be estimated 
roughly as follows. In a metal of specific resistance @ consider a charge e brought 
to the center of a sphere. Let t be the time that it takes for the charge within 
the sphere to fall to 1/eth of its original value. We thus find t = 10°%/4ac? where 
c is the velocity of light. For tungsten 9 = 5 x 10-* and thus we find t = 4x 10-19 
sec. The redistribution, therefore, within the metal occurs in 1/1000 of the time 
of transit of the electron. At some slight distance from the surface where the 
electron concentration is lower, the time of relaxation will be comparable with 
the rate of passage of the electron and there will be relatively large hysteresis 
effects which will lead to considerable energy dissipation and thus tend to 
prevent reflection. 

Besides being of importance in certain very special types of discharge (L ilien- 
feld X-ray tube,'** Hull dynatron™) and in equilibrium theories of thermionic 
and photo-electric emission, electron reflection has recently become of great 
interest in the interpretation of the electron itself and the foundations of the 
quantum theory. This latter aspect developed from studies six or eight years 
ago by Davisson and Kunsman™ of the angular distribution of that very small 
fraction of rather fast primary electrons incident on a metal surface which are 
reflected with practically the entire original energy. Since then the phenomenon 
has been carefully investigated by Davisson and Germer"* using reflection 
from the faces of nickel crystals. These experiments show strong reflection at 
particular angles of incidence and reflection which are related by the ordinary 
laws of diffraction of waves by a crystal lattice, and prove that the electrons 
behave like trains of waves of wave-length 4 = h/p, where h is Planck’s con- 
stant and p is the momentum of the electron. Furthermore it is found that the 


133 Lilienfeld, Ber. d. Kénig. Saechs. Ges. d. Wiss. 66, 76 (1914). 

14 Hull, Phys. Rev. 7, 141 (1916); Proc. Inst. Rad. Eng. 6, 5 (1928). 

188 Davisson and Kunsman, Science, 64, 522 (1921); Phys. Rev. 22, 242 (1923). 

4 Davisson and Germer, Phys. Rev. 30, 705 (1927); Proc. Natl. Acad. Sci. 14, 317 (1928); 
Davisson, J. Franklin Inst. 205, 597 (1928). 
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refractive index of the crystal for these waves is not unity, but that the crystal 
possesses a sort of “dispersion” curve for electrons of various equivalent wave- 
lengths. This ‘‘wave nature” of electrons is strikingly confirmed by the experi- 
ments of G. P. Thomson, who has shown that electrons in passing through 
thin films of metal, or when incident at grazing angle on a sputtered film on 
quartz, are scattered as if diffracted characteristically for waves of length % 
=h/p by the atomic lattice grating.!*’ 

Under the influence of electron bombardment secondary electrons may be 
emitted not only from metallic surfaces but from the surface of insulators. High 
velocity electrons striking glass surfaces may cause more than one secondary 
electron to be emitted per incident electron. Thus the glass surface becomes 
positively instead of negatively charged. In most high vacuum, high voltage 
discharge tubes, especially when operated at higher voltages than normal, 
spots of blue or green fluorescence are seen on the glass which owe their origin 
to pencils of cathode rays pulled out from the cathode by the intense fields. 
There is marked heat evolution at such fluorescence spots proving that these 
spots are at relatively high positive voltages with respect to the cathode. Since 
these phenomena occur in tubes in which no appreciable current can be carried 
by positive ions, it follows that the positive charge is maintained by secondary 
electron emission. 

Langmuir” has described experimental studies of these effects of second- 
ary electron emission from glass surfaces. In general, two types of discharge 
are possible. First, those in which the walls become negatively charged and 
thus repel all further electrons except those few necessary to balance the small 
positive ion current. Fluorescence under these conditions, in presence of traces 
of gas, may be produced by positive ion bombardment. There are some indi- 
cations that the red fluorescence. sometimes observed with low pressures of 
oxygen is due to such positive ion bombardment. In the second type of dis- 
charge, secondary electron emission keeps the walls positive so that they con- 
tinue to receive electrons, and a large part of the energy of the discharge may 
be then liberated in the form of heat at the walls. 

A repetition’®™ of Lilienfeld’s experiments™* proves that his high vacuum 
discharges through long glass tubes are dependent entirely upon secondary _ 
electron emission from the walls of the tube. 

(8) Electron emission due to impact of metastable atoms was for some years 
suspected of producing a part of the electron emission from a cathode, in the 
presence of an excited gas, which had at first been ascribed entirely to photo- 
electric action of the radiation. It was first definitely proved by Webb™*® and 


47 G. P. Thomson, Nature 122, 279 (1928); Proc. Roy. Soc. A117, 600 (1928); 119, 651 (1928) 
125, 352 (1929). 

78 Langmuir, Gen. Elect. Rev. 23, 513 (1920). 

48 Ann. d. Physik 32, 673 (1910); ibid. 53, 24 (1914); Leipziger Ber. 63, 34 (1911). 

3° Webb, Phys. Rev. 24, 113 (1924). 
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Miss Messenger,/*° who interposed screens of quartz and fluorite of measured 
optical transparency between the excited gas and electron emitting electrode, 
and from the amount of diminution of emission they were able to evaluate 
the relative importance of emission due to impact of metastable atoms and 
due to light in various parts of the spectrum. They showed that the effect of 
metastable atoms is comparable with, and in some conditions considerably 
more effective, than photo-electric action in liberating electrons. 

Recently Oliphant’ has shown that the beam of positive ions of helium, 
which are shot through an orifice in a negatively charged Langmuir plane 
collector, may be largely transformed into a beam of metastable helium atoms 
of similar speed by allowing the ions to impinge at a glancing angle upon a 
metal surface. These metastable atoms, in turn, were found to liberate electrons 
upon impact with a second metal surface. The probability of liberation was 
at least several per cent, and the simplest interpretation of the results is given 
by supposing that every metastable atom which reverted to the normal state 
at a metal surface set free one electron. Also a certain percentage of these meta- 
stable atoms was reflected at the surface, this percentage decreasing with depth 
of penetration, #.e., with speed and with glancing angle, and increasing as the 
surface was heated. The amount of reflection was generally between 10 and 
50 per cent. The electrons liberated by these metastable atoms possessed kinetic 
energies lying between a maximum value of V,—® (where V, is the energy 
of the metastable state and ® is the work function of the metal) and 
a minimum value of about 2 volts, which may have significance in connection 
with Sommerfeld’s theory of metals. Apparently the energy of emission 
of the electrons had no relation to the kinetic energy of the impinging 
metastable atoms. 

Very significant evidence regarding the secondary emission of electrons 
from a negative cold electrode in a discharge has recently been obtained by 
Uyterhoeven and Harrington.’2 They introduced into a region of uniformly 
ionized neon gas, whose ionization was maintained by supplementary elec- 
trodes, the system of electrodes shown in Fig. 8. A circular disk electrode D 
was surrounded by an ample guard ring G and was pierced at its center by a 
pinhole. Close behind this pinhole was a Faraday box F. Between D and G 
was a narrow open gap as shown. There was no communication between the 
main discharge and the region below these electrodes except through this gap 
and the pinhole. Facing D was another Faraday box B, exclosed by glass except 
on the open end facing D. This box B could be moved vertically to various 
distances from D. The experiments which are of immediate significance are 
the following: 


140 Messenger, Phys. Rev. 28, 962 (1926). 

441 Oliphant, Proc. Roy. Soc. A124, 228 (1929). 

143 Uyterhoeven and Harrington, Phys. Rev. 35, 124 (1930); also more recent unpublished 
work, : 


17 Langmuir Memorial Volumes IV 
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(A) Whatever the potential of the electrodes DG with respect to the io- 
nized gas above them, there was always a considerable current between F and 
G, which would pass in either direction according to the sign of the field between 
F and G, and which was quite independent of the potential of DG with respect 
to the gas. Furthermore, applying a field between D and G had very little effect 
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Fic. 8. Apparatus of Uyterhoeven and Harrington for 
study of electron emission due to positive ions and 
metastable atoms. Nickel electrodes, 





on this current. These observations proved that the conductivity between 
F and G was not due to charged particles passing from the main discharge 
into the region below DG. The currents, moreover, were of such as magnitude 
as probably to exclude their explanation as of photo-electric origin, especially 
in view of the complicated reflection which would have been involved in pro- 
ducing photo-electric emission from the under side of G. The only reasonable 
explanation of the currents between F and G thus seems to be action of long- 
lived metastable atoms which had diffused through the gap. 

(B) The collector B was used to prove the existence of a very considerable 
electron emission from the upper surface of the disk D which was exposed to 
the main discharge. To do this, the collector B was made negative with respect 
to the surrounding space by some definite amount, say 100 volts. It was then 
surrounded by a positive space charge sheath S, and it collected ions but not 
electrons from the surrounding ionized gas. Keeping this condition constant, 
the potential V of the electrodes DG was now varied from a small to a large 
negative value. So long as V was less negative than 100 volts, the electrodes 
DG were practically without influence upon the current to B. Just as V was 
raised to 100 volts, a considerable negative current was received by B. Making 
V still more negative had relatively little further effect. This negative current 
to B must have been an electron current proceeding from D, and the fact that 
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it came in definitely just when the potential of D became more negative than 
B proves that these electrons must have originated at the surface of D itself. 
If they had originated within the space charge sheath S,, rather than at the 
electrode D, their velocity distribution would not have been so homogeneous. 

Now these electrons may have been emitted by the action of light, of meta- 
stable atoms or of positive ions. Without doubt all three processes contributed. 
But the following reasons indicate that the metastable atoms exerted by far 
the preponderating effect. The amount of this electron current density was 
about half the total current density to D, indicating that approximately half 
the current to D was due to these secondary electrons and the other half to 
the incoming positive ions. The evidence in the following section (B 9) is that 
electron emission due to positive ion bombardment is far less effective than 
this. The same conclusion may be drawn from the fact that the results were 
essentially the same whether the potential of B was 50, 100 or 200 volts. Simi- 
larly no photo-electric effects of this order of magnitude have ever been recor- 
ded. Consequently we seem left with action of metastable atoms as the only 
adequate explanation. 

This work is still in progress, obtaining additional data for a variety of gases, 
and also measuring electron free paths and the fraction of the current to the 
cathode which is carried by positive ions. 

Some earlier work by Uyterhoeven’ with apparatus similar to parts D 
and G of Fig. 8 led to results in He, Ne and A which, in the main, can be 
similarly explained, and whose significance in regard to electron emission due 
to positive ion impact is discussed in the following section (B 9). These con- 
clusions are substantiated by Found,* who has used the characteristics of 
a cylindrical collecting electrode to evaluate the importance of emission of 
electrons by action of metastable neon atoms in the positive column of a neon 
discharge. The positive ion current to the negative collector is proportional 
to the area of the surrounding sheath, whereas the electron emission from 
it due to metastable atoms depends only on the area of the collector itself 
and hence is constant. In a positive column of 5 cm diameter in neon at pres- 
sure 0.225 mm, operating at 0.4 amp., the secondary electron emission from 
a negative tungsten collector is 7.5 milliamps/cm? compared to a positive 
ion random current density of 0.82 milliamps/cm*. The current to a 2 mil 
collector at 100 volts negative to the discharge was thus approximately two- 
thirds due to secondary emission and one-third due to positive ions. a 

(9) Electron emission due to positive ion bombardment is another phe- 
nomenon which has long been suspected, but only recently proved, and really 
very little is known about it. Practically all of the older work is vitiated by 
unrecognized complicating effects. 


43 Uyterhoeven, Proc, Natl. Acad. Sci. 15, 32 (1929); also thesis for Cal, Inst. Tech. 1929; 
Found, Phys. Rev. 34, 1625 (1929). 
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The simplest conditions obtain when a metal surface is bombarded by 
positive ions in a high vacuum, and the resulting electron emission is meas- 
ured after suitably allowing for positive ion reflection. Klein‘ and Jackson’* 
have done this, using heated strips emitting positive ions of alkali metals as 
ion sources. The results of the two authors are in serious disagreement, due, 
we believe, to an unrecognized complication arising from the experimental 
arrangement in the former case. Jackson found, for K ions impinging perpen- 
dicularly on Al, Ni and Mo, no detectable electron emission (i.e., less than 
0.5 per cent) for ion velocities below 200 volts for Al, 300 volts for Ni, 600 volts 
for Mo after degassing of these metals by heat treatment. Above these velo- 


cities the electron emission increased regularly to 7 per cent for Al, 4.2 per cent 
for Ni and 3.8 per cent for Mo at 1000 volt velocities. Without the heat 


treatment the emission was detectable at about half the above minimum 
velocities and was about double the above values at 1000 volts. Positive ions 
of Cs were slightly more, and those of Na and Rb somewhat less effective 
han those of K. The electrons thus emitted were very slow, practically all of 
them being stopped by a retarding field of one volt.1# 

In the above experiments not more than 4 per cent of the incident ions were 
reflected. At more glancing angles, however, and particularly with degassed 
surfaces, the percentage of reflection may be much greater, and the reflected 
ions possess a complicated distribution of directions and of retained ener- 
gies.147 . 

A very decisive test of the effectiveness of alkali ions in producing second- 
ary electron emission from bombarded metal surfaces can be made by utiliz- 
ing the remarkable constancy of the ion currents from a sufficiently hot fila- 
ment in contact with the alkali metal vapors, since such currents depend only 
on the rate at which vapor atoms strike the filament and are entirely indepen- 
dent of applied voltage, provided this is sufficient to overcome space charge.'* 
It is observed that if such a current of caesium ions from a filament to a sur- 
rounding axial cylinder is saturated at 50 volts, a sudden increase of voltage 
to 250 volts causes no perceptible change in the current. This proves that 
there is no change as large as a fraction of one per cent in the secondary elec- 
tron emission in the range 50-250 volts, which makes it extremely proba- 
ble that the total secondary electron emission itself is negligible. 

It is particularly important to know the magnitude of this phenomenon 
in mercury vapor. Langmuir and Mott-Smith*® found that the current to 


444 Klein, Phys. Rev. 26, 800 (1925). 
4145 Jackson, Phys. Rev. 28, 524 (1926); 30, 473 (1927). 
M6 See also Baerwald, Ann. d. Physik 60, 26 (1919). 
147 Read, Phys. Rev. 31, 155 (1928); Gurney, ibid. 32, 467 (1928). 
448 Langmuir and Kingdon, Science 57, 58 (1923); Killian, Phys. Rev. 27, 578 (1926). Note 
_particularly the flat saturation curves in Figs. 5, 6, p. 585 of Killian’s paper. 
. 7° Langmuir and Mott-Smith, Gen. Elect. Rev. 27, 544 (1924). 
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a negative nickel collector bombarded by Hg ions showed no evidence of 
secondary electron emission due to bombardment up to 1160 volts, though 
their conditions were such that an emission of not over 10 per cent would not have 
been detected on account of uncertainties in the ‘‘edge correction” to the cur- 
rents to the collector. Then Dallenbach, Gerecke and Stoll'5° showed that 
Hg? ions incident on an iron electrode with energies up to 3000 volts are not 
more than perhaps 1 per cent effective in liberating electrons from the electrode. 

In some recent unpublished work, Langmuir and Sweetser have measured 
the variation of current to a negative collector with voltage far more accur- 
ately than in the work of Langmuir and Mott-Smith. The collector was of 
molybdenum of the guard ring type. The outer diameter of the guard ring 
was 1.92 cm while the diameter of the inner part of the collector was 0.64 cm, 
the separation between the two collectors being less than 0.005 cm. Both 
parts of the collector were always kept at the same voltage, but the current 
was measured only for the central part. The fractional variation of current 
per volt change in collector potential, which we may represent by B, was 
measured under a wide range of conditions. The largest observed variation 
(8 = 0.001) was found only under conditions where the sheath thickness (x) 
was very large (0.20 cm). By varying x by altering the intensity of ionization, 
for example by changing the cathode current, it was found that 8 varied with 
x according to the equation 


B = Bo+1.6527/(V16) (49) 


where V is the negative voltage on the collector and 7, is the radius of the outer 
perimeter of the guard ring. In this equation the term involving x? is of the 
form to be expected for a residual edge correction due to an insufficiently large 
guard ring. This equation was found to express the results for discharges for 
both argon and mercury vapor. 

With a greater intensity of ionization the term involving x? becomes quite 
small as compared with f, and thus the value of 8) could be found with rea- 
sonable accuracy. For the discharges in mercury vapor By = 0.0002 volt-1. 
For argon £, = 0.0006 volt“). In these experiments the voltage of the collector 
was varied from 50 to 150 volts. In this whole range of 100 volts, therefore, it 
may be concluded that if there is any electron emission produced by positive 
ion bombardment it varied by about 2 per cent for mercury and 6 per cent for 
argon, these being expressed as percentages of the total positive ion current 
flowing. (Experiments with collectors designed to catch the electrons emitted 
from the surface of a negatively charged collector are now in progress by 
Tonks and Sweetser). 

Similar experiments by Uyterhoeven,™* at rather lower pressures, do not 
agree very accurately with Eq. (49), but if this equation is used as a rough 


4 Diillenbach, Gerecke and Stoll, Phys. Zeits. 26, 17 (1925). 
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approximation then values of 8, may be computed. Typical values are: He—Ni, 
0.0020; A—Ni, 0.00095; A—C, 0.0012. 

It should be noted that these are ‘‘apparent” values, based on the assump- 
tion that the total collector current is a positive ion current. They would be 
raised if part of this current is due to emitted electrons, — doubled, for example, 
if half the current is due to electrons as in the case of Ne—Ni investigated by 
Uyterhoeven and Harrington. 

The most direct investigation of electron emission due to positive ions of 
a gas discharge is by Penning, who projected neon ions, from a discharge, 
through a tube and allowed them to strike a copper, silver or iron electrode 
after the desired speed regulation in an auxiliary field. The resulting prob- 
ability of electron emission as a function of the ion energy is shown by Fig. 9 
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Fic. 9. Probability of electron emission by positive ion bombardment at V volts. 
(Neon ions, copper electrode.) 


It is interesting to note the emission even at zero velocity of impact. Extra- 
polation of the experimental curve gives the probability at zero velocity 
somewhere between 2 and 2.5 per cent. Penning suggests that this will be found 
whenever the ionizing potential of the gas atom exceeds twice the work func- 
tion of the electrode, V, > 2%, because the ion must possess enough energy 
to extract an electron to neutralize itself, and also another electron. Oliphant!“ 


151 Penning, Vers. K. Ak. Amsterdam 36 (1927); Physica, 8, 13 (1928); Proc. Amst. Acad. 
31, 14 (1928). 
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points out that Penning’s results probably include a contribution from metas- 
table atoms produced as in his own work. Nevertheless, the increase of emis- 
sion with ion velocity indicates that Penning has observed. a true electron 
emission due to slow speed ions, even though his values may be too high on 
account of the complication mentioned by Oliphant. 

(It is perhaps significant, in support of Penning’s views, that cold cathode 
discharges in Hg vapor require a surprisingly high voltage in comparison with 
other gases whose ionization is known to be more difficult. This may be be- 
cause the inequality V, > 2@ is considerably less pronounced in the case of 
Hg than in the case of the gases in question, so that the positive ions are less 
effective in ejecting electrons from the cathode. If this be true, discharges in 
K vapor should be still more difficult, provided the cathode is of a material 
like oxygen-free zinc which will not adsorb K atoms or ions and thereby lower 
its work function.) 

Finally, the yield of electrons liberated from cathodes by positive ion im- 
pact has been estimated indirectly and on questionable grounds by Klem- 
perer,™ from data on the minimum sparking voltage between parallel metal 
planes, combined with values of the ‘‘effective” (not minimum) ionizing po- 
tentials of the gases.4* These estimates involve the assumption that every 
electron ionizes every time it falls through this ‘‘effective” ionizing potential, 
this being the characteristic of and the explanation of the minimum sparking 
voltage (an assumption and a statement which are not obvious). This esti- 
mate agrees in order of magnitude with calculations based on the Holst and 
Oosterhius theory of sparking (see Part II). Klemperer’s values of percentage 
yield of electrons per positive ion impact are given in Table IX. 





Tasie IX 
Yield of Secondary Electrons per Positive Ion (Estimated Indirectly) 
Gas | Air | co, | H, | A 
Yield 0.66% 0.09% | 0.74% 0.7% 
“y 5.8 8.4 | 2A 3 








“‘y’? = kilovolts/em + pressure in cm Hg and is a measure of the mean energy acquired 
by the ions in passing through the gas between the plane parallel electrodes. 

(10) Emission due to chemical action probably plays a very minor role in 
gas discharges. The phenomena are varied in nature. For example, air, especially 
when moist, when in contact with phosphorous is charged with both positive 
and negative ions of such low mobility that they obviously contain very com- 
plex products of the chemical reaction. Hot platinum in contact with pho- 
sphorous vapor emits positive ions but no appreciable negative ions or electrons. 


* Klemperer, Zeits. f. Physik 52, 650 (1928). 
48 Lehmann and Osgood, Proc. Roy. Soc. A115, 609 (1927); Lehmann, ibid. 115, 624 (1927). 
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Gaseous products of electrolysis are ionized, though this is probably due 
to bubbling through the electrolyte rather than to chemical action. 

Electrons are emitted by chemical action of a number of gases on such elec- 
tropositive metals as sodium, potassium, amalgamated aluminum. Among 
the gases investigated are H,S, HCl, CO,, HO, COCI,, CSCI,, O,, Cl, Br,. 
Cases of emission of as many as one electron for every 1600 reacting molecules 
have been observed. The emitted electrons have velocities of the same order 
as those ordinarily observed in photo-electric emission, but with that absence 
of saturation which we have shown to be characteristic of a composite surface. 

Doubtless some cases of emission ascribed to chemical action are really 
thermionic emission arising from high temperatures produced by the reaction, 
while others may be of photo-electric origin associated with chemilumines- 
cence. There appears to be no reason, however, for excluding electron emis- 
sion by chemical action as a real phenomenon, since activated molecules are 
known ‘to exist as intermediate products in chemical reaction, and these 
activated molecules should be able to cause electron emission if their energy 
is sufficient, just as such emission occurs at contact of metastable atoms with 
electrodes. 

An excellent discussion of ionization and chemical action is given by Ri- 
chardson in his ‘‘Emission of Electricity from Hot Bodies.’’5¢ 


C. Disappearance of Electrons and Ions 


Electrons and ions may be lost by any given element of volume of ionized 
gas by recombination, by absorption or by neutralization at the surfaces of 
electrodes, or by motion away from this element by volume. This latter pro- 
cess will be discussed in the following section entitled, ‘“The Motions of Elec- 
trons and Ions.” 

(1) Disappearance of electrons and ions at the electrodes and walls involves, 
of course, their motion to the electrodes, which will be treated later. In addi- 
tion to this, there are certain phenomena characteristic of the actual absorp- 
tion or neutralization process. Of these phenomena, reflection and secondary 
emission of new charged particles have already been discussed (B 7, 8, 9). 

Absorption of electrons by electrodes involves heating of the electrodes by the 
amount e(@+V)—2kT per electron,®’ where V is the average energy of the 
energy of the incident electrons (in equivalent volts) and T is the excess in 
temperature of the electrode above its external connection. V does not in- 
clude the energy gained close to the electrode surface as the result of surface 


4 Haber and Just, Ann. d. Physik 30, 411 (1909); 36, 308 (1911): Zeits. f. Elektrochem. 16, 
275 (1910). 

4 Smyth, Proc. Natl. Acad. Sci. 11, 679 (1925). 

486 Richardson, Emission of Electricity from Hot Bodies, Chap. IX. 

487 Richardson and Cooke, Phil. Mag. 20, 73 (1910); 21, 404 (1911), with the correction 
of 2kT in place of (3/2)kT. 
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forces, since this is included in ®. The term 2kT (which amounts only to e 
times 1 volt for T = 5886°) is generally negligible. If the electrons reach the 
electrode in a retarding field, so that secondary emission and reflection of 
electrons occur, these phenomena alter the heating in an obvious manner, the 
net heating per incident primary electron being 


H = ($+V)—ne(®+V,)—(1—n,)2kT (50) 


where n, is the number of secondary electrons per primary, and V, is the 
average initial energy of the emitted secondary electrons. If the incident energy 
V is of the order of 10 volts, the term n,e(®+ V,) is probably less than 10 per cent 
of the term e(®+)V. At higher incident energies n, increases (up to a maxi- 
mum when V is of the order of 300 volts), but V, remains so small relative to 
V that it is very doubtful if the cooling effect of the second term can ever 
equal the heating effect of the first term. The more important terms of Eq. 
(50) have been tested both for electrodes in vacua’ and in ionized gases.15* 

Absorption or neutralization of positive ions at electrodes involves more com- 
plicated energy relations. Consider the cycle of Fig. 10. A positive ion of negli- 
gible kinetic energy reaches the surface, is neutralized, and liberates energy 
e®.,. Or, alternatively, an electron escapes from the surface absorbing energy 





Fie. 10. Heat of neutralization ®, of a positive ion. 


e®_, unites with the ion liberating energy eV,, and the neutral atom may 
remain on the surface liberating the heat of absorption eL of the neutral atom. 
Comparing these equivalent processes, we get 


$,=V,-9_4+L, (51) 


which is the relation originally proposed by Schottky, except for the inclusion 
of the term L (which vanishes if the ion-atom is not permanently deposited on 
the electrode). 

While this equation is correct as regards total energy, it is not necessarily 
correct as regards heat gained by the electrode, because a part of the energy V, 
may be radiated away in the process of combination. The process of neutrali- 


48 Schottky and von Issendorff, Zeits. f. Physik 26, 85 (1924); Compton and Van Voorhis 
Proe, Natl. Acad. Sci. 13, 336 (1927); Van Voorhis, Phys. Rev. 30, 318 (1927). 
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zation may actually be somewhat similar to that shown on the right in Fig. 10, 
since, when the ion has approached within a distance of about ten atomic 
diameters of the surface it attracts electrons with a force sufficient to extract 
them from the surface. The subsequent time before the ion strikes the surface 
is of the order of 10~* sec, and therefore much smaller than the average dura- 
tion t of a free atom in an excited state (A 3). Nevertheless, at or near the 
surface the combining ion must part with energy V,, and it is quite possible 
that a fraction t of this is radiated. Perhaps this radiated energy accounts 
for the faint continuous glow often observed at the surfaces of cathodes,'** 
detected in certain experiments by its photo-electric action and suggested by 
J. J. Thomson as producing the electron emission caused by positive ion im- 
pact.1 Thus we should have, for the heat of neutralization, 


®, = (1—-1)V,—O_+L. (52) 


The fraction (r) would be expected to be > 0.5, from considerations of re- 
flecting power and subtended solid angle of the metal surface. Compton and 
Van Voorhis’ conclusion” that ®, is very nearly zero must now be retracted 
in the light of further evidence which has proved that their original results 
were affected by an unsuspected new complication now to be described. All 
that can at present be said is that ©, must be given by Eq. (52), withl1 >r >0. 
A second factor which complicates and may considerably reduce the heat- 
ing of electrodes by positive ions, and which appears to have been neglected in 
previous discussions of this question, is the retention by the neutralized ion 
{atom) of a portion of its incident kinetic energy. It has hitherto been assumed 
that the neutralized particle, if it was not permanently adsorbed on the elec- 
trode, departed from it’ with negligible energy (as, for example, in thermal 
equilibrium with it). However, this is not the typical behavior of neutral mo- 
lecules incident upon a surface of different temperature, for it is found that 
such molecules only partially come into thermal equilibrium with the surface 
(except in the case of adsorption followed by evaporation, which is probably 
not the behavior of neutralized ions since these in general have kinetic ener- 
gies far in excess of the heat of adsorption). The degree to which a.reflected 
molecule adjusts its energy to that of the reflecting surface is described by its 
accomodation coefficient, defined by 
a= (E,—E,)/(E,—E,) (53) 
where E,, E, and E, are, respectively, the kinetic energy of incidence, that of 
reflection and that characteristic of the temperature of the reflecting surface. 
Thus, complete adjustment at impact, as in case of adsorption and reevapora- 
tion, is described by a = 1, while specular reflection corresponds to a = 0. 
Some values of accomodation coefficient are given in Table X. 


318° Geiger and Scheel, Handbuch der Physik, XIV, pp. 173, 183-188, 234. 
160 Thompson Phil. Mag. 48, 1 (1924); 2, 675 (1926). 
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TaBre X 
Accomodation Coefficients a 


Metal 

















Gas Metal a Ref. 
temperature 
H, Pt 20°C | 0.26 0 
CO, Pt " 0.87 ” 
N, Pt +i 0.87 ” 
H, Pt —100 0.25 18 
H, Pe +200 0.15 ” 
He Pt —100 0.49 ” 
He Pt +200 | 0.37 ” 
H, w +1500 0.19 10 
N, w +1500 0.60 ” 
Hy Pt ~20 i 0.278 1m 
0, Pt ie | 0.800 ” 
co, Pt ie 0.807 ” 
He Pt + 0.338 ” 
A Pt > 0.857 ” 
Ne Pt 3 0.653 ” 








Compton and Van Voorhis, in some unpublished work still in progress, 
have shown that the heating of a cool tungsten cathode by 50 volt positive 
ions of A, Ne and He is of the order of only 0.8, 0.65 and 0.43, respectively, 
of the expected watts input given by current to cathode times accelerating volt- 
age drop. This is under conditions in which there is no possibility of energy 
dissipation by collisions of the incoming ions with gas molecules. It also neglects 
any contribution of the heat of neutralization ®, whose inclusion would 
tend further to diminish the above fractions. These fractions are strikingly 
similar to the corresponding accomodation coefficients, which is probably 
a coincidence, since the atom energies in this case are about a thousand times 
those of the atoms referred to in Table X and it would be quite surprising 
if a did not vary considerably over this range. The unexpectedly low heating 
is due to two factors: (1) this effect of an accomodation coefficient less than 
unity, and (2) the fact that part of the current is not incoming ion current, 
but outgoing electron current arising from action of excited atoms on the 
electrode — as has been proven by supplementary tests.“? Further possi- 
ble evidence of this retention of energy by the neutralized particles is cited in 
the following section. 


34 Knudsen, Ann. d. Physik 34, 593 (1911). 

4€3 Soddy and Berry, Proc. Roy. Soc. 84, 576 (1911). 

163 Langmuir, ¥. Am. Chem. Soc. 37, 425 (1915). 

34 Knudsen, Ann. d. Physik 46, 641 (1915). 

4 Compton and Van Voorhis, to be reported at the April meeting of the American Physical 
Society. 
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Thus far no quantitative estimates of the accomodation coefficient appro- 
priate to impact of ions against electrodes are available. Until these have been 
determined, all estimates of the heating of cathodes by ion bombardment 
must be held in abeyance. However, the equation for this heating per positive 
ion of initial energy V may be stated as 


H,, = aV,4, = aV,4(1—nV,—O_+L. (54) 


Momentum transfers at electrodes due to impact of charged particles against 
electrodes, do not cause a pressure against the electrodes if, as is usual, these 
particles acquired their momenta entirely as the result of attraction by these 
electrodes, since the momentum gained by the electrode by attraction is 
exactly neutralized by the impact. Pressure against an electrode may, how- 
ever, arise from impact of particles whose speeds were acquired in a field 
between other electrodes, or from the reaction of spontaneously emitted par- 
ticles such as thermoelectrons from a hot cathode!** or neutral atoms from 
a volatilizing electrode.’ 

Furthermore, if ions which are drawn to an electrode by an adjacent field, 
retain after neutralization a portion of their incident kinetic energy, as in the case 
of an accomodation coefficient less than unity, the momentum of escape 
would be imparted to the electrode producing a pressure upon it. This would 
offer a reasonable explanation of the rather large pressure against the cathode 
of a copper vacuum arc, which led Tanberg"®® to the rather unprepossessing 
conclusion that the copper atoms which evaporate from the surface have 
kinetic energies characteristic of about 500,000°C. For example, the observed 
order of magnitude of this pressure would follow if half the current at the 
cathode is carried by positive ions, and if these retain on the average one- 
tenth of their kinetic energy after neutralization. 

Langmuir "° has discussed the related problem of momentum imparted to 
the gas, and the resulting pressure in discharge tubes. 

“Sputtering,” or disintegration of an electrode subjected to positive ion bom- 
bardment is a well known and often troublesome phenomenon. Although dis- 
covered!” as early as 1852 its behavior and explanation both remain rather 
obscure. . ‘ 

Most investigations have dealt with the rate of loss of weight of the 
cathode in a glow discharge, as a function of the nature of the metal, nature of 
the gas, cathode fall, current density, gas pressure, cathode temperature or 


466 Duffield, Burnham and Davis, Proc. Roy. Soc. 97, 326 (1920). 

7 Beer and Tyndall, Phil. Mag. 42, 956 (1921); Tyndall, ibid. 42, 972 (1921); Sellerio, 
ibid. 44, 765 (1922). 

18 Tanberg, Phys. Rev. 35, 294 (1930). 

169 Langmuir, 7. Franklin Inst. 196, 751 (1923). 

170 Grove Phil. Trans. 1852. 


Google 


Electrical Discharges in Gases. I. Survey of Fundamental Processes 269 


geometry of tube. The most striking observation is the great difference ob- 
served with different metals and gases. Sume of these observations are shown 
in Table XI. 











Taste XI 
Observer Gas Rate of sputtering in descending order 

Crookes??? air Pd, Au, Ag, Pb, Sn, Pt, Cu, Cd, Ni, Ir, Fe, Al, Mg 

Kohlschiittter’”?, N, Ag, Au, Pt, Pd, Cu, Ni 

Blechschmidt?”* A Cd, Ag, Pb, Au, Sb, Sn, Bi, Cu, Pt, Ni, Fe, W, Zn, Si, 
Al, Mg 

Giinther-Schulze!** H,* Bi 1470, Te 1200, As 1100, Tl 1080, Sb, 890, Ag 740, 
Au 460, Pb 400, Zn 340, Cu 300, C 262, Sn 196, Fe 68, 
Ni 65, W 57, Co 56, Mo 56, Mn 38, Cd 32, Al 29, Cr 27, 
Ta 16, Mg 9 

» O,* Zn 1030, Tl 650, Ag 614, Au 423, Pb 320, Cu 236, 





Sn 227, Fe 86, Mo 80, W 49, Ni 52, Cd 28 





* Note: Numbers give rate of sputtering in Mg/amp. hr under the conditions of cathode 
fall V; = 770 volts and current density about 7 milliamps. per cm. 


A relation which holds with fair accuracy with most gases gives the mass 
of cathode material sputtered in unit time!”® 
m= K(V.—V)), (55) 
where K and V, are constants characteristic of the gas and metal and V, is the 
cathode fall. Thus the rate of sputtering is about proportional to the excess 
of cathode fall of potential above Vy. V» usually lies between 350 and 550 
volts and is generally about 450 volts. The constant K is roughly proportio- 
nal to the fourth root of the atomic weight of the gas,!”* unless the rate of sput- 
tering is accelerated by chemical action’? There have been suggestions!”? 
also that K = K,A/n, where A is the atomic weight of the metal, is an integer 
between 1 and 4 which is in some cases (but not always) equal to the valency, 
and K, is a constant characteristic of the gas. The value of K, for N, is about 
0.0004. 
The approximate validity of Eq. (55) does not necessarily imply that the 
rate of sputtering is causally related to the cathode fall V,, since, in order to 


11 Crookes, Proc. Roy. Soc. 50, 88 (1891). 

173 Kohlschiitter, Zeits. f. Elektrochem. 15, 316 (1909); Jahrbuch d. Radioakt. 9, 355 (1912). 

178 Blechschmidt, Ann. d. Physik. 81, 999 (1926). 

174 Giintherschulze, Zeits. f. Physik 36, 563 (1926); 38, 575 (1926). 

418 Grandquist, Kgl. Akad. Stockholm, 54, 595 (1897); Holborn and Austin, Wiss. Abhand. 
d. Phys. Tech. Reichsanstalt, 4, 101 (1903). 

176 Kohlschitter and Miiller, Zeits. f. Elektrochem. 12, 365 (1906); Kohlschiitter and Gold- 
‘schmidt, ibid. 14, 221 (1908); Blechschmidt, Ann. d. Physik. 81, 999 (1926). 

477 Giinther-Schulze, Zeits. f. Physik. 38, 575 (1926). 
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vary the cathode fall, the gas pressure or current density were varied. Ginther- 
Schulze!”’ found that the rate of disintegration of the cathode depends on the 
distance of the anode, and also on the gas pressure and geometry of the cathode, 
in such a way as to suggest that the cathode loses weight by the process of 
diffusion of metal atoms away from the region of their maximum partial pres- 
sure just outside the cathode surface toward the anode where their partial 
pressure is zero. According to him, at constant current density 

_ m= CV,/pD (56) 
where C is a constant characteristic of the gas, p is the gas pressure and D is 
the distance to the anode. 

All the above relations and experiments, while useful empirically to describe 
the rate of cathode disintegration in ordinary glow discharges, are ill-adap- 
ted to yield information regarding its fundamental cause, on account of the 
complexity of the conditions. Much more incisive are experiments which 
give the rate of distintegration caused by bombardment of ions of known 
energy under conditions in which collisions of sputtered atoms with gas mo- 
lecules do not occur to retard their escape. Such experiments have been per- 
formed by The General Electric Co, Ltd.1”* and by Kingdon and Langmuir.’”* 
Here electrons from a hot filament were used to ionize the gas whose pres- 
sure was too low appreciably to interfere with the escape of the atoms 
sputtered from the cathode. The positive ions were drawn to the cathode 
with known and fairly homogeneous velocities. The results again led to a re- 
lation m = (V—V,) like Eq. (55) but with much lower values of Vo, indi- 
cating that in the case of the glow discharge the positive ions striking the 
cathode have lost by collisions with gas molecules most (at least three-fourths) 
of the energy gained in the cathode fall. 

The General Electric Co. Ltd. found no case in which V, exceeded 100 
volts. The effectiveness of gas ions in disintegrating a tungsten cathode in- 
crease in the order H,, He, Nz, Ne—He, Hg, A. Kingdon and Langmuir tried 
the effect of ion bombardment in disintegrating the monatomic layer of thor- 
ium on tungsten and found, for 150 volt impacts, that one thorium atom was 
knocked off for every 700,000 impacting ions of He, 45 of Ne, 23 of Hg, 12 
of A, 12 of Cs, and that hydrogen ions were entirely ineffective. The very 
small sputtering power of hydrogen and helium is believed to be due to the 
relatively great penetrating power of these atoms, so that their energy is dis- 
sipated too deep within the metal to cause surface disintegration. Fig. 11 
gives some illustrative data. 

Holst!®° has observed sputtering of tungsten in argon rectifiers at voltages 
as low as 25 volts. 


178 General Electric Co. Ltd. Phil. Mag. 45, 98 (1923). 


1°® Kingdon and Langmuir, Phys. Rev. 22, 148 and 357 (1923). 
180 Holst, Physica 4, 68 (1924). See also A. W. Hull, Trans. Am. Inst. E. E., 49, 753 (1923). 
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Oliphant™ gives reasons for suspecting that it is not alone the kinetic energy 
of the impacting ion which is responsible for sputtering, but that the fact that 
the ion is an electric charge is also a factor. 

There is spectroscopic and magnetic deflection evidence that sputtering 
may consist in the expulsion of neutral atoms, whose velocities are of the order 
of those occuring in evaporation processes,!*! although these may acquire 
charges, coalesce into aggregates, etc., in their subsequent history. Tungsten, 
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Fico. 11. (a) Sputtering of W (General Electric Co. Ltd.); (b) sputtering of surface 
Th atoms from a W filament (Kingdon and Langmuir). » = number of sputtered 
atoms per impinging positive ion. 





molybdenum and carbon sputtered from filaments of these materials in argon 
are capable of acquiring either positive or negative charges. This results in 
a very interesting type of discharge, the streamer discharge, which may occur 
when these materials are sputtered in arcs in argon (also in neon).}® 

When thermionic currents of 50 to 100 volts are passed through argon at 
pressures of only a few microns, a tungsten filament sputters rapidly and the 
sputtered material deposits on the bulb, particularly behind the anode, indi- 
cating that it becomes negatively charged.!* 

There are two principal theories of sputtering, the theory of local high 
temperatures and the theory of direct momentum transfers. The theory of 
local high temperatures has been developed most extensively by von Hippel 
on the idea that the energy of the impinging ion raises an area around the 


481 von Hippel, Ann. d. Physik 80, 672 (1926); Baum, Zeits. f. Physik 40, 686 (1927). 

408 J, Langmuir. Science 60, 392 (1924). 

498 T, Langmuir, Phys. Rev. 2, 475 (1913). 

44 von Hippel, Ann. d. Physik 81, 1043 (1926); Blechschmidt and von Hippel, ibid. 86, 1006 
(1928). : 
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point of impact to a temperature which is instantaneously very high, but 
which sinks rapidly as the energy spreads out and is dissipated by the thermal 
conductivity of the metal. He finds 


s —@/RT 

moc ed4C)T* aRT AF At, 
where # is the current density, e is the electronic charge, C, is the number of 
secondary electrons emitted per impinging positive ion, T is the average tem- 
perature of the average area AF from which evaporation occurs during a time 
At, R is the gas constant and gq is the heat of evaporation of the metal. AF, 
T and At may be estimated from considerations of the kinetic energy of the 
ion and the thermal conductivity of the metal as shown in the second refe- 
rence (7*), While this equation gives the right general sort of variation among 
the parameters, it rests on necessarily very crude approximations. An ap- 
parently serious objection to any such high temperature evaporation theory 
lies in the fact that it would predict, in the case of a metal like tungsten, an 
enormous secondary (thermionic) electron emission in proportion to the amount 
of sputtering, whereas this is not found to be true. It is possible, however, 
that such emission is limited to a small value by space charge on account of 
the extremely small dimensions AF of the effective emitting areas. 

Kingdon and Langmuir’ showed that the rate of sputtering of thorium 
from a tungsten surface can be quite accurately explained, and the minimum 
sputtering voltage (about 50 volts) roughly calculated on the following as- 
sumptions: As the first step in the process, a surface atom of thorium is struck 
by an ion and driven into the underlying tungsten, forming a depression. 
When this depressed thorium atom is struck by a second ion, the ion is elasti- 
cally reflected and, on its way back, may strike one of the surrounding thorium 
surface atoms and dislodge it, provided the energy which it can communicate 
to the atom, according to the laws of momentum transfer, exceeds the atomic 
heat of evaporation. The total chance of removing a thorium atom as the 
result of N ion impacts against any particular atom is given by 


(1-6) = »(3P,+5P;+6P,+6P,), (57) 


where 


1 ese 
Ph = ay Nayte” 
is the probability that the same atom will be struck 2 times while N ions strike 
the surface, in terms of the probability p that a given ion strikes a given atom. 
6 is the fraction of the surface covered by thorium atoms and yz is the prob- 
ability that an ion which has been reflected from a depressed thorium atom 
will remove one of the neighboring atoms on its rebound. Similarly, the 
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minimum voltage V for sputtering is given in terms of the atomic heat of 
evaporation of thorium E, from tungsten (1.40 (10)-" ergs/atom) by 


V. = 300E, [ Sota | 
* 4emygn, || m,—m, 


where m, and m, are the masses of the impacting ion and the target (cathode) 
atom, respectively. 

Equation (57) accurately fits the experimental data when reasonable val- 
ues of the parameters p and yu are chosen. Equation (58) gives about the right 
value of V, for Ne and A, but too high values for H, He, Cs and Hg ions. 
The evidence cited above indicates that the discrepancy with H and He is 
probably due to their great penetrating power, while the discrepancy with the 
heavy ions of Hg and Cs may well be due to their driving the thorium atom so 
far into the tungsten at the first impact that the reaction to the second impact 
is by the entire tungsten wall rather than by the thorium atom alone, as as- 
sumed in Eq. (58). 

Holst’s observation of sputtering of tungsten in argon rectifiers at voltages 
as low as 25 volts led him to postulate a mechanism different from that as- 
sumed to explain the sputtering away surface thorium atoms. He suggests 
that it depends upon the transfer of the requisite amount of energy to a tungsten 
atom at a single direct impact, according to which 

y, = 300B, (my-+m)* 
s 4e * 


mm, 


(58) 


(59) 


This expression gives very small values for V,, (e.g., W in A, 16; W in Ne, 27; 
Pt in A, 10; Pt in Ne, 17; Cu in A, 3.3; Cu in Ne, 4.2). The accuracy of these 
values is very uncertain. 

These remarks will serve to emphasize the fact that cathode sputtering, 
though an important phenomenon of gas discharge, is still very inadequately 
understood. It may be significant that the ion bombardment fractures the 
surface crystalline layer. (See micrographs of Baum!® and evidence from elec- 
tron emission by Reynolds.!%) If sub-microscopic dust were thus produced, 
it would be quickly evaporated when it passed into the discharge by the heat 
of recombination of ions and electrons on its surface. In the case of tungsten 
the evaporation is very slow and such incandescent centers of recombination 
can actually be seen (and investigated optically by a Tyndall beam) when tung- 
sten is sputtered in argon.}® In the case of the more volatile metals, such a 
process might possibly explain the atoms of sputtered material which have 
been taken as proving the evaporation theory of sputtering. 

(2) Disappearance of electrons and ions by recombination. That electrons 
and ions may recombine has been known ever since their existence in a con- 
ducting gas was recognized. In fact all emission of light from glowing gases 
was at one time ascribed to this process. Yet attempts to produce light by mixing 


18 Langmuir Memorial Volumes IV 
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together ions and electrons under controlled conditions have proved singularly 
fruitless. Within the last ten years, however, certain restrictions on recombi- 
nation have becorfe apparent, and their recognition has greatly simplified the 
interpretation of the hitherto seemingly conflicting observations. These restric- 
tions, whose realization is due principally to Bonhoeffer and Franck, are based 
upon the following idea. 

Free electrons in an ionized gas possess translational kinetic energies any- 
where from the value characteristic of the gas temperature upward, depend- 
ing upon the magnitude of the electric field and gas pressure and the initial 
conditions of their formation. Whenever one of these electrons comes within 
the range of attraction of a positive ion, it would be expected, on classical theory, 
to move past the ion in an hyperbolic orbit. But permanent attachment (recom- 
bination) involves settling down into an elliptic orbit, which can only occur 
if the electron loses a part of its energy. The only ways of losing energy are by 
collision with a third body during the interval of close approach, or by radia- 
tion. The first of these involves a three body collision which is extremely impro- 
bable except under very special conditions which will be discussed below. 
The second involves the radiation of energy outside of the regular line spec- 
trum, and the observed weakness of such radiation proves that recombination 
in this manner also is highly improbable. Thus we conclude that recombina- 
tion of electrons and ions is a far less probable occurrence than was formerly 
supposed, when it was believed that every approach of an electron to an ion 
resulted in its capture. We shall proceed to a closer investigation of recombi- 
nation under these restricted conditions. 

Recombination on surfaces is a three body process in which the surface acts 
as the body to absorb excess energy and momentum. The electrons and ions 
do not need to arrive simultaneously at a point on the surface, but one may 
arrive first and remain on the surface as a surface charge until the other arrives 
to combine with it. Herein is the explanation of the effectiveness of surfaces 
in causing disappearance of ions by recombination. Dust particles, submicros- 
copic particles sputtered from electrodes, insulating surfaces or floating elec- 
trodes all act in this way. As will be pointed out in detail later, insulated surfaces 
are charged with respect to the surrounding gas to a positive or negative po- 
tential, depending on whether ions or electrons carry the maximum random 
current density. Except in very special cases near cathodes, the random current 
of the electrons is always in excess owing to their small mass and resulting 
rapid motion. Thus isolated surfaces in general take up negative potentials 
with respect to the surrounding gas to such a degree that the electrons are re- 
pelled and the positive ions are attracted sufficiently to cause electrons and 
ions to arrive at equal rates and combine at the surface. Such surfaces in an 
intensely ionized gas may become highly heated, small floating metallic particles 
being often evaporated or heated to incandescence. The energy comes from 
the heat of combination, the initial kinetic energies of the combining charges, 
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and the energy gained by the positive ions in falling through the difference of 
potential between the surface and the surrounding space. 

Recombination in the gas may occur, in a manner analogous to that described 
in the case of surfaces, by two successive impacts involving three bodies, (as 
distinguished from the simultaneous impact of three bodies), or it may occur 
by the direct union of an electron and ion without interaction of a third body. 
The first of these processes occurs in the following way: Electron attachment, 
i.e., the formation of negative ions may occur at the collision of an electron 
with a neutral molecule. Then, if this negative ion collides with a positive ion, 
the electron transfers its attachment to the ion, releasing the neutral molec ule. 
The neutral molecule may carry away the excess energy, if any, but we shall 
see that there often in no excess energy in such a case. The rapidity of this 
recombination process is limited, of course, by the rapidity of the slower one 
of the two cooperating processes: (1) electron attachment to form negative ions, 
(2) combination of negative and positive ions. 

Electron attachment to form negative ions has been studied most exten sively 
by Loeb and his pupils.1® The probability of attachment at an impact differs 
so enormously in different gases and is relatively so large in some gases and 
vapors which are very difficult to eliminate as impurities, that most of the con- 
clusions are qualitative rather than quantitative. N is the total number of colli- 
sions made per second by an electron in the gas at atmospheric pressure and 
ordinary room temperature, assuming the electron mean free path to be the 
classical value of 402 times that of a gas molecule. The attachment ‘‘const ant,” 
is not really a constant, since it is somewhat dependent upon the electron v elo- 
cities. Furthermore it is not always an additive property in gaszous mixtu res, 
since water vapor appears to cause more attachment when present as an impu rity 
than would be expected from the value of n given in Table XII. n does not 
seem to be related with any obvious property of the molecules, unless it be 
roughly with their electronegative character. A prevalent idea that the m ole- 
cular dipole moment is the controlling factor is obviously untenable, N H, and 
H,O possessing strong moments and N, and Cl, no moments, to take ex treme 
examples. 

Several interesting deductions may be drawn from Table XII. In pure 
gas at atmospheric pressure an electron would remain free on the avera ge for 
only about 7 (10)-* sec in CO, about 4.7 (10)-* sec in Cl,, unless strong fields 
should so speed up the electrons as to render attachment still more impro bable. 
Obviously most experimental work which has been done on ion mobilities 
and all the early work on recombination have been done under condit ions in 
which ions, rather than electrons, were the negative carriers of charge. In ‘‘vac- 
uum tube” discharges, on the other hand, with pressures of the order of 1 mm 
or less, the average free life of electrons in many gases is sufficiently long to 


18 Loeb, Kinetic Theory of Gases, pp. 507-515; ¥. Franklin Inst. 719, 45 (1924); Wahlin 
Phys. Rev. 19, 173 (1922); Cravath, ibid. 33, 605 (1929). 
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insure that most if not all the phenomena of negative charge are due to free 
electrons, even neglecting the increased effectiveness at low pressures of the 
electric field in maintaining electrons in the free state. (This effectiveness is 
a function of E/p.) Also the tremendous effect of some impurities on electron 


Tasie XII 
Attachment Constant n (Average Number of Electron Impacts which Result in 
One Attachment to Form a Negative Ion), Compared with Number N of 
Electron Impacts per Second against Gas Molecules 

















Gas n N 
Noble gases, N;, H. 

co 1.6 (10)* 2.22 (10)4 
NH, 9.9 (10)? 2.95 
C,H, 4.7 (10)? 3.75 
C,H, 7.8 (10)* 4.12 
C,H, 2.5 (10)* 4.85 
N,O 6.1 (10)* 3.36 
C,H,Cl 3.7 (10)* 5.45 
Air 2.0 (10)* 2.17 
O,, H,O ~4.0 (10)¢ 2.06, 2.83 
Cl, <2.1 (10)? 4.50 


attachment is obvious. For example, the rate of attachment CO would be in- 
creased at least 100 per cent by the presence of 0.025 per cent of oxygen or 
water vapor. 

Combination of negative and positive ions is not restricted, since the neutral 
molecule to which the electron is attached may func:ion as the third body to 
carry off energy in excess of that corresponding to some excited state of the 
combining positive ion and electron. There is no direct evidence regarding 
the probability of such an energy transfer, and therefore no knowledge regard- 
ing the probability of combination of two oppositely charged ions which collide 
with a relative velocity greater than that which they would acquire in falling 
together from infinity. The two principal theories of ion combination neglect 
this probability, and assume that the combining ions have lost a part of the 
energy, gained by their mutual attraction, at collisions with neutral molecules, 
so that once they come within each other’s sphere of influence, they remain 
there until recombination is effected. 

The rate of ion recombination is jointly proportional to the concentrations 
n, and n, of the positive and negative ions, and is therefore 


a 

at dt 
where a is the ‘‘coefficient of recombination.’ Table XIII gives some typical 
values: 


= ann, (60) 
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Tasrg XIII 
Coefficient of Recombination a at Atmospheric Pressure and Ordinary Temperature 
in Units of cm® sect. (Ionization produced by X-rays)!** 
Air co, O; H, so, N,O co 
1.71 1.67 1.61 1.44 1.43 1.42 | 0.85 





Gas 
(10)* 


























From Table XIII we see that, if there were n positive and n negative ions per 
cm? in air, the rate of recombination would be 1.71. (10)-* n?. 
The number of collisions between gas molecules of types 1 and 2 is given 
by kinetic theory as!8? 
no. collisions = 2(27/3)2n,n,03,(C?+ C3)? cm-* sect (61) 


where C, and C, are their root mean square velocities and 0, is the sum of 
their effective collision radii. From this we find that in air at room temperature, 
the number of collisions per cm* sec between 2 n molecules is 1.6 (10)-*n’. 
Comparing this with the value 1.71 (10)-*n® above, we see that the actual rate 
of recombination is about 10,000 times greater than it would be if due simply to 
ordinary kinetic theory collisions of positive with negative ions. It is therefore con- 
cluded that mutual electrostatic attraction greatly accelerates the process of 
recombination. This effect of attraction has been differently handled by Lan- 
gevin and Thomson. 

Langevin’s theory of recombination of ions'®* is based on the assumption 
that neighboring oppositely charged ions are drawn toward each other with 
velocities determined by the attractive force and by their mobilities* 4, and py. 
When their distance apart is r, the attractive field is e/r* and the relative velocity 
of approach is e(4,+-,)/r?, provided there are no other ions within a distance 
comparable with r. If there are nm, negative ions per cm’, the rate at which nega- 
tive ions will cross the surface of a sphere of radius r about a positive ion is 


Aur? «Mg -e(Hy + Ha) /7? = 4rcemg(H, +H)» 
which is independent of r. Thus the average time required for a negative ion 
to reach this particular positive ion is 1/47 ens (4,-+s) sec. But since there 
are m, positive ions, the average time interval between combinations with any 


4*¢ Calculated from values collected by Thomson, Conduction of Electricity Through Gases, 
3rd ed., p. 40. 

487 See Jeans, Dynamical Theory of Gases, 2nd ed., p. 275 and also Eq. (83) in Section (D 1 b) 
of this article. Thomson, Cond. Elec. Through Gases, 3rd ed., p. 43 uses an equation whose 
coefficient is 2.45 times too large. 

488 Langevin, Ann. de Chem. et de Phys. 28, 287, 433 (1903); Townsend, Electricity in Gases, 
pp. 206-220, in which Langevin’s theory is extended and certain limits of applicability are 
discussed. 

* The “mobility” is the constant 4 in the relation 9 = uE between the field strength E 
and the average rate of drift 0 in the direction of the field. As pointed out below, y is not in 
general a constant, but is itself a function of B. At high gas pressures and weak fields, # is 
sensibly independent of E. 
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positive ion is 1/4 e m, m, (4i+p2). The reciprocal of this gives the rate of 
recombination, and therefore a, as 
ann, = 47e(u, +p) “M4. 

This theory implicitly assumes that ions recombine whenever they are drawn 
together, which is self consistent since it is only justifiable to use mobilities 
when the moving ions lose energy so rapidly by collisions that they are always 
in or near a state of terminal speed and under such conditions the kinetic energy 
retained by the ions is insufficient to cause their separation once they have 
come close together. This consideration suggests that Langevin’s theory should 
be most applicable at high gas pressures, and should fail at !ow pressures, as 
is the case. Also, since 4, and yu, vary inversely with pressure, a should also 
vary thus according to the theory. This is true at high pressures (such as several 
atmospheres) but not at low pressures. The absolute values of a calculated from 
Eq. (62) are approximately correct at high pressures, but are as much as 100 
times too large at the lower pressures at which measurements of a and yu are 
made (such as 0.1 atmosphere). 

Townsend? has extended Langevin’s theory to include approximately 
the effect of thermal agitation, for so long as the ions have not approached 
so closely that the work to separate them greatly exceeds the energy of thermal 
agitation, it is always possible for the ions to escape combination. This fact, 
and the influence of neighboring ions, introduce corrections to Langevin’s 
theory in the right direction. The most elegant treatment of thermal energies 
is, however, due to Thomson. 

Thomson's theory of recombination of ions'*® is based on the idea that com- 
bination occurs if one of two neighboring ions of opposite sign collides with 
a neutral molecule and loses so much kinetic energy that it cannot escape against 
the attraction of the other. If v is the relative velocity of the two ions of masses 
M, and M, at a distance r apart, then they will execute closed orbits about 
each other and ultimately combine provided r is less than rq in the relation 


1 MM ., 4 

2M4+M, 
Thomson now assumes that the mean velocities u, and u, immediately after 
one of the ions has collided with a molecule are those characteristic of thermal 
agitation. (This is certainly not true if the ions have been drawn close togeth- 
er, but it appears to be sufficiently justified at the critical distance rp which 
alone is important for the present purposes.) Then, since v? = ui+j, 

Myut = 1Myu3 = $kT 


M,+M, 
M,M, |’ 








v= 3a 


188 Thomson, Phil. Mag. 47, 337 (1924); Conduction of Electricity Through Gases, 3rded. 
pp. 44-57. 
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whence the critical distance r, is given by 


e 3 
a ght (63) 
and is seen to vary inversely as the absolute temperature T. 
Now the chance that ion 1 will collide with a molecule while passing ion 
2 within the critical distance r, is found in terms of its mean free path A, to be 


(een 1) | aoe 
(2ro/A1)* (2r0Ai) 
and a corresponding expression holds for the chance w, that ion 2 will collide. 


Thus the total chance that one of the two ions which come within a distance 
7 will collide while within this distance is 


w, = 142 


w,+U,—,0,, 


the last term which represents the chance of both ions colliding being already 
included in w, and w,. 

Finally, the number of times that ions come within a distance ry of each 
other is approximately zrjn,n,(ui+-uf)'*cm-* sect. Since every one of these 
that collides is supposed to enter into recombination with its neighboring ion, 
the rate of recombination is 


ann, = m13(uj+u§)!*(w,+w,—w,m,) “nyn,. 


Substituting for r) from Eq. (63) we obtain 
4ne* 
-o ORT? (uf+-u§)"?(w,-+-,—w, 0). (64) 


At high pressures w, and w, approach unity, so that a should increase with 
pressure, but approach a constant value at high pressures. Actually this is found 
to be true’ except that at still higher pressures a is found again to diminish 
with increasing pressure. This marks the point at which Langevin’s theory 
begins to describe the phenomena more accurately than Thomson’s. 

Quantitatively, Eq. (64) fits the facts throughout a considerable range of 
Pressures as accurately as could be expected in view of the very considerable 
uncertainty regarding the ionic mean free path and the exact nature (mass) 
of the ions,'*? which may often be ions of impurities or of clusters. 

In Langevin’s theory the rate of recombination is limited by the rate at 
which ions are drawn together by their mutual attraction; in Thomson’s theory 
it is limited by the rate of diffusion of ions into regions in which the attractive 
force can hold them together. Additional support of Thomson’s theory as against 
Langevin’s for pressures of the order of an atmosphere and downward has 


49° Langevin, Comptes Rendus 137, 177 (1902); McClung, Phil. Mag. 6, 283 (1902). 
91 Loeb, Phys. Rev. 32, 81 (1928). 
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recently been deduced by Loeb and Marshall’? from the observation that 
recombination is abnormally rapid for a short time after the formation of the 
ions, especially if the ionizing agent is one, like a particles, which creates an 
uneven distribution of ions. This was correctly explained’ as due to the fact 
that the actual effective initial ion concentrations are much greater than the 
value calculated on the basis of even distribution throughout the entire volume, 
and it was shown that the correct values of a are those taken after lapse of suffi- 
cient time to permit uniform distribution. Loeb and Marshall pointed out 
that the very fact that an even distribution is attained shows that diffusion is 
a more important element in the life of the ions than is inter-ion attraction. 
They further analyzed the problem by considering the ions as executing Brown- 
ian movements subject to the action of their electric fields and showed that, 
at atmospheric pressure and room temperature, their mutual fields were prac- 
tically a negligible factor, as compared with diffusion, in bringing the ions 
together from distances beyond about one free path. At several atmospheres, 
however, the field is important. 

Recombination of free electrons and positive ions'® is that type of recombina- 
tion which, next to recombination on surfaces, is of the greatest interest in gas 
discharges. Its existence cannot be assumed simply because of the production 
of light in gas discharges because it is readily shown that light is principally 
due, in most cases, to excitation of atoms rather than to recombination. For 
example, the positive column of a glow discharge emits more intense light 
than does the negative glow. Yet measurements show’ that electron and-ion 
concentrations are each of the order of 100 times larger in the negative glow 
than in the positive column, and their velocities are lower. If light in both regions 
were due to recombination, it should be 100? times more intense in the negative 
glow because of greater concentrations, and still more than this because of the 
lower velocities which favor recombination. Thus, certainly, recombination 
plays a negligible role in the production of light in the positive column. In 
further support of this conclusion we shall see in Part II of this article that the 
radial concentration and potential gradients as well as the relation between 
axial potential gradients and tube diameters in cylindrical positive columns 
are such as to prove that all other types of recombination in the positive column 
with low pressures of gas are negligible in comparison with recombination on 
the tube walls. 

This does not prove, however, that the negative glow light may not be due 
appreciably or perhaps mostly to recombination. That recombination is impor- 


192 Loeb and Marshall, ¥. Franklin Inst. 208, 371 (1929). 

18 Plimpton, Phil. Mag. 25, 65 (1913); Riimelin, Ann. d. Physik 45, 821 (1914). 

4% Plimpton, Phil. Mag. 25, 65 (1913); Townsend, Electricity in Gases, p. 200. 

16 For an excellent review of this subject see Seeliger, Phys. Zeits. 30, 329 (1929); also 
a discussion of some calculated orders of magnitude by Aktinson, Zeits. f. Physik 51, 188 (1928). 

16 Compton, Turner and McCurdy, Phys. Rev. 24, 597 (1924). 
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tant here is proved by the fact that spectrum lines from the negative glow show 
a Doppler widening!’ of the magnitude to be expected if the radiating atoms 
are moving with velocities of the same order as positive ion velocities — distinc- 
tly more rapidly than molecular velocities — whereas lines from the positive 
column have widths appropriate for emitters with ordinary thermal velocities. 
In fact, from Miss Dewey’s experiments one would infer that, at least in her 
apparatus, practically all the negative glow light is due to recombination. 

There are two additional criteria by which a recombination spectrum may 
be recognized. One of these, used effectively by Miss Hayner!® and Kenty1* 
is the relatively large intensity of the higher members of spectral series, as 
compared with their intensities in spectra due to excitation. This is explained 
by the fact that in combining, every electron has a chance to make transitions 
between the higher energy states as well as the lower ones, whereas in excitation 
most of the atoms are excited only as far as the lower states — a fact proven 
by direct observation of intensities of excitation spectra under conditions of 
such low ion concentration as to make recombination completely negligible. 

Kenty’s observations with argon are particularly illuminating. He ionized 
the gas intensely by a low voltage arc from a hot cathode, then cut off the volt- 
age (or else reduced it to a second value much too low to maintain the arc) 
and during this second period simultaneously photographed the spectrum and 
measured the velocity distribution of the electrons by Langmuir’s probe method. 
A rotating sector disk and commutator enabled these intervals to be rapidly 
repeated and continuous measurements to be made. The intensity of high 
series members was a measure of the rate of recombination, and this was found 
to be greatly reduced as the mean velocities of the electrons was increased by 
means of the post-arc voltage. With no post-arc voltage the mean electron 
energy was 0.4 volt, the electron and ion concentrations were of the order of 
10” per cm’, and the coefficient of recombination a was found to be about 2 
(10)-°. The number of kinetic theory collisions between positive ions and 
yeectrons may be calculated by Eq. (61), assuming the effective collision radius 
to be that of an argon atom and it is found that the actual rate of combination 
is 1/375 of the rate at which electrons and ions would be thus calculated to 
collide, which may be taken as a very rough upper limit to the probability of 
combination of argon ions with 0.4 volt electrons. We saw that positive and 
negative ions may combine 10,000 times faster than the rate of kinetic theory 
collisions, whereas positive ions and electrons combine several hundred times 
slower than the kinetic theory collision rate, even under the exceptionally favor- 
able condition of unusually low velocity electrons. 

Table XIV gives an example of the relatively greater intensity of higher 
series lines in the recombination spectrum. 

197 Dewey, Phys. Rev. 32, 918 (1928). - 

10 Hayner, Zeits. f. Physik 35, 365 (1926). 

1 Kenty, Phys. Rev. 32, 624 (1928). 
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Taste XIV 
Intensities of Argon Lines 2p,.—md (Kenty)* 
Intensity 
H Recomb. Spectrum | Are Spectrum 
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The other criterion of recombination is the existence of continuous bands 
stretching to the short wave-length side of series limits. Fig. 12 shows results 
of a photometric measurement of the intensity distribution in these bands in 
the case of caesium vapor” in the neighborhood of the absorption limits 3 D, 3, 
2 Pi, and 1 S,. 

The interpretation of these bands is simple: The frequency associated with 
a state of energy hy, of an atom is the high frequency limit of the spectral series 
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Fic. 12. Intensities of continuous recombination spectra beyond absorption limits in Cs vapor. 


due to the falling of electrons into state i from states of higher energy. If an 
electron, whose kinetic energy was zero at a great distance, were to combine 
with an ion and fall directly into the energy state i, the emitted light would 
have the frequency », of this series limit. But, actually, the electrons which 


#00 Mohler, Phys. Rev. 31, 187 (1928); see especially Phys. Rev. Supp. 1, 216 (1929). 


Google 


Electrical Discharges in Gases. I. Survey of Fundamental Processes 283 


combine have energies }m v, greater than zero. On classical theory these could 
not combine since they would execute hyperbolic orbits about the ion. But 
on quantum theory there is a certain probability, which is a function of v, that 
they will combine. An electron of velocity » which combines causes emission 
of light of frequency » given by 

hy = hy,+4mv?. (65) 
Since the velocities v are continuously distributed (frequently with a Max- 
wellian distribution) it is obvious that » will have all values from » upward,?% 
giving the continuous band. 

The intensity distribution in the band depends obviously on two factors: 
(1) the distribution of electron velocities, and (2) the probability of combina- 
tion or recombination coefficient characteristic of each velocity. The former 
factor N(v) may be measured by Langmuir’s probe method, so that the band 
intensity measurements may be used to estimate the coefficient of recom- 
bination a(v ») for electrons of any given speed v to form atoms in the energy 
state #, The equation for this may be written* 


I(v)dv = hv - a(vr,)N+N-(v)do (66) 
where h dy = mv dv and I(») dy is the energy of frequency between » and 
v-+dy radiated per second per unit volume and N-(v) dv is the concentration 
of electrons with velocities between v and v-+dv. The recombination coeffi- 
cient a(v »,) is frequently written o g(v »,), where g(v »,) is the effective cross- 
section for recombination of electrons of velocity v going into the # electron 
energy state of the atom. The total recombination coefficient a(v) for elec- 
trons of velocity is, of course, a(v) =» (v »,), and the ordinary total recom- 


bination coefficient is a = f a(v)dv. 
é 


Mohler? has made a careful study of recombination spectra in caesium 
and helium by this method, and has shown that the coefficient of recombina- 
tion a(v »,) varies with electron velocities according to an equation of the form 


peat aoe 
v(v—)2 (vy — 2 
and depends so much more on the term (y—»,)"? than on the term »* that it is 
impossible to say with certainty whether 2 = 1 or 2, although the agreement 
is slightly better with n = 2. Thus the recombination coefficient approaches 


a(vm) = (67) 


391 The fact that the bands are observed to extend a slight distance to the long wave-length 
side of v; is probably due to a blurring of the limits by the Stark effect in highly ionized gases. 
(Robertson and Dewey, Phys. Rev. 31, 973 (1928)). 

208 Mohler, Phys. Rev. 31, 187 (1928); Research Paper No. 46, U.S. Bureau of Standards 
March 1929. 


* We here assume, for simplification, that continuous spectra associated with different limits 
do not overlap. If they do overlap, Eq. (66) may be expressed as a summation, or the experimental 
contributions from the different bands may be separated by extrapolation. 


Google 


284 Electrical Discharges in Gases. I. Survey of Fundamental Processes 


infinity very close to a series limit, but diminishes rapidly at higher frequencies. 
In Eqs. 66, 67, » and v are, of course, related by Eq. (65). 

According to a general relation based on the principle of detailed statistical 
balancing between the probability of recombination a(v ») and the probability 
of absorption B(v »,) at a frequency v corresponding to v by Eq. (65), Milne? 
has derived a relation a(v»,) = K'B(v »,)v3/(v—»,)?. Also it is well known?** 
that B(» »,) is very closely proportional to 1/»*, at least in the X-ray region 
well beyond an absorption edge. Hence we should expect approximately a(v »,) 
= K/[»(v—»,)"*.] which is in quite satisfactory agreement with Eq. (67). It is 
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Fic. 13. Probabilities of recombination of an electron into the 2P states of caesium 
as a function of electron kinetic energy in volts. (Calculated from intensities of 
recombination spectra I; from photo-ionization II.) 


this quantity B(v »,) which expresses the probability of photo-ionization. (See 
section A(2)). The experiments on recombination are in rather better accord 
with the theory than are those on photo-ionization.?% 

It seems likely that the above theory of recombination is on a fairly satisfac- 
tory basis in so far that it enables recombination coefficients to be calculated 
from spectral data, and that such experimental discrepancies as exist may be 
due to insidious errors which are very difficult to eliminate in work requiring 
such refined technique. The experimental work up to the present has, however, 
only just begun to give the information which may ultimately be secured. While 


203 Milne, Phil. Mag. 47, 209 (1924). 

2% Compton, X-rays and Electrons, pp. 189-198; Oppenheimer, Zeits. f. Physik 41, 268 
(1927). Note that the absorption coefficient is proportional to »~*. The energy absorbed in 
one absorption act is Avy. Thus the probability of absorption varies as »~*. 

298 Mohler, Foote and Chenault, Phys. Rev. 27, 37 (1926). 
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others? have made interesting qualitative observations, Mohler alone has 
obtained all the information necessary to calculate recombination probabilities 
by this method. 

In Fig. 13 are given experimental values of the relative probabilities of recom- 
bination into the 2P state in Cs as a function of the average electron energy. 
The absolute scale is given roughly by the estimate that a = 5.4(10)-™ at 
V = 0.2 volt. This value means that about 1 collision in 5000 results in recom- 
bination into the 2P state, for 0.2 volts electrons. Curve I, determined from 
the recombination spectrum, is in very close agreement with Eq. (67). Curve 
II is calculated from measurements on photo-ionization. The cause of the 
discrepancy between these curves is not understood. 

Further theoretical work on the problem of recombination may only be 
mentioned. Milne?°? was led by a statistical equilibrium argument to con- 
clude that, for small electron velocities, the effective combining cross section 
q(v) must be of the form C/v*. Since this is related to the absorption coeffi- 
cient by a(v) = v-q(v) we have 


a(v) = Ce. (68) 


If v is expressed in terms of vy and », by Eq. (65) we have directly Eq. (67) except 
for the omission of the factor »(or »*), which is practically a constant for small 
electron velocities, where v only slightly exceeds »,. 

This also is in satisfactory agreement with the conclusions of Morse and 
Stueckelberg,2°° who have calculated a(v »,) by wave mechanics and found, 
for every state, a(v »,) = C/v = D/(v—»,)'* as the asymptotic value for low 
velocities. Further, they obtained actual numerical values of C(or D) for the 
lower states and showed that the sum over all states is finite and varies as 1/v 
but cannot be expressed in simple form. 

Kramers,?°* Eddington®?® and Riichardt#4 have derived theories for the 
combination of free electrons with stripped atomic nuclei, and that of Kramers 
contains only fundamental constants. The two former theories find their most 
interesting applications in X-rays and theories of the interior of stars; the 
latter has been applied to describe the neutralization of canal rays. 

It may be noted in passing that three devices have proven particularly advan- 
tageous in enhancing the spectrum due to recombination. These are: (1) Schiiler 


3°6 Paschen, Berlin Berichte, 135 (1926); Herzberg, Ann. d. Physik 84, 553, 565 (1927); 
Mierdel, ibid. 85, 612 (1928); Balasse, Comptes Rendus 184, 1002, 1927 (1927). 

307 Milne, Phil. Mag. 47, 209 (1925); see also Becker, Zeits. f. Physik 18, 325 (1923). 

308 Morse and Stueckelberg, Phys. Rev. 35, 116 (1930); see also Oppenheimer, Zeits. f. 
Physik 55, 725 (1929), who developed a method and obtained general equations by wave me- 
chanics, but whose results were not worked out for the particular problem here considered. 

209 Kramers, Phil. Mag. 46, 836 (1923); Wentzel, Zeits. f. Physik 27, 257 (1924). 

20 Eddington, Inner Constitution of the Stars. 

411 Richardt, Zeits. f. Physik 15, 164 (1923). 
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cathode,?!? a hollow cathode in a glow discharge from within which is emitted 
light characteristic of recombination (Paschen®*); (2) the electrodeless ring 
discharge, from whose center the recombination light is emitted (Herzberg, 
Mierdel®*); (3) a low voltage arc between a hot cathode of great electron emis- 
sivity and very small dimensions and a surrounding anode of large area. All 
of these arrangements are particularly favorable for the production of large 
electron and ion concentrations in regions of such small electric field that the 
electron velocities are low. 

Finally, the capture of electrons by swiftly moving a particles has very re- 
cently been investigated by Davis and Barnes*? with most interesting and 
surprising results. It has been known*!* that fast a particles do not capture 
electrons from the molecules through which they pass until their velocity 
has decreased below a certain limiting value, suggesting that capture is im- 
possible if the relative velocity exceeds this critical value.245 For example, it 
was found that a particles whose original velocity was 2.06 (10)® cm/sec did 
not capture any electrons until their speed had fallen to about 0.82 (10)*® cm/sec 
and did not capture the second electron to become completely neutralized 
unless the velocity were less than about 0.31 (10)® cm/sec. In order to examine 
this point more closely, Davis and Barnes projected a beam of a particles into 
an evacuated vessel in which also a stream of electrons from a hot cathode 
was passed with regulated speed in the same direction. Thus each a particle 


v v, 
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Fic. 14. Conditions for capture of electrons by a particles. u = velocity of a particle; 
Up = orbital velocity which an electron would have in any one of the Bohr orbits 
of Het; », and = vg velocities of free electrons, 


found itself accompanied in its onward flight by a cloud of electrons whose 
speed, relative to itself, could be adjusted at will. Particles which had captured 
electrons were then sorted out from the rest by action of a magnetic field, 
and the number of particles which did not capture electrons was counted 
on a fluorescent screen. 

With this arrangement it was found that there was a relatively high pro- 
bability of capture when the relative velocity of electrons and a particles had 


"8 Schiller, Zeits. f. Physik 35, 323 (1926); 37, 728 (1926). 

"2 Davis and Barnes, Phys. Rev. 34, 152 (1929); Barnes, ibid. 34, 1224 (1929); 35, 217 (1930). 
%¢ Henderson, Proc. Roy. Soc. A102, 496 (1923). 

"15 Davis, Nature, May 26, 1923. 
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certain definite characteristic values, and that these characteristic velocities 
were related to the orbital velocities of electrons in He+ in the simple way 
illustrated in Fig. 14. The condition for capture of a free electron by an @ 
particle is that v0, = 0,—u or 0) = u—®,. In other words, the relative velocity 
between electron and a particle must equal the velocity which an electron 
would have in an orbit, if captured. But this relative velocity refers to con- 
ditions before the electron is accelerated toward the a particle by the Coulomb 
field in the process of its capture. Thus another way of expressing the situation 
is to say that capture is probable if the total energy relative to the a particle 
is twice the energy in some one of the Bohr orbits. In addition to this, capture 
is possible if the relative velocity is zero. Similar energy relations hold for the 
simultaneous capture of two electrons, with the interesting fact that the 
condition for recombination appears to be simply that the sum of the energies 
of the two electrons must equal the total negative energy of the final state 
of the helium atom. 

There is as yet no satisfactory explanation of these experiments. That 
the experiment should have yielded any results at all is surprising in view 
of the fact that, to effect the captures which were found, it is necessary that 
an electron with suitable velocity is captured if its trajectory carries it within 
a distance of the order of 10-* cm from the a particle —a distance much 
larger than the kinetic theory atomic radius. In other words, these experi- 
ments indicate an effective atomic cross-section for recombination of the order 
of a million times larger than the ordinary kinetic theory atomic cross-section, 
for the specified relative energies including zero relative energies. For the 
recombination when the relative velocity is close to zero this is quite to be 
expected according to the above theories, but recombination at other energies 
appears to involve quite a different process from any at present recognized.*!* 


D. Motions of Electrons and Ions 


(1) Classical kinetic theory will be understood as referring to that type of 
treatment of particle kinetics which has been used with considerable success 
in the problem of molecular motions in the kinetic theory of gases. We shall 
first outline the more important relations which can thus be derived, then 
consider experimental tests of this classical theory, and finally mention some 
attempts to apply the new methods of quantum mechanics to the problem. 

(a) Maxwell’s distribution of velocities” so well known in kinetic theory, 
is found experimentally to describe very closely the motions of electrons in 
most regions of a discharge, and we shall see also that there is every theor- 
etical reason for expecting it also to describe motions of ions except in extreme 


16 Stueckelberg and Morse, Phys. Rev. 35, 116 (1930); Adams, ibid. 34, 537 (1929). 
317 Jeans, Dynamical Theory of Gases, 2nd ed. Chap. II. 
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circumstances. The distribution law may be variously expressed in terms of 
the number of particles per unit volume N: 


1/2 
Nf(u)du = N ( e- hm" dy (69) 
is the number with velocity components between u and u+du in a given 


direction; 


3/2 
Nf(ucw)dudvdw = N (=) e ~hm(u+o°+ oY) dududw (70) 


is the number with perpendicular velocity components lying between u and 
u-+du, v and v+dv, w and w+dw; 


hm \*? 
NF(cdc) = an (*) 7 hmet 62 de (71) 
is the number with speeds (irrespective of direction) lying between ¢ and 
c+dc. By integration of this equation between any assigned value ¢ and in- 
finity, one can find the number of particles with velocities greater than ¢. 


Furthermore, 
hm\ "2 
Nuf(u)du=N (2) ue-hnu' dy (72) 


is the number which cross any plane with velocity components perpendicular 
to the plane lying between u and u+du, * 

The constant h may be written in terms of the average kinetic energy E, 
or the temperature J, or the mean square molecular speed C* by 


1 3 3 
mC =5kT = (73) 


4h 
where k is the Boltzmann gas constant. 
By integration of Eq. (72) over all values of u, the total number of par- 
ticles crossing unit area in either direction is, per second 


E= 


12 
= N eqs S n(#2) (74) 
The average speed ¢ and the root mean square speed C are related by 
¢ = (8/32)""C = 0.921C. (75) 
Comparing Eqs. (72 and 74) it is seen that 
ue dy (76) 


represents the fraction of the particles crossing a surface which possess veloc- 
ity components perpendicular to the surface lying between u and u+du. 
From this, we find that the average energy of those particles which cross a sur- 
face is 2 kT, whereas the average energy of the particles in a given volume 
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is (3/2)kT. The difference is due to the fact that, for the particles which cross 
a surface, the average energy associated with each of the two coordinates 
parallel to the surface is the usual value 1/2 kT, but that associated with the 
coordinate perpendicular to the surface is kT. This increased value is due to 
the fact that relatively more fast particles than slow ones cross the surface. 

If any two regions are separated by a layer in which there is a force field 
of such a nature that a definite amount of work W would be done by every 
particle in passing from the first region to the second, then it can be shown 
by direct integration®® of Maxwell’s equations that, if the particles in the 
first region possess a Maxwell’s velocity distribution, those which pass through 
the retarding layer enter the second region also with a Maxwellian distribution 
characteristic of the same temperature. Indeed, by Boltzmann’s equation,**® 
the only effect of such a force field is to alter the concentrations of the particles 
in the regions in the ratio 
Th wir 
“abs (77) 
where W is the difference in the potential energies of a particle in the two 
regions. 

Mott-Smith and Langmuir®?° have proven an analogous theorem which 
applies to a more general case of particles with a Maxwellian distribution 
of velocity which cross a surface into a region of either retarding or accelerating 
field toward some second surface, and which is applicable to problems of col- 
lecting electrodes. It shows that in this case also the Maxwell-Boltzmann equ- 
ations apply to the particles reaching the second surface, but only to certain 
groups in such a distribution. Consider a conservative system consisting of a large 
number of particles moving in an enclosed space and continually exchang- 
ing energy and momentum with each other so that the state of statistical 
equilibrium described by the Maxwell-Boltzmann distribution law is reached. 
In this space we imagine to exist a region A in which there is no interaction 
by collision or otherwise between the particles, and in which there is a field 
of force acting on the particles. Any interior boundary surfaces of A (such as 
surfaces of collectors) we shall first assume to be perfectly reflecting. The 
particles penetrating into A from the exterior will then describe ‘‘orbits” 
(perhaps including reflections at the interior surfaces) and eventually escape 
again across the exterior boundary. There may, in addition, be some orbits 
within A which never intersect the outer boundary. This would be true, 
for example, if there were a force directing the particles inward into A, and 
we were to introduce particles within A with kinetic energies too small to per- 
mit their escape. Now consider all possible orbits, such as we would have if 
we imagined particles to pass every point within A with every velocity between 


318 Richardson, Phil. Mag. 18, 695 (1909). 
319 See, for example, Richardson, Electron Theory of Matter. 
320 Mott-Smith and Langmuir, Phys. Rev. 28, 727 (1926); see especially pp. 756-758. 
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zero and infinity. Out of this group of orbits, some will intersect the outer 
boundary. Others may be present (as in case of a field accelerating particles 
inward) which lie entirely within the space A. These paths which never carry 
the particles outside of A we shall call “‘interior orbits.” The theorem is now 
as follows: r 

If the field A has no interior orbits, the distribution of particles and their 
velocities throughout it will conform to the Maxwell-Boltzmann distribution 
law. If interior orbits exist, the distribution will also conform to the Maxwell- 
Boltzmann law except for an excluded class of particles, these being. the particles 
which, if present, would describe the interior orbits. 

The first case includes the case of electrons or ions which cross the bound- 
ary of a plane or convex sheath within which they are retarded and drawn 
back to the boundary. The second case is illustrated by electrons or ions entering 
a sheath within which they are accelerated toward an interior collecting elec- 
trode or repelled back to an enclosing surface, as in a hollow collector. 

If the interior surfaces are absorbing instead of perfectly reflecting, then 
the distribution is modified in that the group of particles which would have 
velocities coming from that surface is missing. The simplest case is that of 
a plane collector surrounded by a space charge sheath with a parallel boundary. 
Here the concentration of particles of such speeds as would carry them to the 
collector is just half what it would be if the collector were perfectly reflecting. 
For the particles which are drawn in, there is just a half (or ‘‘one way”) Max- 
well distribution after exclusion of all particles which would have interior 
orbits. For the particles which penetrate against the field within the sheath, 
there is everywhere the full Boltzmann distribution for those particles which 
cannot penetrate to the inner absorbing surface, and a half Boltzmann distri- 
bution for those which can so penetrate. There are numerous possible appli- 
cations of this theorem to the condition of ions in the neighborhood of elec- 
trodes of various shapes and at various potentials with respect to the surround- 
ing ionized gas. 

(b) The mean free path” is the average distance moved by a particle between 
collisions. For real molecules its value obviously depends on our definition 
of a collision. For hard spherical particles, which are so often discussed in 
kinetic theory as a convenient approximation, there is no question; two par- 
ticles (1 and 2) collide whenever their centers approach each other to within 
the distance o,, = 0,++0,, the sum of their radii. The mean free path A, of 
particles of type 1 which collide with particles of type 2 is then 








1 1 
2 = Na Rama Tigray ~ NAT CUD 
= —. (78) 
2N,032(1+ Eym,/E,m,)"? 
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provided both types of particles possess Maxwellian velocity distributions 
characteristic of mean energies E, and E, respectively —or velocities C, 
and C,. In problems of kinetic theory of gases, the mean energies of admixed 
gases are equal, and hence the factors h,/h, and E,/E, drop out of Eq. (78), 
but this is not true of electrons or ions in gas discharges. Eq. (78) reduces 
to simpler forms in important special cases: 


1 


A= TaN (79) 
if both particles are of the same type; 
1 
a4, = aah (80) 


irrespective of velocity distributions if the velocity of type 1 is much greater 
than that of type 2, as in the case of electrons colliding with gas molecules; 


1 

A= qa Neat (81) 
if the collision radius o, of the target particle so exceeds that of the projectile 
particle that it may be substituted for the sum of the radii of the colliding 

particles in Eq. (79). 
If o, is the radius of a molecule, a comparison of Eqs. (80, 81) shows that 
Aneotron = 4(2)"* Amotecaie ’ (82) 
since the contribution of the electron radius o, to the sum oj, for electron 
and molecule is negligible. Eq. (82) defines the so-called ‘‘kinetic theory mean 
free path of an electron.” Some values thus calculated from accepted values 
of molecular free paths are shown in Table XV, together with their recipro- 
cals y= 1/4 which give the average numbers of collisions per centimeter 

path. 


Taste XV 


Kinetic Theory Mean Free Paths A and Numbers of Collisions v per 
Centimeter Path in Gas at Pressure p = 1 mm at 25°C 





Gas A (electron) A (molecule) » (electron) | » (molecule) 
Hg 0.0149 cm 0.00263 cm 67.0 380.0 
A 0.0450 0.00795 22.2 125.9 
Ne 0.0787 0.01390 12.7 72.0 
He 0.1259 0.02221 7.95 45.0 
H, 0.0817 0.01444 12.2 69.1 
Ny 0.0425 0.00751 23.5 133.0 
oO, 0.0455 0.00805 22.0 124.2 
HCl 0.0322 0.00570 31.0 175.6 
co | 0.0420 0.00743 23.8 136.5 





19° 


Google 


292 Electrical Discharges in Gases. I. Survey of Fundamental Processes 


Closely related to these expressions is'®? 


1 12 


1 
94, = 27N,N,o%, (os + x (83) 





for the total number of collisions per unit volume per unit time between par- 
ticles of type 1 and those of type 2. 

When the particle whose free path we are considering is an ion, there is 
an attraction between it and all neighboring uncharged particles due to the 
electric doublet induced in each. The magnitude of this force between an 
ion and a neutral molecule distant r is, 


1 22 
F= ct 5 = Ar (84) 
where K is the dielectric constant and N is the number of molecules per unit 
volume.” This attraction both increases the number of times that the center 
of an ion comes within the distance o,, of the center of a molecule, and also 
deflects the path of the ion when ion and molecule pass near each other, but 
not near enough to collide. Each of these effects reduces the diffusion and mo- 
bility of the ion. Since the diffusion constant D and mobility constant yp are 
proportional to the mean free path in the absence of attraction, we may use 
their reduction to define the mean free path in the presence of attraction, i.e., 
vp iD 
ap D 
where the primed symbols represent the values in the presence of attraction 
and the unprimed symbols represent the values which would be obtained if 
there were no attraction. Langevin®* has calculated 4 and D for smooth elastic 
sphere ions moving among smooth elastic sphere molecules both with and 
without attraction when the ions and molecules are in thermal equilibrium, 
and hence have the same average kinetic energies E. The effect of attraction 
is found to depend on the ratio A/Aot,E. A/4ct, is the work required to 
separate an ion and molecule from contact to infinity against the force of Eq. 
(83). It is therefore the energy of dissociation of an elementary cluster ion. 
Table XVI shows the magnitude of the effect. Had we defined mean free 
paths by energy loss instead of by diffusion and mobility, these values would 
be somewhat different, but the general conclusion would remain unchanged. 
This conclusion is that the ion free path is not appreciably diminished by the 
Fact of its charge unless the mutual kinetic energy is of the order of the cluster 
dissociation energy, or less. Hence in ionized gases in which ion clusters do not 
occur to an appreciable extent, we do not need to consider the effect of the ion 


312 Langevin, Ann. d. Chem. et de Phys. 28, 316 (1903). 
333 Torgevin, Ann. d. Chim. et de Phys. 5, 245 (1905); Hassé, Phil. Mag. 1, 139 (1926). 
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Tas.e XVI 
AlAots vw D 
E 7p" D 
i) 0 
10 0.076 
5 0.15 
2.5 0.311 
1.0 0.732 
0.5 0.93 
0.3 0.97 
0.0 1.00 








charge upon its free path. Apparently then this phenomenon plays no appre- 
ciable role in ordinary vacuum discharge tubes or any discharges which dis- 
sipate large amounts of energy density. It may be important in phenomena 
of feeble electrical conduction through gas at considerable pressure. 

(c) Collisions and single scattering are most simply, and for many purposes 
rather satisfactorily, handled in the kinetic theory of gases by considering 
collisions to be like those of elastic spheres. 

Energy losses at collisions are easily calculated for impacts of elastic sphere. 
Assume a target sphere of mass M at rest before being struck at random 
by a projectile sphere of mass m and original velocity v. Let @ be the angle 





Fic. 15. Collision of elastic spheres. 


between the original trajectory of m and the radius vector in M to the point 
of impact. The results of the impact are determined by the momentum and 
energy equations 


mvu—mv, cos y = M w, cos 8 
mv, sing = M a, sin 6 (85) 


jmv?— }mvj = | M vj} 
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from which 
_ 4mv'—lmot  4Mm 

fo= mo? ~ (Em 
is the fraction of its initial energy which is lost by the projectile particle at 
this collision specified by 6. The projectile particle may strike the target par- 
ticle at any point of its surface specified by @ between 0 and 7/2. Multiply- 
ing f, by the probability of striking at an angle between 6 and 0+ 0, and 
integrating over all values of 0 from 0 to 2/2 gives the average fraction of energy 
lost at a collision 





cost @ (86) 


_ 2Mm 
t= Ortmy 
From this theory we predict that electrons impinging against molecules lose, 
on the average, a fraction f = 2m/M of their energy (where m-< M). Ions, 
on the other hand, colliding with molecules of the same mass, are expected 
to lose one-half their energy, on the average. 

When the target particles are also in motion, the average fraction of energy 
lost by the impinging projectile particles is less than that given by Eq. (87). 
If the projectile particle is moving quite rapidly and has small mass m com- 
pared with the target particle M, Compton** showed that the average frac- 
tion of energy lost by a projectile particle at impact is 

m E,, 
f= 2% (1-22) (88) 
where E,, and Ey are the kinetic energies of the projectile and target particles, 
respectively. This expression should be applicable to electrons colliding with 
molecules (as elastic spheres) provided the velocities of each of the two types 
of particle were homogeneous. 

More recently Cravath*® has succeded in solving the analogous problem 
for the general case of particles with Maxwellian distributions and with no 
restrictions upon the-masses or average energies of the two groups. He finds 

mM En 
i= 2.66 (mt My (1 i) (89) 
for the average fraction of the average energy E,, lost by particles m at a col- 
lision with one of the particles M whose average energy is Ey. Thus the pre- 
vious applications of Eq. (88) to problems of electron mobility should be 
corrected by substituting a factor 2.66 in place of 2. 

Single scattering is easily handled in case the colliding particles behave 
like elastic spheres. From Eqs. (85) we find a general relation between the 
angle of incidence 6 and the angle of scattering D, 


m[sin (®—6) sin (®+6)+ sin? 6] = M[sin? (®—6)—sin? 6]. (90) 


(87) 





224 Compton, Phys. Rev. 22, 333 (1923). 
388 Cravath, to be published, probably in the Physical Review 1930. 
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The probability of colliding at an angle between 6 and 6-+-d8 is 2 sin 6 cos 6 d6, 
whence the probability of deflection through an angle between ® and +d® 
is found by substitution of ® for 6 in this expression according to their rela- 
tion in Eq. (90). For the two most important cases of impacts of electrons 
against molecules (m< M) and impacts of ions against molecules of equal 
mass (m= M) we thus find for the relation between @ and ® for the 
probability P(®) d® that a particle which collides is deflected through an angle 
between ® and +d 

for electron ® = 20 and P(®)dd = } sin dh 

for ion ® = z/2—60 and P(®)d® = sin 26 dO. 
We see, among other things, that the most probable deflection of an electron 
is at 90° and of an ion is at 45°; also that no ions are deflected backwards, 
and that the paths of the ion and molecule after collision are at right angles 
to each other. The distributions of scattering are shown graphically in Fig. 16. 
By referring to Eq. (86) one can easily find the energy transmitted to the 
molecule for any angle of impact or of deflection. 


Mg e 
¢ 


(a) electron impact (b) ion impact 
Fic. 16. Distribution of scattering angles for elastic spheres. 


(91) 


In these expressions no distinction is made in regard to the azimuth of 
deflection, all azimuths at a given angle ® contributing to P(®). It is some- 
times desirable to express these distributions differently, in terms of the re- 
lative probabilities of deflection within a given element of solid angle for 
various orientations of this element about the axis of the original trajectory. 
In other words, if radius vectors were drawn from a common point for every 
collision, what would be the density of these vectors in different directions. 
This is readily found from Eqs. (91) by dividing each value of P(®) d® by 
the element of solid angle included between ® and + d9, i.e., by 2x sin Dd®. 
Calling the result F(®), meaning the fraction of deflections per unit solid 
angle in the direction ®, we have: 


for electrons F(®) = 1/42; for ions F(®) = (cos ®)/4 (92) 
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showing that electrons are scattered equally in all directions in space, while 
ions are scattered most densely in the forward direction. Fig. 17 shows these 
distributions. 

A more general classical case is that in which the particles exert on each 
other forces of the type Focr—1. In this case there is no natural definition of 
a collision. The relative scattering at different angles can still be calculated, 
but this is now a function of the number and concentration of the scattering 
particles and of the velocities of the scattered particles. As an example con- 
sider: 

Scattering of electrons by centers of inverse square force fields. Assume that 
an electron of kinetic energy (1/2)mC? = eV traverses a region in which there 
are N singly charged molecular ions per unit volume. The attraction of the 
electron to each ion is e?/r*. In a path of length / through this ionized gas the 


C2 





(a) electron impact (b) ion impact 
Fic. 17. Alternative graph of distribution of scattering angles. 


probability of deflection through an angle between ® and ©+d@ as the result 
of the interaction with some one positive ion is*** 


meNI +2 ® 
apr tz" eset > d (93) 


and the fraction of deflections per unit solid angle in the direction ® is 


P(®) db = 


éeNl @ 
Tere csc 7° (94) 


If the energy is expressed as V volts, the coefficients of the trigonometric 
quantities reduce to 16.1 (10)-* Ni/V* and 1.28 (10)-* Ni/V%, respectively 
These two distribution functions are illustrated in Fig. 18. 


F(®) = 


> 6 This is the well-known formula for single scattering as applied by Darwin to the scatter- 

ing of a particles (Rutherford, Phil. Mag. 21, 669 (1911); Millikan, The Electron, Appendix F). 
Although in these references the scattering is worked out for an inverse square law of repuls- 
ton, the same method applied to the problem of attraction leads to the identical result. 
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Since collisions of elastic spheres are equivalent to deflections by centers 
of a force Fox r-©, it is obvious that for any other inverse power law of force 
higher than the second, the distribution functions would be intermediate 
in character beween those illustrated in Fig. 18 and those in Figs. 16a and 17a. 


re 
Fig 


ta) (b) 
g 
°o T oO id 
Fic. 18. Single scattering of electrons by ions (inverse square law), 


Finally, if we investigate the single scattering of ions by N ions per unit 
volume of the same mass we find,*’ in path 





P(®) dd = ate cot ® cact @ dd (95) 
F(®) = oN cot caer 





shown graphically in Fig. 19. With V in volts, the coefficients here are 129 
(10)-5N1/V? and 20.5 (10)-*Ni/V2, respectively. 


Fipn 


(b) 





r) 1 ° 7 
Fic. 19. Single scattering of ions by ions (inverse square law). 
It will be observed that the scattering by elastic spheres differs in one im- 
portant detail from that by force centers in that the expressions for P(®) and 
F(®) do not involve the concentration N of scattering centers. This is because 


37 By an adaptation of the methods developed for study of the recoil of light atoms at col- 
lisions with a particles. (Darwin, Phil. Mag. 27, 499 (1914); Rutherford, ibid. 37, 537 (1919); 
Proc. Roy. Soc. 97, 374 (1920)). 
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the definition of a collision in the former case is perfectly precise, whereas 
in the latter case there is no distinction between a collision and a non-collision. 
Really to compare different types of scattering it is preferable never to speak 
of scattering at a collision, but rather of single scattering per unit path through 
the gas containing N molecules per unit volume. Then expressions (93, 94, 95) 
remain unchanged, but for elastic spheres we must modify Eqs. (91, 92) thus: 
The aggregate cross-sectional area for collision offered by the N molecules in 


26 
4 
(44 
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Fic. 20. Comparison of scattering as elastic spheres and as centers of inverse square 
force (electrons in helium). Ordinate is F(®)/NI(10)-}”, 
unit volume is zo}, N. In path / the chance of collision is 20,3 NI and of 
non-collision is (1—zoi, NJ). The former fraction of particles traversing 
path J is scattered according to Eqs. (91, 92). The latter fraction is not scat- 
tered at all. Thus we have: for electrons: 





anak Nie ec iceeote b= 
Eat = nol, NI-+-sin ® d@ ore 0<O<n 
(96) 
OD sais cdeisceciueecesdacdveaceevase! @=0 
Fo) =!1 
Smet NE sierra 0<G<x 
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for ions: 
(1—so8, NI) o.eeeeeeeeeeeeeeee 
BS ae ag a NI- sin 20 d® 
IDO sccccccccvccccsceccccccvcccccccse (97) 
a4) 0%, Nl- — cos ® 








Fig. 20 illustrates the application of these expressions to the case of single 
scattering of electrons in helium. The total area under each curve must, of 
course, equal unity. In the case of scattering by elastic spheres, the area OABC 
equals the fraction which have collided, and the line CD goes to infinity in 
such a way that the area under it has a finite area such that OABCD equals 
unity. For any inverse power law higher than the second, the curves lie inter- 
mediate between the two types shown. 

(d) Diffusion is one of the two processes by which ions move in a discharges 
the other process being the action of the field. The fundamental law of dif- 
fusion is*®® 


Dy = 1 Nyda t+ Nadie (98) 


3 NAN, 
for the interdiffusion of gases 1 and 2, whose molecular concentrations, mean 
free paths and average speeds are denoted by N, A and ¢, respectively. The 
number of molecules of type 1 which cross unit area in the direction of z in 
unit time is 


ON, 
n= Dy ore (99) 
and the rate of increase of their concentration in unit volume is 
aM = DAVIN. (100) 


Substituting the values of 4 from Eq. (78) and putting N = N,+N, for 
the total number of molecules per unit volume, we obtain 


4 E, , £,\" _ 0.921(C3+C7" 
(37)°*Nojs \m, © m, 3aNo}, 


where the average velocity ¢ is converted into r.m.s. velocity C by Eq. (75) 
and E is the mean kinetic energy by Eq. (73). (We may note that, in substi- 
tuting in Eq. (98) the values of 2,, 4, given by Eq. (78), we have assumed 
that 2,, 4, refer only to free paths of the one gas which are terminated by cole 
lisions with the other gas. We have neglected collisions between molecules 
of the same gas. This is legitimate, however, since collisions of this latter type 
do not, on the average, affect the rate of diffusion.) 


138 Jeans, Dynamical Theory of Gases, 2nd ed. p. 326. 


Dy = 
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In these equations let us introduce a quantity 4, defined by 

Ay = (xNo},)>. 
This is the free path which a particle would have if its speed were very large 
compared with the speeds of the target particles (Eq. (80)). Let us also limit 
ourselves to the special cases of electrons diffusing through the gas. (m, < m, 
and C, >C,) and ions diffusing through the gas (m, = m, = M). Eq. (101) 
then reduces to 

Datectrons = 0.43449(E,/m,)¥ = 0.333Ag¢, 
4 (103) 
Dias = 0.434 me (E}+ E3)!? = 0.333A(ci-+.¢9)". 

It is to be noted here that, for electrons, A, is the “‘kinetic theory” mean free 
path; for ions the kinetic theory value of A) is 1/4 of that for electrons owing 
to the negligible radii of the latter. 4) for ions is, however, 21? times the molec- 
ular mean free path. 

Equations (101, 103) are practically identical with those derived from 
direct consideration of ‘‘persistence of velocities,” which phenomenon prin- 
cipally accounts for the departure of the numerical coefficient from the value 
1/3 when the diffusing particles are of appreciable mass.**° We have followed 
the Stefan-Maxwell method, which avoids the direct consideration of per- 
sistence of velocities as required by the alternative Mayer theory. 

(e) Mobility u is defined in terms of the electric field strength E and the 
average of ionic drift by the relation 

0 =ywE (104) 
which is useful even though y is in general not a constant, but is a function 
of E. The value of « has been deduced by a variety of methods,** whose re- 
sults differ only in the numerical coefficient, whose value varies by a factor 
of about 2 between the extreme cases. A satisfactory method is to deduce 


it from the diffusion constant D as given in Eqs. (101) by use of the general 
relation 





e 
B= RT D 

where 3kT7/2 is the average kinetic energy E of the ions. This relation was 

derived by Thomson**! by equating the average rate of drift of ions across 


unit area caused by the electric field, NuE, to the drift which would be caused 
by a partial pressure gradient —dp/dz sufficient to give the same force on the 





339 Jeans, Dynamical Theory of Gases, 2nd ed., p. 328. 

330 Langevin, Ann. de ‘Chim. et de Phys. 5, 245 (1905); 28, 317, 495 (1903); Mayer, Ann. 
der Phys. 62, 358 (1920); Loeb, Kinetic Theory of Gases, Chap. XI; Townsend, Electricity in 
Gases, p. 84. 

%31 Thomson, Conduction of Electricity Through Gases, 3rd ed., p. 79. 
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N ions of unit volume, #.e., with NeE = —dp/dz. Hence NuE = —(u/e) (dp/dz) 
= —(ukT/e) (dN/dz) in virtue ot p = NkT. But this must be identical with 
the diffusion drift — D dN/dz, whence Eq. (105) follows immediately. 
In this manner Eqs. (73, 101, 105) lead to 
2e E, E, 1/2 
na = Gayot E, & +m 


0.921e 14m us 

 -aNo},-m,C, 7) 
for the mobility of charged particles 1 moving through gas 2. If the average 
velocity c, is used instead of the r.m.s. velocity C,, the numerical coefficient 
is 0.85 instead of 0.921. 

Again introducing 4, from Eq. (102) we have in general 
_ 0.921eA, E,m,\1"2 
a mC +Ee) 


(106) 











for electrons 
__ 0.921eg — 0.85eAy 








MC mc aly 
for ions 
al a4 0.921edg Ey W2 
m, = m, = M #=—VG (+2) , 
Comparing our derivation of u,, with the most familiar mobility equation, 
that of Langevin?s? 
_ 0.815eA, m,\"” 
Ae = mC, ( + =| ’ (108) 


we notice two differences. The difference in the numerical factor arises from 
differences in the methods of averaging, and is typical of the variety of con- 
stants lying between 0.5 and 1.0 which follow the use of different degrees of 
refinement. We believe that the value here given is as reliable as any. The absence 
of the ratio of the mean energies in Langevin’s (and all other) mobility equa- 
tions arises from an implicit assumption of equipartition of energy in carrying 
out an integration, and has probably crept in because, when mobility equations 
were first derived, interest in mobility centered on cases where the ions were 
practically in equilibrium with the gas molecules. 

The thing in Eqs. (107, 108) which is generally misunderstood is that 4, 
is not necessarily the mean free path, but is defined by Eq. (102) and is 2"? 
times greater than the mean free path if the velocities of the ions and molecules 
are of the same order.?5% 


332 Langevin, Ann. de Chim. et de Phys. 5, 245 (1905); 28, 495 (1903); Mayer, Ann. d. Phys. 
62, 358 (1920). 
333 Loeb (Kinetic Theory of Gases, p. 447) calls particular attention to the correct definition 


of Ap. 
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It should be remarked that Langevin has derived a more general mobility 
equation based on the assumption of inverse power attractive forces between 
ions and molecules.?* Since we have already seen that attractive forces do not 
notably affect free paths when the ion energies are considerably too great to 
permit formation ot ‘‘clusters,” this refinement does not appear to be impor- 
tant for the theory of electric discharges in gases. 

To the extent to which collisions may be treated as between elastic spheres, 
Eq. (107) should permit an estimate of mobilities accurate within the small 
uncertainty in the numerical coefficient, provided the mean velocities and energies 
are known. In strongly ionized gases these quantities can be measured directly 
for electrons and estimated with considerable precision for ions as the result 
of the development of special probe-wire methods®*5 which will be described 
in Part II. Where this direct information is unavailable, Eq. (107) can only 
be used in connection with some supplementary theory for estimating the 
velocities and energies. This has been attempted in the following analysis, 
based on papers by Hertz*** and Compton.”*? 

Terminal speeds may be calculated by equating the rate of gain to the rate 
of loss of energy as a charged particle moves through a gas in a uniform field E. 
In advancing a distance dx in the direction of the field, each particle of charge 
e receives energy edU = eEdx, where U is the kinetic energy of the charged 
particle in terms of equivalent potential drop. In the same path dx the particle 
will lose energy »’- feU dx, where v' is the average number of collisions made 
while advancing unit distance and f is the average fraction ot its energy lost 
at a collision as a result of momentum transfer. Thus 


edU/dx = e(E—v'fU) (109) 
is the net rate at which the particle acquires additional energy. The state of 
terminal speed is defined by dU/dx = 0, hence by the terminal energy U, in 

U, = Elf. (110) 
From this the average number of collisions »’ made by a charged particle while 
advancing unit distance may be calculated thus: 
In Eq. (107) put eU = E, and eQ = E, for the mean energies of charged 
particle and gas molecule, respectively. Then we have the average velocity 
of advance in the direction of the field E given by 


= 0.921eA, Qm \"" 
= yE aC #(14+-2 ‘ (111) 





434 Langevin, Ann. de Chim. et Phys. 8, 238 (1905); Thomson, Conduction of Electricity Through 
Gases, 3rd ed., p. 165. 

335 Langmuir and Mott-Smith, Gen. Elect. Rev. 27, 449, 538, 616, 762, 810 (1924); also Tonks 
and Langmuir, Phys. Rev. 34, 877 (1929). 

"6 Hertz, Zeits. f. Physik 32, 298 (1925); Physica 2, 15 (1922). 

37 Compton, Phys. Rev. 22, 333 (1923). 


Google 


Electrical Discharges tn Gases. I. Survey of Fundamental Processes 303 


But the average number of collisions made by a charged particle in unit time 
is c/A. Hence the average number of collisions made while advancing unit 
distance is 





,_ fA _ 0.921 
y= 7 fa Ta 
onal rc) 


ou (112) 


2s Om \2 
aye (1+ 2m) 
by Eq. (78). Remembering that 1/A, is of the order of the number of collisions 
per unit path, we see that the number of collisions made while advancing unit 
distance is ot the order of the square of the number made in unit path along 
the trajectory. 
Returning now to Eq. (110) and substituting for f and »’ from Eqs. (89, 112) 


we obtain for the terminal energy of charged particles of mass m and mean 
free path A in a medium whose molecules have mass M and average energy 2, 


py [4+ A9E*(M+m)! [ : (113) 





-e 


5.32Mm 


This reduces to the equipartition value U, = Q for very weak fields E = 0, 
while in strong fields the terminal energy becomes nearly proportional to the 
field according to 
= A,E(M+m)/2.31Mm. 
Since the root mean square speed is given by 
C, = (2eU,/m)", (114) 


we substitute Eq. (113) into Eq. (114), and this value of C, into Eq. (107) to 
obtain the general mobility equation 


0.921eA, Q  RE*(M+-m)s\")" 
eS aen(F +(4 "532m | 





(115) 





1 
«| ing 1 BEM +m) al 
+(}+ 5.32 

In this, the first term in brackets is a generalization of an analogous expres- 
sion previously derived by one of us.*? The second term in brackets replaces 
the factor (1+-m/M)* which has appeared in previous mobility equations 
(e.g. Langevin™*). Apparently in previous equations the effect on the mean ~ 
free paths of the fact that the mean ionic energy exceeds the mean molecular 
energy (see discussion of Eq. (78)) has been neglected in this term, which is 
of the nature of a correction term for persistence of velocities. Note that A, is 
defined by 4, = (x03,N)- and is thus independent of velocities. 
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Eq. (115) reduces, for the two cases of chief interest, to: for electrons m < M, 
4) = A= electron mean free path, 


Peteotrooe = ed ei =A +(%+32 ae amy i (116) 





for ions m = M, A, = \/2A where A = molecular mean free path, 


_ 0.921ea [2 , (2%, aE\*y 
Hons ‘@emy# [3 +(F+ ar | 


1 1/8 
x { ‘Toe . 
3+ +7330 
Both equations reduce to simple forms in the limiting cases of very small field 
and very large field. 

The effect of inelastic impacts is to increase the mobility. This result is not 
paradoxical when one notes that inelastic impacts diminish the translational 
speed of the particles, and that this speed occurs in the denominator of the 
mobility equation (107). If all collisions made by electrons were completely 
inelastic, their mobility is shown to be?? 


Ae 1/2 
= (zs) (118) 


which is at least in qualitative agreement with observation.?* 

(2) Comparison of these applications of classical kinetic theory with experi- 
ment can be made at several points. 

(a) The Maxwell distribution of velocities is found among electrons therm- 
ionically emitted from a hot body (as already discussed under B (1)). Also 
in many parts of discharge tubes the electrons are found?®® (by methods to 
be described in Part II) to have a Maxwellian distribution with a mean energy 
determined jointly by the ionization potential of the gas and by the discharge 
conditions, rarely exceeding one-third of the minimum ionizing potential. 
Frequently, in regions of intense ionization near the cathode, there are found 
two superimposed Maxwellian distributions, one of relatively high mean energy 
apparently consisting of primary electrons from the cathode which have been 
scattered and the other of much lower energy comprising secondary electrons 
which have been produced by ionization of the gas. The mechanism by which 
these Maxwellian distributions are so quickly established in an ionized gas 
is not understood.* It is well known that electrons drifting through a gas under 





(117) 


338 Compton, Phys. Rev. 22, 333, 432 (1923). 
33° Langmuir and Mott-Smith, Gen. Elect. Rev. 27, 449, 538, 616, 762, 810 (1924). 


* See, however, section D (4). 
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the influence of a uniform field, and subject to the laws of conservation of 
momentum, acquire a terminal speed in which they have a Maxwellian distri- 
bution of velocities with respect to a system of coordinates moving with their 
uniform rate of drift,° but calculation of the number of collisions required 
approximately to attain this condition shows that in an ionized gas some addi- 
tional and more effective agency must be chiefly responsible for the scattering 
of velocities. Generally speaking, electrons are found to have very close to 
Maxwellian velocity distributions in all parts of discharges where there is con- 
siderable luminosity, and also in the Faraday dark space. Wide departures 





7) 15 


Fic. 21 (a) Showing one Maxwellian distribution. (b) Showing two superimposed 
Maxwellian distributions. 


from complete Maxwellian velocities are sometimes found in the dark spaces 
between striations, and always in the regions of cathode and anode falls of 
potential. , 

Fig. 21 shows two typical velocity distributions. The criterion of a Maxwellian 
distribution is that the graph of log i_ (electron current to a collecting electrode) 
against V (potential of collector) shall be a straight line in the region where 
V is negative with respect to space potential V,. Its slope is 3/(2V) where V is 
the mean energy, in equivalent volts, of the electrons in the surrounding space. 
Fig. 21 (a) was obtained from an arc in argon, and 21 (b) from an arc in helium, 
both provided with incandescent cathodes as in tungar rectifiers. 


0 Langevin, Ann. Chim. Phys. 105, 245 (1905); Boltzmann, Gastheorie, Vol. I, p. 114; Be- 
nade and Compton, Phys. Rev. 11, 196 (1918). 


20 Langmuir Memorial Volumes IV 
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Boltzmann's distribution of concentration is also found to hold for electrons 
in discharge tubes. A very pretty example of this will be found in a paper by 
Killian“ 

(b) In the case of mean free paths, the experimental results point to a colli- 
sion mechanism much more complicated than that assumed in the so-called 
“classical” kinetic theory case, discussed above; yet the results are in general 
of the same order of magnitude so that the classical kinetic theory values are 
useful for easy rough estimates or for use where no more accurate data are 
available or can be mathematically handled. There are three direct methods 
of measuring free paths of charged particles, due respectively to Lenard, Ram- 
sauer, and Langmuir and Jones. 

In Lenard’s method? the charged particles are accelerated by a field to 
the desired velocity, a well defined beam of them is passed through a system 
of pinhole diaphragms into a chamber in which they may collide with gas mole- 
cules, and those which pass through undeflected are caught by a suitable receiv- 
ing electrode. The number N getting through a distance x without deflection 
is Noe?" or Noe?/4, if A, is the mean free path at unit pressure. The ratio 
of the numbers N’ and N” getting through at two pressures p’ and p”, or at 
two distances x’ and x”, is e~7'-9"%A or ¢—2'-2"4 respectively, whence 
the mean free path 4, at unit pressure is readily calculated. 

It is necessary to examine what the mean free paths determined in any exper- 
iment really signify, since in each case the meaning of the mean free path is 
defined by the apparatus used to determine it. In the Lenard apparatus, a free 
path is one in which the angular scattering is very small — too small to cause 
the particle to miss the collecting electrode. Energy losses are not involved, 
except in so far as they are accompanied by deflection. 

In Ramsauer’s method** Fig. 22, the charged particles are set free photo- 
electrically or thermionically as from the filament F, and are accelerated to 
the desired speed by an electric field between F and the electrode C. The beam 
emerging from the slit S, is bent by a magnetic field to pass through the cir- 
cular slit system S,, S,, S;, S,, S; and is finally caught in the Faraday box B. 

The apparatus thus selects out a group of velocities very narrowly defined 
by the magnetic field and the slit system. The currents to the box B are meas- 
ured for a series of different gas pressures and, as before, the ratio of currents 


*1 Killian, Phys. Rev. 35, (1930). 

“3 Lenard, Ann. d. Physik. 12, 714 (1903); Mayer, ibid. 45, 24 (1914); 64, 451 (1921); 
Compton and Benade, Phys. Rev. 8, 449 (1916); Maxwell, Proc. Natl. Acad. Sci. 12, 509 (1926); 
Jones, Phys. Rev. 32, 459 (1928). 

* Ramsauer, Ann. d. Physik 64, 513 (1921); 66, 546 (1921); 72, 345 (1923); Jahrb. d. Ra- 
dioakt. 19, 345 (1922); Brode, Proc. Roy. Soc. 125, 134 (1929); Phys. Rev. 34, 673 (1929); 
Beuthe, Ann. d. Physik 84, 949 (1927) probably vitiated by impurities; Briiche, ibid. 5, 909 (1929); 
Jones, Phys. Rev. 32, 459 (1928) compares Ramsauer’s and Lenard’s methods for electrons in 
Hg vapor; see particularly Ramsauer and Kollath, Ann. d. Physik 4, 91 (1930) for latest knowledge 
of behavior at very low velocities. 
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at any two pressures is given by e~'->"/h, where x is the length of path 
from S,to S,. Brode** has pointed out certain necessary precautions and second 
order corrections. 

In this method it will be noted that not only angular deflection but also 
energy loss even without deflection will cause a particle to be lost from the 
beam. For this reason, the absorption coefficient 1/4, measured by this 
method, is often called the total absorption coefficient. 


Fic. 22. Ramsauer’s method for measuring mcan free paths. 


In Langmuir and Jones’ method, Fig. 23, ionization of the gas is main- 
tained between an electron emitting equipotential hot filament F and anode 
plates A and B, while a surrounding coaxial cylinder C is used as a collecting 
electrode to which the current is measured at various potentials with respect 
to the filament. As will be shown in Part II, the main body of the enclosed 


c 





Fic. 23. Langmuir and Jones’ method for studying electron 
collisions with gas molecules. 


ionized gas is at a nearly uniform potential, approximately that of the anode, 
and differences of potential between this body of gas and the electrodes are 
concentrated in ‘‘space charge sheaths,” around the electrodes, whose thick- 
nesses are relatively small if the ionization is fairly intense. Thus the electrons 
emitted by the filament are projected out radially into the gas with velocities 
corresponding to the cathode fall of potential in the sheath. If the collector 


™¢ Largmuir and Jones, Science, 59, 380 (1924); Phys. Rev. 31, 357 (1928). 
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C is negative with respect to the filament F (and therefore with respect to all 
parts of the discharge) positive ions flow into it through the surrounding space 
charge sheath, but all electrons entering the sheath are forced back into the 
main body of the discharge, thus failing to reach the collector. But if the col- 
lector C is brought just to the potential of the filament, then those electrons 
from the filament which have lost no forward momentum are able to penetrate 
this sheath and reach the collector. For more positive potentials of the collec- 
tor C, electrons which have lost some forward momentum are nevertheless 
able to reach it. Thus the current to this collector at its various potentials may 
be used to indicate the fraction of electrons leaving the filament which collide 
(lose forward momentum) while traversing the gas between filament and col- 
lector. Also this experiment yields much information regarding the nature 
of the collisions, as will be discussed in the following section. Fig. 24 shows 





20 0 20 40 60 60 100 


Fic. 24, Langmuir and Jones’ results with nitrogen. A is the measure of the number 
of electrons which lose no forward momentum. 


a typical curve for nitrogen. In region AB only positive ions reach the collector C. 
At BC the cylinder is no longer negative in respect to F and the length BC = A 
is the relative change in current to the collector in passing from B to C. Then 
the fraction of primary electrons from the filament which reach the collector 
C without collision is 
A Enar/ay 
T—r+B, 
where r and f, are small corrections due to reflection of a fraction r of the elec- 


trons incident on C and to change in the positive ion current to C due to the 
loss of this group of electrons as ultimate ionizing agents in the discharge, res- 
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pectively, and a is the radius of the collector C. All these quantities may be 
measured or estimated with considerable certainty, whence A, is found. Further 
information given by this method in regard to the nature of the collisions them- 
selves is discussed in the following section. 

Data of electron mean free paths from these three methods are shown in 
Figs. 25 and 26. Following common usage, the ordinates are ‘‘absorption co- 
efficients” a of the gas at 1 mm pressure for electrons, or aggregate ‘‘effective” 
cross-sectional area of all the molecules in a cubic centimeter at 1 mm pressure, 
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Fic. 25. Absorption coefficients a = 1/4, for electrons in gases at 1 mm, 25°C, 

as function of electron velocity. K.T. = Kinetic theory value from Eq. (82). Values 

by Ramsauer method. Values by method of Langmuir and Jones. (1) and (2) in- 
dicate scales of ordinates. 


or average number of collisions made by an electron in 1 cm path through the 
gas at 1 mm pressure. These are all equivalent expressions and are equal to 
the reciprocal 1/A, of the mean free path at 1 mm pressure. 

Data regarding positive ion mean free paths are very meager and are com- 
pletely lacking in the most important case, that of positive ions moving-among 
molecules of the same gas, except for protons moving through hydrogen*™® 


“8 Dempster, Proc. Natl. Acad. Sci. 11, 552 (1925); G. P. Thomson, Phil. Mag. 1, 961 (1926) 
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Here Dempster found that protons of velocities between 50 and 2000 volts 
can pass through many hydrogen molecules without suffering appreciable 
velocity change, while Thomson found an angular distribution of scattering 
of the type which would be expected if the inverse cube law of force held during 
collisions. Similarly, for 900 volt protons in helium, Dempster found abnor- 
mally long free paths** (or surprisingly small eftects of collisions), while for 
protons of various velocities in helium and argon Thomson found maximum 
scattering (minimum free paths) at velocities of 1.4 (10)-* and 0.7 (10)-* cm/sec, 
respectively, in analogy with the ‘‘Ramsauer” effect for electrons. 


a ghg@ It and JI 
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Fic. 26. Absorption coefficients a (see Fig. 25). 


More recently, mean free paths of alkali ions in various gases have been 
studied. Kennard*? and Thompson have found that ions of lithium, sodium, 
potassium or caesium, moving in a beam through hydrogen, helium or argon, 
are much less scattered out of the beam than would be expected from consid- 
eration of the kinetic theory radii, and also that there is less scattering at high 
than at low velocities. Ramsauer and Beeck*® found also rapidly decreasing 
scattering at higher velocities, but found that the scattering approached a limit- 


248 Dempster, Proc. Natl. Acad. Sci. 12, 96 (1926). 
™7 R. B. Kennard, Phys. Rev. 31, 423 (1928). 

248 J.S. Thompson, Phys. Rev. (in print). 

249 Ramsauer and Beeck, Ann. d.. Physik 87, 1 (1928). 
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Fic. 27. Absorption coefficients a = 1/A, of alkali 
ions in argon gas. 
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Fic. 28. Comparison of experimental with kinetic 
theory mean free paths of positive ions. 
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ing value at velocities of the order of 50 volts or more, and that this limiting 
value agreed quite well with kinetic theory predictions. That is, the mean free 
path 4, = 1/a is such as would be expected if the effective collision radius is 
the sum of the radii of the gas molecule and the ion. (There is considerable 
diversity of evidence regarding the magnitudes of ion radii, as shown in the 
table on p. 22 of Ref. 249. The agreement is obtained if the ‘‘true sizes” of 
the ions are taken according to Fajans and Herzfeld.) Figs. 27 and 28 show 
a few of the results of Ramsauer and Beeck. In Fig. 28 the lines to the right 
of the curves and marked Cs+, Rbt+, etc., indicate the sum of the radii of an 
argon atom and of each of these ions. 

In order to resoncile the results of Thompson with those of Ramsauer and 
Beeck, it seems necessary to suppose that the mean free paths are actually of 
the order of those predicated by kinetic theory, especially at the higher velo- 
cities, but that the collisions result in loss of velocity without appreciable change 
in direction. 

(c) The nature of collisions and single scattering of electrons by molecules 
has been investigated by two methods, the one devised by Dymond and the 
other by Langmuir and Jones. The former has the advantage of greater direct- 





Fic. 29. Dymond’s method of investigating electron scattering. 


ness and resolving power, the latter of experimental simplicity. As will be seen, 
the two are in general agreement on the main features of electron scattering 
at collisions, though not in regard to some details. 

In Dymond’s method*° electrons from a hot filament F (Fig. 29) are accel- 
erated to any desired velocity v, and reduced to a well defined beam by a slit 
system S,. Those which collide with molecules in a small region A and are 
deflected through an angle ® pass through the evacuated slit system S, into 
the evacuated deflection chamber D where those of any desired velocity v, are 


380 Dymond, Phys. Rev. 29, 433 (1926); Dymond and Watson, Proc. Roy. Soc. 122, 571 (1929); 
Harnwell, Proc. Natl. Acad. Sci. 14, 564 (1928); Phys. Rev. 33, 459 (1929); 34, 661 (1929); 
35, 285 (1930); Kollath, Ann. d. Physik 87, 259 (1928); Whiddington, Phil. Mag. 6, 889 (1928); 
Arnot, Proc. Roy. Soc. 125, 660 (1929). 
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sorted out and deflected into the Faraday detection box F by means of a mag- 
netic field (Dymond) or an electrostatic field (Harnwell). The scattering angle 
of the observations can be varied by rotating the electron ‘‘gun” FS, about 
the axis A. Thus the probability of deflection through any angle, and of any 
energy loss, can be found for electrons of any initial energy colliding with mole- 
cules of any gas. Typical results of this method are shown in Fig. 30. 

From a series of experiments such as those in Fig. 30, the angular distri- 
bution of scattering in helium is found to be as shown in Fig. 31 where, for 
comparison, there are also shown some theoretical curves. The observations 


i 
60 60 00 
Fic. 30. Velocity distribution of electrons scattered at 10° -by single impacts in 
helium, for initial velocities of 102, 226 and 336 volts. (Dymond and Watson™). 
The three high peaks represent elastic scattering; the pairs of lower peaks repre- 


sent scattering with sufficient energy loss to excite one or the other of the two 
lowest excited states of the helium atom. 
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are seen to agree acceptably with the new quantum theory of scattering, 
but not with classical kinetic theory. Furthermore the area under each parti- 
cular curve gives the absorption coefficient a (reciprocal mean free path) for 
the corresponding type of collision. The most striking feature of these results 
is the relatively large probability of scattering through small angles, except 
at the very lowest velocities. 

Harnwell’s results*** show that essentially the same characteristics are found 
in the scattering curves of helium, neon, atomic hydrogen, hydrogen and nitro- 
gen. The average angle of elastic deflection appears to increase somewhat with 
increasing molecular weight. 


| For hydrogen, or in any Coulomb field, Born, Géttingen Nachr. 146 (1926); Zeits. f. Physik 
38, 803 (1926); Oppenheimer, Phys. Rev. 32, 361 (1928); for scattering of particle or electron 
by a shielded nucleus, Sommerfeld, Wellenmechanischer Ergansungsband p. 231. For scattering 
by helium, Mott, Proc. Camb. Phil. Soc. 25, 304 (1929). 
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In the Langmuir and Jones method* the apparatus of Fig. 23 was used 
to obtain data of the kind shown in Fig. 24. It will be recalled that the section 
AB of the latter figure represents positive ion current to the collector whose 
potential is V, with respect to a homogeneous source of electrons which are 
projected at any desired speed directly toward the collector. When the collector 
changes trom slightly negative to slightly positive with respect to the source, 
those electrons A which have lost no forward momentum in the intervening 


Kinetic Theor, 


F (0) = NIUOI"X ordinate 


— quantum theory 
-0! 
€ 


--- experimental telastic) 
—-— experimental inelastic) 





0 20 40 60 60 . 100 120 «6140 — 160 180 
Fic. 31. Electron scattering in helium. F(®) is the fraction scattered per unit solid 
angle at angle ®. Observations on elastic scattering of 210 volt electrons compared 
with quantum theory predictions. Also theoretical scattering at other voltages. Also 
observations on inelastic scattering of 210 volt electrons. The observations are plotted 
to an arbitrary scale which is the same for both elastic and inelastic scattering. 
Curve--- is the graph of Eq. (119). 


distance become able to reach the collector. The intormation regarding the 
nature of collisions is obtained from a study of the shape of the current-vol- 
tage curve for positive values of V.. The basis of interpretation of this curve 
is the following: 

. If all electrons which collided lost all their energy, it is obvious that the 
curve CDEF would be perfectly flat and would correspond just to those elec- 
trons which pass from source to collector without undergoing collisions. If, 
however, some electrons are slightly and elastically deflected, these will not 
be able to penetrate the space charge sheath surrounding the collector when 
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V = 0, but they will be able to penetrate it when V is sufficiently positive 
to make the potential drop in this sheath less by an amount corresponding 
to the lost energy associated with the forward component of momentum. Thus 
the shape of the sising curve CD gives information in regard to the angular 
distribution of elastic scattering. 

The break in the curve at D comes at about V, = 13 volts. It is at this vol- 
tage V, that an electron, which has lost just enough energy to excite a nitrogen 
molecule and has continued to move directly forward, is just able to penetrate 
the sheath and reach the collector. At still higher values of V, electrons which 
have lost additional energy or been deflected in the process of exciting the 
atoms can be collected. 

In making the calculations, which are described in detail in the original 
paper, several secondary effects such as electron reflection at the collector 
and variation in total ionization as electrons are collected, must be taken into 
account. The experiment does not distinguish sharply between loss of energy 
and angular deflection, since loss of forward momentum is the quantity directly 
given. But some internal evidence, as well as supplementary experiments, 
justify the deduction of Table XVII. 

The results are consistent with a probability law of angular scattering of 
the form 


F(®) = F(®),e~*"'* (119) 


where F(®) is the fraction of the electrons which, in traversing unit distance, 
are scattered per unit solid angle at the angle ®, F(®), is this fraction at the 
angle ® = 0, and , may be called the mean square angle of deflection. Fig. 31 
shows that such an equation is in approximate agreement also with Dymond 
and Watson’s results in helium, the value of ®, there being 22.7°, for elastic 
scattering of 210 volt electrons. While this equation may not be exact, it is 
in fair accord with the facts and is of a form which can easily be handled in 
equations. It is suggested, therefore, that it may be quite useful in dealing 
with the influence of angular scattering in actual discharge devices. The appro- 
priate constants to be used in this equation for several gases may be obtained 
from Table XVII, until more direct measurements are available as are now 
in the case of helium. 

The total probability P of scattering as the result of a collision while going 
unit distance is given from Eq. (119) by 


bs 22 
P= f 2nsin® -F(P),e°'* db = nGi FG), (120) 
0 
Thus, approximately, 


F(®) = et (121) 


Google seeen cen 


316 Electrical Discharges in Gases. I. Survey of Fundamental Processes 


Values of P and ®, derived by substituting experimental results in this equa- 
tion are given in Table XVII. From these, the value of F(®) for any angle is 
calculable. 

In some cases the curve above the first excitation potential was unsuitable 
for accurate estimates of ®,. Since ®, was found generally to be about equal 
to ®,, it was assumed equal to ®, in those more uncertain cases. These values 
are given in parentheses. ° 

In applying Eq. (121) ®, is placed equal to 6, or ®, as the case may be, and 
the corresponding value of P is used. 


Taste XVII 
Summary of Data on Electron Impacts in Gases. (Langmuir and Jones). P,, P., 
P,, P, are the probabilities that an electron, while going 1 cm through gas at 1 mm 
pressure at 20°C, will collide inelastically, elastically, so as to excite the first excited 
state, or so as to ionize, respectively. D, and ®, are the root mean square angles 
of deflection for elastic scattering and for scattering accompanying the first exci- 
tation respectively, E, = V@% (volts radians*) is found to be ‘‘approximately” 
a constant for each gas and ts useful for predicting ®, for other electron energies V 
(volts). Note that ©, must be expressed in ‘‘radians’”’ in the argument of Eq. (121). 
P,+P, = total probability of colliding 








Gs | vot | mB | B» | B | a | ®& ® | & 
He 50 17 24 2.8 0.9 25° (25)° 9.5 
100 6.0 1.5 0.7 1.6 19 16 11.0 

Ne 75 9.3 14 1.5 1.8 21 (21) 9.8 
100 9.2 0.9 1.3 24 19 (19) 11.0 

A 30 19.1 24.1 5.9 47 24 (24) 5.3 
50 18.4 20.8 1.9 9.5 18 (18) 5.2 

100 18.7 14.5 1.7 11.4 12 (12) 47 

150 18.4 12.8 2.7 11.4 10 (10) 45 

Hg 30 48.0 33.3 17.3 13.6 17 (17) 2.5 
50 49.1 29.5 14.7 19.9 11 13 34 

100 50.3 25.9 16.7 21.7 10 ‘12 3.3 

250 32.0 21.3 6.7 20.4 6 (6) 3.2 

H, 100 9.2 5.3 35: 39 5 6 | 73 
250 7.2 6.3 21 | 3.6 9 6.7 

N, 75 20.2 14.9. 53 | 93 16 (16) el 5.9 
100 16.2 10.4 48 | 103 14 8 | 58 




















Comparison of these results with those of Dymond and Harnwell described 
previously, shows agreement in the preponderance of scattering through small 
angles and in the magnitude of the mean scattering angle. Langmuir and Jones 
find inelastic collisions relatively more probable than do Dymond and Harn- 
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well. In both cases the observed distribution F(®) for small velocities tends 
to approach that of spherical particles. 

In the important case of scattering in mercury vapor, Table XVIII gives 
data by both methods. \ 


Taste XVIII 
Single Scattering of Electrons in Mercury Vapor. F,(®) is the number of electrons 
elastically scattered through angle ® per unit solid angle per primary electron per 
cm path per 0.001 mm pressure at 20°C. F,(®) is the corresponding quantity for 
inelastic impacts. 82 volt primary electrons 








Dymond’s Method (Arnot*°) Langmuir and Jones*“ 

o | FA®) F,(®) F{®) Ratio 
o | _ — 0.226 - 
5 | 0.127 0.167 0.184 1.45 
10 | 0.051 0.063 0.102 2.00 
15 | 0.024 0.025 0.038 1.58 
20 | 0.0144 0.0111 0.0099 0.69 
2! 0.0089 0.0061 0.0012 0.15 
30 | 0.0056 0.0036 0.0003 0.05 
40 0.0028 0.0019 | - - 
50 0.0015 0.0011 - - 
60 0.0005 0.0004 | —_ _ 

















In Table XVIII the first values of F(®) are calculated from the data in Arnot’s 
paper. The latter values are calculated from data in Table XVII and Eq (121), 
taking P, = 0.0204, ®, = 11.3° = 0.198 radians. 

(d) Diffusion of electrons and ions has never been studied experimentally 
with sufficient accuracy to serve as any test of theories such as were develo- 
ped in section D(1d). It is much easier experimentally to measure mobilities, 
and thence to calculate diffusion constants by Eq. (105). 

(e) Mobilities of positive ions have never been studied under conditions 
in which the nature of the ions has been sufficiently well established to make 
the results of much use in testing an equation such as Eq. (117). In this direc- 
tion, therefore, there is more point in combining theory and experiment to 
investigate the nature of the ions than in testing the theory itself. 

Mobilities of electrons are known in many gases over quite a range of fields 
and pressures and permit a test of theories. Here the only theory which pre- 
tends to a rigid derivation and which does not contain arbitrary constants is 
that expressed by Eq. (116). Following a common usage, this equation may 
be written in terms of the so-called ‘‘mobility constant” K (which is really 
not a constant, since it depends on temperature) defined as the mobility under 
standard conditions of temperature and pressure by 


K = (p/760)(273/T)u. (122) 
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If 4 is substituted from Eq. (116) and values of constants are introduced, this 
becomes (since 4 = A, for electrons) 


271,000A,(273/T)¥* 
~~ [1+ (1-++1,106,000M23(E/p)?)2}2 





K (123) 
where A, is the electron mean free path at p = 1 mm and 273°K, M is the mo- 
lecular weight on the basis of M,, = 1 and E is the field in volts per cm. The 
numerical constants are slightly different from those previously published?5? 
and are believed better to express the theory. 

The experimental results come surprisingly near to the predictions of this 
theory, when one considers the rather large departures of actual collision phe- 
nomena from simple kinetic theory and fact that the equation contains no arbi- 
trarily adjustable constants. Figs. 32, 33 show comparison of theory with exper- 
iment in two cases; other cases are discussed by Compton.?*? 

These and similar results show that the theory gives results of the right 
order of magnitude and about the right type of variation of K with (E/p) even 
as regards the peculiar horizontal intercept of the curve with the axis at E/p 
= 0. Thus the general idea underlying the theory is probably correct and its 
inaccuracies are due to its use of the much too simplified kinetic theory idea 
of a collision. Just how the theoretical results would be modified by introducing 
experimental values of free paths is not immediately obvious. For example, 
Fig. 25 shows that experimental determinations of electron mean free paths 
in Ng give values considerably smaller than the kinetic theory value for such 
small velocities as are involved in mobility experiments. Introduction of such 
smaller free paths would, however, accentuate rather than remove the discre- 
pancies shown in Fig. 32. Consideration of possible imperfect elasticity of 
impact will not bring agreement since it would not change the value of K for 
E/p = 0, but would only modify the subsequent course of curve. In this case 
of nitrogen, however, the fact that scattered electrons are much more concen- 
trated in the forward direction (small scattering angles) than would be true 
of elastic spheres would introduce a correction increasing the mobility, and 
thus, in the right direction, to bring agreement between theory and experi- 
ment. 

In hydrogen and helium, on the other hand, the experimental values of 
mobility constant are somewhat smaller than those predicted by the theory. 
In these cases, also, the experimental free paths at low velocities are much 
smaller than the kinetic theory values, which now are in the right direction to 
explain the discrepancy in Fig. 33; but the correction which would thus be 
introduced is somewhat too large, so that to obtain agreement it is again neces- 
sary to take account of the excess of scattering in the forward direction. In 


™2 Compton, Phys. Rev. 22, 432 (1923). 
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Fic. 32. Electron mobility “‘constant’’; curve (1) theory by Eq. (123); curve (2) 
experimental results of Wahlin™*. 
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Fic. 33. Electron mobility “‘constant”’; solid curve is theory by Eq. (123); expcrimen- 
tal results by Loeb™* and by Townsend and Bailey™. 


8° Wahlin, Phys. Rev. 23, 169 (1924). 
4 Loeb, Phys. Rev. 19, 24 (1922); 20, 397 (1922) with small correction for wave form. 
** Townsend and Bailey, Phil Mag. 42, 873 (1921). 
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the case of hydrogen and helium, the quantum theory of scattering (which we 
have seen is well supported by experiments) predicts that this excess forward 
scattering is less pronounced at small than at large velocities and, for zero velo- 
city, approaches uniformity of scattering through all angles, as in the simple 
kinetic theory case. It can fairly be said that such considerations seem ade- 
quate to modify Eq. (123) sufficiently to bring it into conformity with experi- 
ment, but no test of the theory along these lines has thus far been made. 

Obviously a theory of mobilities based on the actual laws of electron scat- 
tering at low velocity impacts will be an extremely complicated thing. Perhaps, 
by assuming approximate analytical functions to represent the variation of free 
paths of and scattering angles with electron velocities, an approximate solution 
more satisfactory than Eq. (123) may be found. 

There is another way of testing the mobility equations which avoids any 
consideration of terminal energy such as is involved in Eqs. (117, 123) and 
goes back to the more general Eq. (107), which involves only the assumptions 
that the distribution of velocities is Maxwellian and that all directions of motion 
are equally probable after a collision. The method of Langmuir and Mott-Smith 
already referred to**> permits a test of the character of the velocity distribution 
and a determination of the average electron velocity in case the distribution 
is Maxwellian, provided the ionization of the gas is fairly intense. In such cases, 
Eq. (107) permits immediate calculation of the mobility 4 if the mean free 
path is known, or vice versa. It is easy experimentally to determine yu since 
the total current carried by electrons equals { Neu EdS integrated over the 
cross-section of the current path, and N and E are given by exploring electrode 
measurements. Hence, in practice, the electron mean free path A is calculated 
by applying the experimental results in Eq. (107). In mercury vapor it is found*** 
that the mean free path thus calculated is somewhat smaller than the kinetic 
theory value. This again is consistent with the experimental values shown in 
Fig. 26 for the small velocities here involved (for the most part of the order 
of 2 volts or less). Further tests by this method for a greater variety of condi- 
tions and for other gases are very desirable. 

(3) Quantum theories of collisions and scattering are being reviewed (by 
E. U. Condon) in a separate article for this journal, and will therefore be treated 
here only insofar as is necessary to complete the discussion of these pheno- 
mena, which are so important in gas discharges. There are three cases which 
have been treated with considerable success by quantum theory: (a) mean 
free paths for very small deflections, such as would be involved in mean free 
path measurements; (b) distribution of angular scattering as a function of velocity, 
which gives a theory for the type of scattering studied by Dymond and Harn- 
well; (c) abnormal transparency of some molecules for very slow electrons — the 
‘‘Ramsauer effect,” as observed apparently for all atoms or molecules with 


*¢ Langmuir and Mott-Smith, Gen. Elect. Rev. 27, 819 (1924); Killian, Phys. Rev. 3S, (1930). 
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completed outer shells of 8 electrons. All of these apply only to electrons but 
(a) could be extended to include deflection of positive ions. We shall discuss 
these three cases very briefly. 

(a) Electron mean free paths for very small deflections were investigated by 
Zwicky**’ by applying the method of perturbations after the well-known meth- 
ods of the older quantum theory. The problem may be stated thus: ‘‘how 
far from the center of a molecule must the initial trajectory of an electron pass 
in order that it shall undergo a deflection ®?” Since the present theory applies 
only to small values of ®, the perturbation method is used as follows: First 
assume that the electron continues undeflected in the direction of its original 
trajectory. While passing, it exerts a distorting force on the molecule. Then 
the force exerted on the electron by this distorted molecule is used to calculate 
its deflection. This force includes that due to polarization (K—1)e?/(2%Nr°) 
where K is the dielectric constant, N the number of molecules per unit volume 
and r the distance between electron and molecule. The force may also include 
a contribution from the permanent field of the molecule, if the latter is a per- 
manent dipole, and if an electron in its orbit in the mqlecule has a period 1, 
which is comparable with the time t, taken for the electron to pass the mole- 
cule, there will be a sort of resonance effect due to the behavior of the molecule 
as a dipole on account of the orbital electron, even through it would not act 
as a dipole in phenomena of much greater natural period. It is found that the 
deflection ® is proportional to 

dx Ul) g o(®) (124) 


oe et/2 


where U(a) is the potential energy of the electron at the distance a, a is the 
closest distance of the molecule from the original trajectory of the electron, 
t, is defined by t, = a/v, and @ is sort pf ‘‘resonance function.” 

If the molecule possesses a high degree of symmetry the potential energy 
is due only to the polarization force above and 


(125) 


Experimentally we find the fraction of electrons deflected through an angle 
greater than some particular ®, defined by the construction of the apparatus. 
That is, we find the fraction whose trajectories come within a distance from 
a molecule. This fraction is Ng = Nza* = a = 1/A, where q is the effective 
cross-section of a molecule and a (see Figs. 25, 26) is the aggregate effective 
cross-section of the molecules in unit volume. Thus, from Eq. (125) we find 


v 


av = > = const (K—1)'?. (126) 


%1 Zwicky, Phys. Zeits. 24, 171 (1923); Proc. Natl. Acad. Sci. 12, 461 (1926). 


21 Langmuir Memorial Volumes IV 
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In Figs. 25, 26, the curve for H, is seen to resemble such a hyperbolic relation, 
and that for Hg is somewhat similar. In fact it is found that a quantitative 
evaluation of the constant in Eq. (126) leads to calculated values of a which 
are within about 10 per cent of the actual values in the cases of H,, Hg, 
Zn, Cd. 

If, on the other hand, the molecule is a dipole of moment yu oscillating 
or rotating because of electron orbital motion of period t, = 1/w, then Eq. 
(124) takes the form 





pe 0 
Oo ek” () 


or 
av! = const [e (si. (127) 


Here a should decrease with increasing v more rapidly than in the case of 
simply polarizable molecules, it should be larger than it would be if polariza- 
tion alone were effective, it should increase with atomic volume for atoms 
in the same column of the periodic table, and it should reach a maximum 
value in the neighborhood of o = wa. All these characteristics are exhibited 
markedly by the rare gas and the alkali atoms and to a less degree by Hg 
and N,. 

It would seem, therefore, that this theory of Zwicky is based on those phys- 
ical phenomena which are actually effective in producing electron scattering 
at collisions. The same considerations could be used in a theory of positive 
ion scattering through small angles, except that here mutual polarization 
would have to be considered. 

(b) The distribution of angular scattering of electrons as a function of velo- 
city has been treated by wave-mechanical methods for atomic hydrogen and 
other one-electron systems by Born*® and Sommerfeld?** and by Mott? 
for helium. Some results of this treatment have already been discussed in 
connection with Fig. 31. It would take us too far afield here to develop the 
wave mechanical theory of scattering, but the fundamental ideas and the re- 
sults may be presented. 

The electron of mass m and velocity v is treated as a plane wave of wave 
length h/m v and amplitude y, the product of p by its conjugate p at any 
point being the measure of the average charge density, or the probability 
of the electron being at that point. The wave function satisfies the Schréd- 
inger equation 


Ay+ 2" (E—Vyy = 0 (128) 





™* Born, Gottingen Nachr. 146 (1926). 
8° Sommerfeld, Atombau u. Spektrallinien, Wellenmechanis:her Ergénzungsband, p. 231. 
**° Mott, Proc. Camb. Phil. Soc. 25, 304 (1929). 


Google 


Electrical Discharges in Gases. I. Survey of Fundamental Processes 323 


where E is the total and V is the potential energy of the electron. If proper 
values of E and V are substituted in this equation, and it is solved for p as 
a function of the coordinates, then the distribution of py gives the distribution 
of scattering. In applying this method, the values of V characteristic of the 
fields surrounding various types of atoms, must be known. 

(c) The Ramsauer effect, or the great transparency of certain gases to elec- 
trons of low speed, is again rather well explained by wave mechanics.* This 
phenomenon is observed for those gases like Ne, A, etc., whose molecules 
are electrically so symmetrical that their electric fields fall off extremely rapidly 
with distance. Thus the function V of Eq. (128) has appreciable values only 
within a very small distance of each molecule. The molecule is, therefore, 
an object of very small linear dimensions in so far as V is concerned. On 
the other hand, an electron of very small velocity v has a relatively long equi- 
valent wave length A/mv. Hence this combination of a molecule which pos- 
sesses very small external field, and a slow electron of long equivalent wave 
length, presents a case analogous to that of a small obstatle in the path of 
a train of waves of large wave length: the obstacle has relatively little ability 
to scatter the waves, which pass by it practically unaffected. 

(4) Plasma oscillations of electrons and ions constitute a unique type among 
the numerous kinds of oscillations which can be obtained with discharge de- 
vices, in that they are entirely independent of the constants L, C, R of the 
circuit and in other respects. They were first discovered by Penning,?* were 
suggested as the cause of the unexpectedly rapid electron scattering discov- 
ered in strongly ionized gases by Langmuir*® and further studied by Dit- 
tmer,?“ and were partly explained by Langmuir and Tonks?" as follows: 

A ‘‘plasma” is defined as a region of ionized gas in which electron and 
positive ion concentrations are approximately equal. In such a region, if 
a group of electrons at x is displaced in the direction of x by an amount é(x), 
subject to (x) = 0 at two parallel bounding planes, then there is created an 
electric force arising from the unbalanced space charges, which tends to bring 
these electrons back to the equilibrium condition of zero space charge. The 
change in electron concentration, and the resulting field given by Poisson’s 
equation are, 


én = ndé/6x and dE/dx = 4neén 
whence 
dE|dx = 4anedi/dx 


#1 Faxen and Holtsmark, Zeits. f. Physik 45, 307 (1927); Holtsmark, Naturvwiss. 16, 614 (1 928) 
ibid. 17, 365 (1929); Zeits. f. Physik 48, 231 (1928); ibid. 55, 437 (1929). 

*** Penning, Nature, August 28 (1926); Physica 6, 241 (1926). 

8 Langmuir, Phys. Rev. 26, 585 (1925). 

84 Dittmer, Phys. Rev. 28, 507 (1906). 

"68 Langmuir, Proc. Natl. Acad. Sci. 14, 627 (1928); Tonks and Langmuir, Phys. Rev. 33, 
195 (1928). 
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whose integral is 
E = 4ané. 
Since the restoring force Ee is thus proportional to the displacement é, 
it is obvious that the motion of each electron is simple harmonic according 
to the equation 


mi+4nnet = 0, 
whose solution gives the natural frequency 
nez v2 
n= =) = 8980n"? . (129) 
am 


There is thus a natural oscillation frequency proportional to the square root 
of electron concentration n. An ordinary value of in low pressure discharge 
tubes is (10)! cm-’, which leads by Eq. (129) to », = 9 (10)® cycles which 
corresponds to radio waves of about 33 cm wave-length. 
The velocity of propagation of these waves is : 
ner \? 
v=A (22) : (130) 
Since the velocity is proportional to the wave-length, the waves show high 
dispersion and the group velocity of the waves turns out to be zero. Thus, 
although the waves can propagate through space, they transmit no energy. 
The average field amplitude of these oscillations may be estimated by 
considering each volume element to be an independent harmonic oscillator 
in equipartition equilibrium with the electrons themselves, provided we know 
the lower limit of size of these volume elements. As a reasonable guess, we 
may assume it to be the cube of the ‘‘Debye”’ distance given by 


1/2 V2 
ay (gs = +90(7:] cm (131) 


where T, is the ‘‘temperature” of the electrons. (A, is the distance at which 
the average potential near a charged plane in the ionized gas is 1/e of that 
of the plane). With this assumption the total energy density of the electric 
field of the oscillations is 
3 
Lae ea 


8° «2 A, 





whence 
E = 9612 15!4 e512 934 (kT,) “14 (132) 
= 1.17(10)-¢n47,-™ volts/cm. 
This relation probably gives too large a value of E since it is probable that 
the mimimum volume element should be larger than Ap, though of this order 
of magnitude. 


266 Debye and Fliickel, Phys. Zeits. 24, 185, 305 (1923). 
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It is obvious that any homogeneous beam of electrons, in passing through 
an ionized gas, will tend to acquire a random distribution of velocities about 
the mean velocity on account of the fields of these plasma electron oscilla- 
tions. These oscillations, therefore, provide a means of interaction between 
ions and electrons other than that arising from individual encounters or mutual 
forces. 

The foregoing oscillations of the electron space charge with respect to the 
relatively inert positive ion space charge are the ‘‘plasma electron oscillations.” 
There are also natural oscillations of the positive ions, which Langmuir terms . 
“‘plasma ion oscillations.” For this case a treatment along similar principles 
gives the frequency ; 

ner v2 

% = (5M tne, a (133) 

Here, if the wave-length 4 is small, the equation reduces to the form of Eq. 
(129), with the ionic mass M in place of the electronic mass m. For long 
waves, on the other hand, the frequency approaches (k7,/M)!2/A, which 
means waves travelling with velocity (kT,/M)”*. These latter waves are analo- 
gous to sound waves travelling through the ionized gas and their frequencies 
are usually lower than 5 (10) per sec. The demarkation between these two 
types of plasma ion oscillations is roughly the Debye wave-length of Eq. (131). 

In Part II of this article, the authors will discuss actual discharge types, 
such as arcs, sparks, glow discharges and coronas, and will attempt an inter- 
pretation of their characteristics in terms of the fundamental processes dis- 
cussed in Part I. 

In conclusion, the authors are glad to express their thanks to Mr. Edward 
S. Lamar for preparing the drawings and to Miss Anna E. Lahey for her 
assistance in preparing the manuscript. 
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PART II 


FUNDAMENTAL PHENOMENA IN ELECTRICAL 
DISCHARGES 


Introduction 


Procress in physics during the last 20 to 30 years has been characterized 
by the remarkable advance in our knowledge of electrons, ions, atoms and 
molecules, as individuals. A summary of this knowledge, insofar as it will 
aid in the understanding of electric discharges in vacuum and in gases, has 
been given in Part I, under the title of a ‘‘Survey of Fundamental Processes.” 

We now wish to consider how these processes, characteristic for the most 
part of individual electrons, ions, or atoms, cooperate to determine the phe- 
nomena of electric discharges. We shall have to deal primarily with the col- 
lective behavior of these charged and uncharged particles. This field of study 
in recent years has not received attention comparable to that devoted to the 
individual particle. The time seems now ripe to apply all this new knowledge 
in a systematic manner to a study of discharges. 

Long prior to the beginning of the present century, certain types of elec- 
tric discharge had been very extensively investigated. The typical phenomena 
that had been most frequently observed were those produced when a current 
was passed between two disk-shaped electrodes placed at some distance apart 
along the axis of a tube containing gas at a given pressure. The general ef- 
fects of altering the pressure or the distance between the electrodes were well 
known. 

Fig. 34 illustrates a typical discharge of this kind. Close to the surface of 
the cathode a glow, called the cathode glow, is observed. Beyond this is the 
cathode or Crookes’ dark space. Then comes the negative glow which is usually 
of considerable intensity. Passing in the direction toward the anode, the in- 
tensity of this glow gradually decreases and becomes a second dark space, 
called the Faraday dark space, this usually being several times wider than 
the cathode dark space. Then comes the positive column which begins sharply 
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at a definite position called the ‘head of the positive column.” This surface 
of demarkation is convex on the side toward the cathode. In most cases the 
positive column is of uniform intensity all the way to the anode. Sometimes, 
however, it is broken up into striations, which appear to consist of alterna- 
tions of Faraday dark spaces and short sections of positive column. Close 
to the anode, especially if this is of small size, there may be an anode glow. 


+ Faraday 
«— Negative 
+ Cathode 
+ Cathode 
+ Cathode 


3 : 
g 8 
< 4 
J t 





Fic. 34. Typical glow discharge in a gas at about 1 mm pressure. 


Typical phenomena such as those illustrated in Fig. 34 are usually obser- 
ved most readily at gas pressures in the neighborhood of one millimeter of 
mercury. At any given pressure the positions ot the negative glow, the Fara- 
day dark space and the head of the positive column are fixed with reference 
to the cathode. Thus for example, if the anode is moved, these positions do 
not change, whereas, if the cathode is moved, these boundaries move with it. 
As the distance between anode and cathode decreases, the anode may reach 
the head of the positive column so that the positive column disappears. In 
a similar way, the anode can be moved through the Faraday dark space and 
even into the cathode dark space. If the pressure is lowered, these distances 
from the cathode all increase approximately inversely proportional to the 
pressure. Thus with fixed distances between the electrodes, on lowering the 
pressure, the cathode dark space expands until it reaches the anode. The 
discharge then becomes one of a type studied particularly by Sir William 
Crookes. It was the study of such Crookes’ tubes by Roentgen in 1895 that 
led to the discovery of x-rays. 

At high pressures, the cathode dark space and Faraday dark space move 
so close to the cathode that they become practically invisible and the whole 
tube is thus filled with the positive column. Gradually, with increasing pres- 
sure, the positive column detaches itself from the walls of the tube and be- 
comes arc-like in character. 

Discharges of the kind that we have just studied are usually referred to as 
glow discharges. Many other types of discharge have been observed, for 
example, spark discharges, arcs between carbon or metallic electrodes at atmos- 
pheric pressure, corona discharges and the low current discharges observed 
when gases are rendered conducting by x-rays or radio-active materials. 
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Instead of trying to explain all these apparently complicated phenomena 
of electric discharges in gases, we plan to approach these problems through 
a consideration of the simplest types of phenomena involved in these dis- 
charges. We propose to postulate the existence of certain simple conditions 
and draw conclusions regarding the types of phenomena that should result. 
In other words, we shall construct ‘‘models’’ of simplified types of discharge 
that might conceivably exist and later shall attempt to explain the more com- 
plicated phenomena commonly observed in gaseous discharges in terms of the 
elementary phenomena with which we have then become familiar. 

For example, we propose to deal first with electric discharges in very high 
vacuum where the current is carried by particles of one sign only (unipolar 
discharges) and where the carriers of the electric current pass across the vacuous 
space from one electrode (emitter) to another electrode (collector) without 
suffering loss of energy or change in momentum by collisions with gas mole- 
cules. We shall therefore not need to consider the generation of ions and electrons 
by collisions with gas molecules, nor the recombination of ions and electrons. 

In analyzing these high vacuum discharges, we shall first deal with current 
densities so low that the number of charged particles present at any time in 
the space between the electrodes is so small that the electric field produced by 
them is negligible, and the potential distribution is practically the same as if 
no space charges were present, involving only a solution of Laplace’s equa- 
tion. With higher current densities, the number of charged particles which 
carry the current becomes so great that the field produced by them can no 
longer be ignored and the potential distribution is then to be determined by 
a solution of Poisson’s equation. We shall see that currents that flow under 
such conditions depend essentially on the presence of space charge, and the 
various ‘‘space charge equations” that we shall obtain will prove to be of 
fundamental importance in the understanding of discharges of many types. 

After dealing with the phenomena in high vacuum, we shall then proceed 
to a consideration of the fundamental phenomena occurring in the presence 
of very low pressures of gas, pressures sufficient to cause the generation of 
ions and electrons in space, but yet so low that the motions of the resulting 
carriers are not appreciably interfered with by the presence of gas. We shall 
see that under these conditions the electrons and ions which are generated in 
the space by electron impacts recombine on the walls of the tube and at the 
electrodes (but not in.the space). 

Further consideration of the effects produced by the generation of ions 
and electrons in space will show that the potential distribution becomes such 
that a potential maximum develops in which low speed electrons are trapped. 
The accumulation of the trapped electrons causes a region to appear in which 
the space charge of the ions is neutralized by the electrons. We have named 
this part of the discharge the plasma. Near the electrodes and near the walls 
there are still regions where there are large space charges and where the condi- 
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tions are still essentially those of 4 unipolar discharge in high vacuum. These 
regions of large space charge and intense electric fields are called the sheaths. 
They usually surround the electrodes and cover the glass walls. We shall then 
study in considerable detail the properties of the plasma and of the sheaths. 

At still higher pressures, collisions of the electrons and ions with gas mole- 
cules profoundly modify their movements so that alterations are needed in 
the space charge equations and in the equations which determine the distri- 
bution of potential within the plasma. Recombination of ions and electrons 
may then also occur in the body of the gas and lead to important changes in 
the conditions. 

In experimental studies of gaseous discharges at low pressures, it is im- 
portant to make measurements of the concentrations of electrons and ions 
and of their velocity distribution, etc. For-this purpose various types of col- 
lectors can be used and considerable space will be devoted to the theory of 
such collectors and to the ways in which they can be used in the studies of 
gaseous discharges. 

After these investigations of the fundamental phenomena, we shall then 
be in a position to study their applications in explaining the ordinary types of 
electric discharge. For example, we shall attempt to explain the properties of 
the positive column, the Faraday dark space, the cathode glow, and the cathode 
dark space, and various phenomena near the anode. Some of the concepts 
developed may be of use in understanding other types of discharge, such 
as corona discharges, high pressure arcs and low current discharges at high 
pressures, but we shall not attempt to give any systematic treatment of these 
applications. 


The Electrostatic Fields Due to 
Electrodes and to Uniform Space Charges 


The electric discharges of most interest to us are usually those taking place 
in vessels of glass or metal which contain two or more metallic electrodes 
maintained at definite potentials or between which definite currents are pas- 
sed. The phenomena of the discharge by which the flow of current is deter- 
mined usually depend on the distribution of potential in the space between the 
electrodes and at or near the glass walls. With practically all discharges in 
which currents as large as a few milliamperes pass, the distribution of poten- 
tial is essentially dependent on the space charges of the moving ions and elec- 
trons. However, when the currents are made sufficiently small, the effects of 
the space charges become negligible compared to the effects of the charges on 
the electrodes, and then Laplace’s equation can at least theoretically be used 
to calculate the potential distribution. In any case, before considering the 
more complicated problem of the effect of space charge on the potential 
distribution, we should clearly understand the simpler problem of the 
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electrostatic field produced by the charges on the electrodes and on the 
tube walls. 

Therefore in the following pages we shall consider solutions of Laplace’s 
and Poisson’s equations for electrodes of various shapes, particularly of those 
types that are met with in the experimental apparatus used to study electric 
discharges and in the practical devices which utilize such discharges. 

It will be shown also that these solutions are applicable to problems of the 
diffusion of ions, electrons, or atoms, or to the similar problems of heat con- - 
duction (diffusion of hot molecules). 

If the potentials or the potential gradients over the surfaces of all elec- 
trodes and over the walls of the containing vessel are known, together with 
the distribution of space charge, the potential distribution is theoretically 
determined by Poisson’s equation. If space charges are absent, the second 
member of the equation becomes zero and the solution is then given by La- 
place’s equation. 

Forms of Poisson’s equation 

For the various coordinate systems in most common use, Poisson’s equa- 
tion takes the following forms, V being the potential at any point and g the 
‘space charge density (e. 8. units: cm™*). 

Rectangular coordinates (x, y, 2) 

3 
ay = te =<Ae0: (134) 

Cylindrical Coordinates, i.e., polar coordinates in the x, y, plane, together 

with the unmodified z ordinate (x = r cos 6, y =r sin 6). 
2 
art 2 (A ate, a 

Spherical polar coordinates. r is radius vector from the origin, ® the azi- 
‘muth or longitude, i.e., the angle between the meridian plane and the x, 
2 plane, @ the zenith distance or colatitude, i.e., the angle between r and the 
# axis. Thus x =r sin@cos®; v=rsin@sin®; s =rcos6. 


1 0/,0V 1 of. ,eV 1 eV 

cer | 2 (- ry + Faind $ (sino e+ 
Methods of Calculating the Fields 

Although theoretically any one of these equations, together with the ap- 
propriate boundary conditions, is sufficient to determine the complete po- 
tential distribution, actually no methods are known for the general solution 
of these equations. However, if through some symmetry requirement or other 
imposed condition, one of the three independent variables can be eliminated, 
a general solution may be obtained, although often with great difficulty. 

For practical reasons, therefore, in considering electrostatic fields we must 
restrict ourselves to simplified cases which adapt themselves to mathematical 
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solution. The simplest of all are those in which only one coordinate r, is in- 
volved, for example, the field distribution between parallel planes, or con- 
centric cylinders, or spheres. In such cases, the three forms of Poisson’s equa- 
tion given above, Eqs. (134), (135) and (136) become 
BV x dV 

WV= +> = (137) 
where x is a parameter that is 0 for parallel planes, 1 for axial symmetry 
(cylinders), or 2 for spherical symmetry. 

When the charges at the boundaries and the space charge distribution are 
known, instead of using Poisson’s equation, it is also possible to calculate the 
potential distribution by summation of the potentials due to the separate 
elements of the charge. For example, any charge e produces at a distance r 
the potential e/r, so that at every point in space the potential V is 


V =f dejr. (138) 


This result is deducible from Coulomb’s inverse square law for electric charges 
and is also derivable from Poisson’s equation. 

An alternative method of calculating field strengths and potential distribu- 
tions, which is often convenient in simple problems, is that involving the 
conception of Faraday tubes or lines of force. A unit electric field is one in 
which the flux of force may be represented by one line of force per unit area. 
Thus on a point charge e, 4ze lines of force must terminate. In cases for 
which, owing to symmetry requirements, we know something of the distribu- 
tion of the lines of force, it is often easy to determine the field distribution and 
then to obtain the potential as the integral of the field E along the line of force 


V =f Edx. (139) 


When space charges are absent, it may readily be seen by Poisson’s equa- 
tion (134), that there can never be an absolute maximum or minimum in 
space. Such a maximum can only occur in a region containing a positive space 
charge, that is, an excess of positive electricity, while a minimum of potential 
requires the presence of a negative space charge. 

Since 4ze lines of force emanate from each charge e the electric field E, 
close to any conducting surface is given by 

E, = —4x0 (140) 
where o is the charge per unit area. 
Cap acitance 

In the case of two electrodes, one of which completely surrounds the other 
so that all the lines of force emanating from the second pass to the first, the 
total charge on the inner surface of the outer electrode is the same as the 
total charge on the inner electrode. Thus, if C is the capacitance between the 
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electrodes, and if V is the difference of potential between them, the charge 
on each electrode will be CV, and thus, 


1 
C= | ofA (141) 


where dA is an element of the surface of either electrode and the integration 
is carried over the total surface of that electrode. In those frequent cases for 
which, because of symmetry, o is known to be uniform over the surface of the 
electrode, we find, by combining Eqs. (140) and (141) that the electric field 
at the surface of either electrode is given by 

E, = 4nCV/A, (142) 
where A, is the total surface area of that electrode. 

In these equations C is in electrostatic units and is thus measured in centi- 
meters. To convert these capacitances to micro-microfarads, they need only 
to be multiplied by 1.11. 

Mechanical Force 

Every surface on which lines of force terminate is acted on by a mechanical 
force which may be expressed as a negative pressure acting on the surface. 
The magnitude of the pressure is readily found to be 

p = —2n0* = —E}/8x (143) 
or, if the electric field E, is expressed in volts per centimeter instead of elec- 
trostatic units, the pressure is 

p = 4.42x 10-7E} baryes, (144) 
the barye being the c.g.s. unit of pressure, (one dyne- cm-*) which is almost 
exactly 10-* atmosphere. A pressure corresponding to one millimeter of mer- 
cury is therefore reached when the electric field is 55,000 volts per centi- 
meter. 


Fields between Planes, Cylinders or Spheres 
For parallel planes we find readily 


E= V,/a 
V = V,x/a (145) 
o = V,/4na 


where V, is the potential difference between the two planes which are sepa- 
rated by the distance a, and V is the potential at an intermediate point x. 
The capacitance in centimeters per unit area is thus 1/4za. 

For the case of coaxial cylinders, 


_yV, 1 _ __ 2e€ 
ao “7 Tog(ylr) or 
V=V, REM) — 0, top Gir) (146) 


~ "Tog (14/70) 
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where r, is the radius of the outer cylinder and r, is the radius of the inner cyl- 

inder, V, is the potential of the outer cylinder, that of the inner one being taken 

as zero, and éy is the electric charge per unit length on the inner cylinder (i.e., 

2argco). The capacitance per unit length is thus equal to 1/([2 log (r,/r,)]. 
For concentric spheres we have, 


xa! Vyror, __ % 
2 Rian) 
yh 1% 11 
V= V7 Fores a(t 1) (147) 
cH on 
1—T 


where r, and 1, are the radii of the inner and outer spheres, V, is the potential 
of the outer sphere, that of the inner being taken as zero, é, is the total electric 
charge on the inner sphere (i.e., 42r30,), and C is the capacitance between 
the spheres. 


Relation of Diffusion and Heat Conduction to Potential Distribution 

Poisson’s equation is applicable also to problems of diffusion and of the 
conduction of heat in all cases in which steady conditions exist; that is, where 
the concentration of the diffusing substance, or where the temperature in 
a heat conduction problem, does not vary with time. Most treatises on diffu- 
sion and heat conduction deal mainly with the transient phenomena preced- 
ing the reaching of the steady state and these treatments are therefore of 
comparatively little interest to us in connection with gaseous discharges. 

Diffusion of ions or electrons, or the ambipolar diffusion of both electrons 
and ions,?*? and the diffusion of metastable atoms are important phenomena 
in studies of gaseous discharges. Fortunately, the solutions of the cases of 
most interest to us are directly derivable from the corresponding solutions for 
the electrostatic fields. The diffusion coefficient D is defined by 


q: = Ddn|dx (148) 
where n is the number of diffusing particles per unit volume at any point x, 
and q, is the number of particles per unit area per second that diffuse across 
a plane perpendicular to the x axis. The diffusion coefficient has the dimensions 
cm?- sec“, The methods of calculating the diffusion coefficients for electrons, 
ions, or atoms are given on pages 215 to 217 of Part I. 

The coefficient of heat conduction K may be defined by 

h, = KdT/dx (149) 
where T is the temperature and h is the energy flow per unit area per second 
across a plane perpendicular to the x axis. The heat conductivity K may be 


287 W. Schottky and J. v. Issendorff, Zeits. f. Physik 31, 180 (1925). 
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expressed in c.g.s. units, in which case it is measured in ergs- sec“! - deg-! - cm—, 
or it may be measured in watts deg-! - cm-, or in calories - sec-! - deg-! - cm-}. 
These are readily converted into one another if it is kept in mind that one 
watt = 107 ergs- sec“! and one calorie is 4.19 watt: sec. 

If the diffusing substance or the heat passes directly through the space 
from one electrode to another and does not disappear or is not generated 
within the space, that is, if there are no sources or sinks within the space, 
then Laplace’s equations (134), (135) and (136) with 9 =0 apply if we 
merely replace V by n in the case of the diffusion problem or by T in the 
heat conduction problem. 

In case the diffusing substance is formed or disappears in the space be- 
tween the electrodes, we may let S represent the number of molecules® gener- 
ated per unit volume per second at any point x, y, 2. In case the substance dis- 
appears, S has a negative value. Poisson’s equation then takes the form 


= —S/D (150) 


where Am, in any of the systems of coordinates that we have used, may be ob- 
tained from equations (134), (135) and (136) by merely substituting for V. 
In a similar way, in problems of heat conduction, Poisson’s equation be- 

comes 
AT = —H/K (151) 


where H is the rate of generation of heat per unit volume per second, expressed 
in terms of the same energy units as the heat conduction K. 

Boundary conditions.—The diffusion problems of most interest to us are those 
in which the diffusing substance originates at one electrode or throughout 
a volume of the gas and diffuses to, and is destroyed by, the other electrodes 
with which it comes in contact, or by the walls of the vessel. For examp'e, 
electrons may be given off by one electrode and taken up by another, or they 
may be produced by ionization within the gas and diffuse to the walls. There- 
fore the boundary conditions usually require that n shall be zero on all bound- 
ing surfaces except those at which the particles originate. The boundary 
conditions in problems of heat conduction are usually ascertained without 
difficulty. 

In the heat conduction problems we are usually concerned with the tem- 
perature distribution which is entirely analogous to the potential distribution 
in the electrostatic problem and thus offers no difficulty. 

In the diffusion problems that we meet in gaseous discharges, we usually 
wish to know the rate of flow of the diffusing substance to the walls or to some 
electrode. In other words, we wish to determine the quantity g, as given by 
Eq. (148), so that we are concerned with the concentration gradients at the 


* In such cases as these (as in Part I, footnote on p. 203) we shall use molecule to include 
atoms, ions, or even electrons. 
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surfaces of the electrodes rather than the concentration distribution within 
the space. We may write Eq. (141) in the following form, 

dC/dA = ofV, (152) 
where dC/dA represents the capacitance contribution per unit area over the 
surface of either one of the two electrodes, V, being the potential difference 
between the electrodes. If we have solved the problem of the potential distri- 
bution between the two electrodes with the boundary conditions V = 0 at one 
electrode and V, at the other, then we have also solved the corresponding pro- 
blem for diffusion from one of these electrodes to the other, the concentra- 
tion being 0 at the first electrode and m, at the other. Thus at every point in 
space, 


1 dV 1 dn 
de ae (153) 
By combining the equations (148), (153), (140) and (152), we obtain 
Jo = 4xDn,dC/dA = 4xDn,o/V, (154) 


where gp is the rate of arrival (molecules -sec-!-cm-*) of the diffusing sub- 
stance at the electrode 0 when the concentration over the surface of the elec- 
trode 1 is n,. If we let Q, be the total amount of the diffusing substance which 
reaches the whole surface of electrode 0 (molecules -sec~), then we have, 


Qo = 4nDn,C (155) 
where C is the total capacitance between electrodes 0 and 1. This solution is 
strictly applicable only in cases in which the analogous electric problem is one 
where all the lines of force which emanate from one electrode pass to the other. 
Since, however, the walls of the vessel and usually all electrodes, except one, 
destroy the diffusing substance, we may consider that all of these electrodes 
and the walls are at zero potential in the electric problem and therefore con- 
stitute a single electrode. 

The most important heat conduction problems that we may wish to con- 
sider in gaseous discharges are those in which the heat is generated in the body 
of the gas so that we need to apply Poisson’s equation. In such cases we must 
also know the heat conductivity K. If the heat is carried by the gas itself, we 
can determine the heat conductivity readily enough from available published 
data. We may wish, however, to calculate the heat that is conducted by the 
electrons within the gas. In such cases we may calculate K by considering that 
heat conduction involves essentially a diffusion of hot molecules among colder 
molecules. We have for the coefficient of self diffusion in a gas** 


D={w (156) 


48 Jeans, Dynamical Theory of Gases, 2nd ed., Cambridge 1916. p. 326. Eq. (98), p. 215, 
Part I, also gives this if A; = A, and c, = cy. 
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Jeans shows that the viscosity of a gas is given by 

1 = tog (157) 
so that 

1 = De (158) 
where 9, the density of the gas, is equal to nm, m being the mass of the mole- 
cule. Jeans also shows (p. 318) that the heat conductivity of a monatomic 
gas is given by 

K = 2.59C, (159) 

where C,, which is the specific heat of a gas at constant volume per unit mass, 
is equal to 3k/2m, k being the Boltzmann constant. For a diatomic gas, the 
coefficient in Eq. (159) should be 1.9 instead of 2.5, and the specific heat is 
then 5k/2m. We thus find for a monatomic gas 


K = 3.75kDn (160) 
and in the case of a diatomic gas, the coefficient should be changed to 4.75. 
Although we have derived this result by a consideration of the viscosity, 
and no particular meaning attaches to this conception for electrons in an inert 
gas, the final equation that we have obtained is applicable for gas mixtures, or 
even for the heat conduction by a small number of electrons among a large 
number of gas molecules. In this case D is the diffusion coefficient of the elec- 
trons through the gas and n is the number of electrons per unit volume in the 
gas, and K corresponds to the heat carried by the electrons. We see that this 
conclusion is justified if we consider that we are dealing essentially with a pro- 
blem of the diffusion of rapidly moving electrons among slower electrons. 
Diffusion and heat conduction problems can only be solved in the fore- 
going manner if the mean free path 4 of the molecules is small compared to 
the distances between the electrodes. When the pressure is so low that A, al- 
though less than the dimensions of the apparatus, is comparable with them, 
Poisson’s equation may be applied to diffusion or conduction in all the por- 
tions of the space within the device which lie at distances greater than 4 from 
the walls or electrodes. Within a layer of thickness 4 from the boundaries the 
conditions of free molecular flow obtain according to which the transfer of 
molecules across any boundary is given in terms of the average velocity v by 


q=jav= n( Mid y" (161) 


where m, is the number of molecules-cm-% at a distance A from the boundary. 
As a result of this effect there is at any boundary a discontinuity in concentra- 
tion or temperature of magnitude approximately equal to the normal gradient 
multiplied by A. 

Even if 4 is very small compared with the dimensions of the apparatus, 
this discontinuity may be important when we deal with diffusion or conduc- 
tion from wires or filaments so fine that their diameter is less than A. A very 
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full discussion of this effect and of the methods of calculating the concentra- 
tion drop and the temperature drop in such cases as these was given by Lang- 
muir” in his studies of the dissociation of hydrogen into atoms by hot fila- 
ments, 

Two-dimensional Cases 


Cylinders and wires.—In experimental investigations of electron discharges 
or gaseous discharges, filaments are usually used as sources of electrons. Where 
quantitative knowledge of the electric field distribution is needed, it is desir- 
able to use a straight filament at the axis of a cylindrical anode. Other elec- 
trodes are then preferably made in the form of one or more straight filaments 
parallel to the axis of the cylinder. The electrostatic field distribution is readily 
calculated in all such cases. 

Field between parallel wires.—Let us consider an infinitely long straight line 
on which there is a charge e, per unit length. According to Eq. (146), the 
potential at any point at a distance r, from this line is 

V = —2e, log r,+const. (162) 

If this wire were alone in space, the total energy per unit length would be 
infinite. However, if there is another parallel infinite wire having charge —e, 
per unit length (or any set of such wires having the total charge —e, per unit 
length) the energy and the potentials become finite. We must restrict ourselves 
therefore to cases where the total charge per unit length for all the conductors 
is zero, 

The potential at any point P due to two parallel lines having the charges 
e, and —e, respectively is thus 2e, log (r,/r,)-+const., where r, and r, are the 
distances from P to each of the two lines. 

If we consider two fine wires of radius a, and a, respectively, these radii 
being small compared to the distance 2d between the wires, and if V, and V, 
are the potentials of the wires, we may derive an expression for V, by putting 
r, = 2d and r, = a,, and a similar expression for V,, and can thus eliminate the 
constant, getting 

V,—V, = 2e, log (4d*/a,a,) (163) 
from which by Eq. (141) the capacitance per unit length between the wires 
C, is 

Cy = 1[2 log (42*/a,a,)]. (164) 
The potential at any point P is then given by 
V—V, as log (27; d/r4a;) 
V,—V, log (4d?/a,a5) 
and the radial electric field intensities at the surfaces of the wires, in agree- 
ment with Eq. (146), are —2e,/a, and +2e,/a, respectively. 


(165) 


6° I, Langmuir, ¥. Am. Chem. Soc. 37, 419-428 (1915). 


22 Langmuir Memorial Volumes IV 
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Electric images of wires near lane electrodes—From considerations of sym- 
metry and also by Eq. (165), it is evident when a, = a, and V, = —V, that the 
potential is 0 everywhere over a plane that lies mid-way between the two wires 
and is perpendicular to the plane that includes the wires. Thus if this 0-po- 
tential plane is replaced by a conducting surface at the distance d from the 
wire 1, the potential distribution is still given by Eq. (165), and the charge 
e, on the wire remains unchanged. The capacitance between the wire and the 
plane is then 

C, = 1/[2 log (2d/a,)]. (166) 

The problem of calculating the potential distribution between a small wire 
having a charge e, per unit length, and a parallel conducting plane at a dis- 
tance d from the wire, is thus solved by replacing the plane by a second line 
having a charge —e, per unit length at a distance 2d, which may be said to 
represent the electric image of the wire in the plane. 

Radial and transverse fields in two-dimensional problems——In the problem 
we have just considered, the electric field close to the small wire is almost 
wholly radial and its magnitude is given by Eq. (146). However, strictly speak- 
ing, there is also a transverse field of magnitude E, resulting from the action 
of the charge —e, of the electric image which is at a distance 2d, and thus by 
Eq. (146) the magnitude of the transverse field is : 


E, = @/d. (167) 


In other two-dimensional problems where there is more than one wire, 
the transverse field close to one wire can be calculated by summing the po- 
tentials due to charges on all the other wires (and their images, if need be) 
then finding the potential gradient of this combined potential field. 

In problems involving the collection or emission of electrons from fila- 
ments, it is often important to know the potential distribution close to the 
surface of a wire, for this may determine whether electrons can escape from 
or be received by the wire. In such cases we cannot neglect the effect of the 
transverse field. 

If we have an uncharged wire of radius a in a transverse field of magnitude 
E,, the potential distribution around the wire is 

V = E,r(1—a?*/r*) cos 6 = E,x(1—a?*/r*) (168) 
where V is the potential at any point (r, 6) expressed in polar coordinates, the 
potential on the surface of the wire being 0. This result may readily be proved 
by substitution into Eq. (135). 

An uncharged wire thus produces only a local disturbance in the potential 
distribution resulting from the more distant electrodes. The potential of the 
wire itself is, in fact, the same as the “‘space potential” which we may define 
as that which would exist, after the removal of the wire, along the line which 
had been occupied by the axis of the wire. 
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If, however, there is a charge e, (per unit length) on the wire, the poten- 
tial of the wire will be raised above the space potential by an amount 


V, = 4,/C, (169) 


where C, is the capacitance per unit length of the wire with respect to all the 
other electrodes connected together. According to Eqs. (146) there will then 
be around the wire a radial field —2e,/r whose potential is —2e, log (r/a)- 
Thus the potential distribution around the wire is 


V = V,[1—2C, log (r/a)]+Er(1—a*/r*) cos 8 (170) 


the potential being referred to the space potential at r = 0. 

If V, is made sufficiently great, either positive or negative, there will be a 
“saddle” in the potential distribution about the wire: that is, at a certain dis- 
tance ry from the wire there will be a line parallel to the wire along which 
dV dr = 0 and dV/rd@ = 0. Along this radius and its extension there is a min- 
imum in the potential if V, is positive, although along a line perpendicular 
to the radius (tangentially) the potential will be a maximum. The condition 
for the occurrence of the saddle is 


|V,| > |Ea/C,I. (171) 
The distance r,, may be found from 
4(A+47) = C,V,|/Ea (172) 
where 
A=ry/a. (173) 
The potential V,, at the saddle is determined by 
(Vu—V,)/Ea = (A—A)—(A+/-) log A. (174) 


Choosing a coordinate system in which the axis of the wire is the Z-axis 
and the X-axis is in the direction of the transverse field, then the values of 
0*V dx? and 0*V/dy? at the saddle are given by 

_ eV _ ov _ iE 1-# 


ot OF a! Oo ae) 





In the case of a heated electron-emitting filament when V, is positive and 
greater than Ea/C,, the number of electrons that can escape depends on the 
number that can get through the saddle (or pass) and thus is determined by 
the potential distribution in the neighborhood of the saddle, as given by Eq. 
(175). We shall have occasion to use these equations in a consideration of the 
theory of heated sounding electrodes, 

Table XIX, based upon Eqs. (172), (174) and (175) may be used to cal- 
culate V,, Vy and 2?V/dy* in terms of the parameter 4, and may therefore be 
used to find ry, Vy and 0*V/dy* when V, is given. 


22° 


Google 


340 Electrical Discharges in Gases. II. Fundamental Phenomena in Electrical Discharges 








Taste XIX 
Characteristics of the Potential Saddle Near a Charged Wire in a Transverse 
Electric Field 
a= ryla C\ViIEa (Vu-ViiEa Se 
1.0 1 1) 1) 
1.2 1.004 — 0.0006 —0.255 
14 1.057 — 0.0041 —0.350 
1.6 1.112 — 0,070 —0.381 
1.8 1.178 — 0.140 —0.384 
2.0 1.250 — 0.233 —0.375 
2.5 1.450 — 0.557 —0.336 
3 1.667 — 0.995 —0.296 
4 2.125 — 2,142 —0.234 
5 2.600 — 3.569 —0.192 
10 5.050 — 13.265 —0.099 
20 10.025 — 40.099 —0.050 
30 15.016 — 72.154 —0,033 
50 25.010 — 145.641 —0.020 
100 50.005 —360.566 —0.010 














Electric images of wires in cylindrical electrodes.—The electric field set up inside . 
of a conducting cylinder of radius a by a charged wire parallel to the axis but 
at a distance a, from it, is the same as that produced in the absence of the cylin- 
drical electrode by two wires having charges e, and ¢, respectively, placed at 
distances a, and a, from the axis, where 

aa,= a (176) 
and 
&=—k4. (177) 


Thus in calculating the potential distributions, the cylinder can be re- 
placed by the ‘‘image” of the wire in the cylinder.* The charges of the wire 
and of its image are equal but opposite in sign, since in this two-dimensional 
case all the lines of force reaching the image must have originated on the wire 
and have passed through the cylindrical surface.** 


* Except in the case of plane surfaces, electric images are not identical in position or shape 
with optical images. 

** The image of a point charge in a sphere is located at a point which is also given by Eq. 
(176), a, and a, being the distances of the point and its image from the center of the sphere. In 
this case, however, 

€, = —e,(a,/a) = —e,(a,/a,)'*. 
The charge on the image must be greater than —e, because a certain fraction (a,—a)/a of the 
lines of force which start from the image reach out to infinity instead of passing through the 
spherical surface. 
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Cases involving several electrodes.—The potential at any point can be deter- 
mined in accord with Eq. (138) by summation of the potentials due to the 
separate electrodes so that, in general, with a system of m conductors, the po- 
tentials of the conductors are 


Vy = pueitPutat + t+Puen 
Vy = Pntitpatat +> +Pmnen 


where @, ¢:, etc., are the charges on the conductors and p11, pis --. Pr are 
constants called potential coefficients. These n equations can be solved for the 
e’s giving 


(178) 


6 = Oy Vit eyVat-:-+enV, 


(179 
Ce = Cy Vy lgV ats +O, , 


The coefficients ¢,,, Cg... ¢,, are the capacitances of the conductors, each 
being the charge of any given conductor when it is at unit potential, all the 
other conductors being at zero potential. The quantities c,,, where h # k, are 
the induction coefficients or partial capacitance coefficients. Each represents the 
charge induced on any given conductor H by bringing another conductor K 
to unit potential, while H and all the other conductors are maintained at zero 
potential. These induction coefficients c,, are all negative while the capaci- 
tances ¢,, are positive. 

Gauss has proved the following ‘‘reprocity theorem.” Let ¢,, é, ... @ be 
the charges on the conductors when their potentials are V,, V3,...V,, and 
let e{, ¢3, ... ef, be the charges when the potentials are changed to V’, V3, ... Vi, 
then the relation holds 


Doi= Davy. (180) 


hel hel 
By means of this theorem it can be shown in general that 
Cre = Cin (181) 


In high vacuum electron tubes the glass walls of the tube generally take 
up electrons until they acquire the same potential as the cathode. In gas dis- 
charge tubes the walls are commonly at some definite potential intermediate 
between those of the anode and cathode. Very frequently one of the elec- 
trodes nearly completely surrounds all the others. Thus in all these cases, 
we are concerned not with the capacitances between the electrodes and 
ground, but only with those between the electrodes. That is, in applying Eq. 
(179), we may usually limit ourselves to a consideration of the interior of closed 
systems. Thus no matter what the potentials of the individual electrodes may 
be, the total charge on all of them is zero: 


ete: +e, = 0, (182) 
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the charge on any electrode or envelope that surrounds all the others being 
taken as that on its inner surface only. If all the electrodes are now brought 
to the same potential V’, it follows from Gauss’ theorem that the charge on 
each electrode (e’) must be zero, and thus by Eq. (179) 


Cy=Cygt --- =e, = 0 
Cuter t +++ +o = 0 


The capacitance ¢,, of any electrode is the sum of all the induction coeffi- 
cients ¢, applying to that electrode with their signs reversed, so that the term 
partial capacitance coefficient is justified. 

When Eg. (182) is satisfied, we see also, from Eqs. (183) and (179), that 
the charge on any electrode is only dependent on the difference of potential 
between this electrode and the others so that then, if we use V3, as an abbre- 
viation for V,—V,, etc., Eq. (179) may then be written, 


Cy = CygVay teigVayt +++ HOV 


4 = Cy Vig tlegVagt+ «++ +lmV is 
etc. 


(183) 


(184) 


and the capacitances ¢,, ... ¢,, are eliminated. 

These equations are applicable to the calculations of the amplification con- 
stants of electron tubes such as the audion. The escape of electrons from the 
filamentary cathode depends on the presence of an accelerating field at its 
surface, and thus by Eq. (140) requires that the surface be negatively charged. 
Consider a triode so constructed that the charge e, on the cathode is uniformly 
distributed over the cathode surface. By Eq. (184), if the potential of the 
cathode is taken as zero, the charge e, on the cathode is 


61 = CgVateisV5 (185) 


where the subscripts 2 and 3 apply to the grid and plate respectively. The 
condition that electrons shall flow from the cathode is thus that 


Vy > —Vies/¢13- (186) 
The amplification constant 4 may be defined as 
2061 [001 Oe 
w= Se Spa (187) 


The field at the cathode surface is affected, by changes of the grid poten- 
tial, 4 times as much as by a similar change in plate potential. 

The induction coefficients are useful not only in calculating amplification 
constants, but the charges on the electrodes are found by equations like Eq. 
(185), and in this way, by Eq. (138), the potential distribution throughout the 
space may be determined. 
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Grid between parallel planes Maxwell?” has developed the theory of the 
screening effect of a grid 2 consisting of parallel wires, each of radius 5, placed 
between two infinite plane electrodes 1 and 3 at distances x, and x; from the 
grid. His results are readily put in the form 


420,%,B> = —a*Vy—x5V 5 
40; 1 = —x71V,,—a7 Vy, 

where g, and g, are the surface charge densities on the planes 1 and 3, and 
a = (s/2n) log (s/2n8) (189) 
1s xtattest (190) 
s being the distance between the axes of adjacent grid wires. In this deriva- 
tion it was assumed that the diameter of the grid wires, (2b), is less than 1/4 
of the distance (s) between them, and that s is small compared to x, and x;. 
The equations may be applied to parallel plane electrodes of finite area 
A, if the dimensions of these surfaces are large compared to the distance x,+-3 
between them, so that the ‘‘edge corrections” are negligible. Comparison of 


Eqs. (188) with (179), remembering that e = oA, shows that the induction 
coefficients are 


(188) 


Cy, = —AB/4rx,0 
C3 = —AB/4eexy%5 (191) 
x3 = —AB/4rax,. 
The amplification constant yp is 
B= Cyy[C45 = x/a (192) 
and is thus independent of the distance between grid and cathode. 
For many purposes it is convenient to consider the grid and plate (plane 
3) to be replaced by a plane electrode placed at such a position and having 
such a potential V, that its effect on the field near the cathode (plane 1) is 
equivalent to that of the grid and plate.?7 Let A be the distance from the grid 
plane to the plane of this imaginary electrode which may be assumed to lie 
between the grid and plate. The surface charge o, thus induced on the cath- 
ode is given by 


4n0, = —V.4|(*,+ A) (193) 
so that by Eq. (188) 
BV = (14 880 +70) (194) 
whence by Eqs. (190) and (192) 
Va = (Var tnVaN(h+ Ma \(l-tatayer (195) 


370 Maxwell, Electricity and Magnetism, 1904 Edn. Vol. I, p. 312. 

#71 W. Schottky, Archiv. f. Electrotechnik 8, 1—31, (1919). Schottky introduced (p. 22) the 
concept of effective grid potential, but considered practically only cases for which the plane of 
the effective electrode coincides with that of the grid, i.e., A = 0. 
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If, with Schottky, we choose A = 0, that is, make the imaginary surface co- 

incide with the grid, the effective potential is 

Va = (VarteVn)(l+ et xsxy 7)? (196) 
and thus, even if the grid and plate potentials are the same, the effective po- 
tential is different from either. 

It seems more useful to locate the effective plane in such a way that A is 
independent of V3, and V,, and yet gives V, = Vy, when Vy, = V5,. We then 
find 

A= x,(1+4)7 (197) 
Va = (ViiteVn)(1+z)". (198) 


Cylindrical grids.—Abraham*” has calculated the induction coefficients be- 
tween the cathode, grid and plate for the case that the grid consists of n parallel 
wires symmetrically placed (at the corners of a regular polygon) about the 
cathode which coincides with the axis of the cylindrical ‘“‘plate” or anode. 
It is assumed that the length L of the structure is large compared to the radius 
of the cylinder (so that end-corrections are negligible). 

Let a,, a, and a, be the radii of the cathode, of the grid cylinder, and of 
the anode cylinder respectively. Let 6 be the radius of the wires forming the 
grid. Then the induction coefficients are 

Cy, = —LA™ log (a,/a,) 
63 = —La-ly (199) 


6:3 = —LA™ log (a,/a;) 
where 
y = w1 log (ay/nb) (200) 
and 
A = 2y [log (a,/a1)+p log (42/;)] (201) 
# being the amplification constant: 
— £2 _ 2 log (45/4) 202 
=a, ~ Tog (and) oo) 


In the derivation of these equations it was assumed that (a,/a;)", (@,/a:)" 
and. (nb/a,)* are small compared to unity. 

Following the method used in deriving Eq. (195), we may, for many pur- 
poses, replace the grid and anode by a single cylindrical electrode of radius a 
and potential V, which produces the same field at the cathode. By Eq. (146) 


Via = —2(4/L) log (a,/a;) (203) 
and then from Eqs. (199) and (184) 
Viy = 2yd(Vay + HV m) log (4,/a). (204) 


"78 Max Abraham, Archiv. f. Elektrotechnik 8, 42-45 (1919). 


Google 


Electrical Discharges in Gases. II. Fundamental Phenomena in Electrical Discharges 345 


If now, as in the case of the plane grid, we chose a, so that V,, is the same 
as the grid potential when the grid and anode potentials are equal, then Eq. 
(198) gives the effective potential V,,, and a, is given by 


log (a,/a) = (1+1)-* log (a,/a,) (205) 


which reduces to Eq. (197) if a,—a, is small compared to a,. 

Single grid wire in cylinder.—In many experiments with pure electron dis- 
charges as well as in gaseous discharges, it is desirable, within a tube contain- 
ing a cylindrical anode of radius a, and a coaxial cathode of radius a,, to use, 
within the anode, a third electrode in the form of a single straight filament 
parallel to the axis of the anode. This electrode may be used as a collector or 
emitter of electrons or ions. Let a, be the distance of this electrode from the 
axis and let 6 be its radius. This may be regarded as a special case of the pro- 
blem of the cylindrical grid in which n = 1. However, since a,/a, is not negli- 
gible compared to unity, the foregoing treatment is only approximate, whereas 
the method of images gives a practically rigorous solution if the radii @, and 
65 are small compared to ay. 

The potential distribution within the cylindrical anode is that due to the 
combined effect of charge e,/L per unit length at the axis, of a line charge e,/L 
at a distance a, from the axis, and of a line charge —e,/L at the distance a3/a, 
from the axis in the same plane as the other two line charges.* These charges 
e, and é, are readily found by Eqs. (184) as soon as we know the induction 
coefficients ¢y,, C13, and Cy. 

The solution of this problem shows that instead of the value of y given by 
Eq. (200), we must now use 


y = log [ab-(1—ata-*)}. (206) 
In terms of this new y the amplification constant ~ becomes 
# = y"™ log (a/a) (207) 


and ¢,,, C3, g and A are given as before by Eqs. (109) and (201). 

Slat grid and anode.—Kingdon and Langmuir?” have found that the de- 
activation by positive ion bombardment of sensitized cathodes in traces of 
alkali vapors can be avoided by the special electrode arrangement shown in 
cross-sections in Fig..35. The filament at the axis is represented by the point 
at the center of the figure. The grid consists of the four radial slats g, con- 
nected together. Interleaved with these, and spaced further from the fila- 
ment, are the four radial anode slats a. In practice the anode slats for con- 
venience are mounted on the inside of a cylinder as in Fig. 35(b). 


* See Eq. (176). 
27) K. H. Kingdon and I. Langmuir, U. S. Patent No. 1,648,312 Nov. 8, 1927. 


Google 


346 Electrical Discharges in Gases. II, Fundamental Phenomena in Electrical Discharges 


H. M. Mott-Smith and L. Tonks,*% assuming the slats are semi-infinite 
planes, have calculated the induction coefficient c,, and ¢,, (1, 2 and 3 refer 
to cathode, grid and anode respectively) 

Cy, = Ly/2(1+p) log (r,/r;) 

643 = L/2(1+p) log (r,/71) 
where L is the length; u is the amplification constant (¢,3/13); 7, is the radius 
of the cathode filament and r, is the ‘‘effective radius” of the grid-anode 


(208) 
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Fic. 35. Cross-sections of electrode arrangements showing anode and grid in slats. 


structure, i.e., that of a cylinder which would give the same field at the cath- 
ode as the actual electrodes, if these were brought to the same potential. The 
values of « and r, are 


x 
a SCs ae at 
1, = [4/1 +e")P"15 (210) 


where n is the number of grid (or anode) slats, i.e., 4 in the case illustrated 
in Fig. 35; r, and r, are the distances of the inner edges of grid and anode slats 
from the axis, and 


@ = 1/13. (211) 
Experimental determinations of » and the anode impedance (derivable 


from ¢,, and ¢,;) for actual tubes constructed as shown in Fig. 35 have given 
values in good agreement with these equations. 


Electrode at One End of a Long Conducting Tube?” 

A two-electrode problem, sometimes of importance in the study of electric 
discharges in gases, is that of the potential distribution between the inner 
surface of a long conducting cylinder and a disk-shaped electrode within the 
cylinder near one end. Assuming axial symmetry, Laplace’s equation (135) 
may be applied. By substitution of 

V = U(r) - G(z) (212) 

274 Unpublished work in General Electric Research Laboratory. ; 


376 W. Schottky and J. v. Issendorff, Zeits. f. Physik 31, 163-201 (1925) have treated this 
case (on p. 180) as a diffusion problem. 


Google 


347 Electrical Discharges in Gases. II. Fundamental Phenomena in Electrical Discharges 


in this equation, two equations are obtained from which U and G are found, 
Thus a particular solution of the problem is 


V = Volo (2.405r/a) exp (—2.4053/2) (213) 


where a is the radius of the tube and V is the potential at any point at a dis- 
tance r from the axis of the tube and at a distance « measured along the axis, 
the potential of the cylinder having been taken as zero. V, is the potential 
at the point r = 0, zs = 0, and J,(u) is the zeroth order Bessel function of u. 
The coefficient 2.405 is the first root of the equation J,(u) = 0. Since J,(0) = 1, 
we see that the potential falls to one e* value for each increment of distance Az 
along the tube where Az = 0.4156 a, or the potential falls to 1/10 value for 
each increment of 0.96 a. 

Eq. (213) is a particular solution which is applicable only when the dis- 
tance from the disk electrode is large compared to a, the tube radius, and is 
then independent of the size or shape of this electrode. 

This equation is applicable also to the diffusion of any substance along 
a tube whose walls absorb the diffusing substance. The number of molecules 
which diffuse per second across any given cross-section is 


3.2619 Dnya exp (—2.4052/a) (214) 


where my is the number of molecules per cm? at the point r = 0, z = 0. The 
rate of diffusion to the cylindrical surface (molecules - cm-*- sec“) is 


1.2485 (Dn /a) exp (—2.4052/a) , (215) 


Two other solutions of electrostatic problems have already been given in 
Part I. On p. 151 an equation was given for the potential distribution near 
a checker-board surface having alternate squares at potentials 0 and V5. On 
p. 168 the potential distributions near conducting solids bounded by di- 
hedral angles and near ridge-like elevations on planes were considered. 

Kunz and Bayley*’”> have given the solutions for the field produced by 
a wire placed between parallel planes or located in a tube of rectangular 
section. 

Effect of Uniform Space Charge on Potential Distribution 

Although in gaseous discharges the space charge when present is ordinarily 
not uniform, it will help in forming a conception of the important role of space 
charge to consider the cases of parallel planes, or coaxial cylinders, or spheres 
between which there is a uniform space charge @. 

Two successive integrations of Eq. (137), considering g to be constant, 
give 

V = Ar™(1—x)7—270r2(14+%)3+C (216) 


378 J. Kunz and P. L. Bayley, Phys. Rev. 17, 147 (1921). 
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where A and C are the integration constants. For the cylindrical case (x = 1) 
this is indeterminate, but direct integration of Eq. (137) gives, 
V = A log r—z7or-+C. (217) 
In each of these equations the first term may be regarded as the contribu- 
tion of the charges on the electrodes and the second term that of the space 
charge. If there is no internal electrode within the cylinder or sphere, or if, 
in the case of planes, they are at the same potential, the constants A and C 
become zero and the general solution for all three cases is 


V = —2z70r?(1+%)7 (218) 
the distances being measured from the center of symmetry and the potential 


being taken as zero at this center. Placing @ = me and inserting the value 
e = 4.77 107° e.s.u = 1.43 10-7 volt: cm, we find, if r is in cm, 


V = $8.99x 10-"nr®(1+4+-x)* volts (219) 


the — sign being taken for positive ion, and the + sign for electron space 
charges, » being the equivalent number of electron charges per cm’. 

With n = 10° electrons per cm® corresponding to an average distance of 
0.01 mm between electrons, we thus see that V = 900 r® volts, while with 
electrons 0.1 mm apart (n = 10°), V = 0.9 r?. Large potential gradients can 
thus result from relatively low concentrations of electrons or ions. 

When there are two or more electrodes at different potentials, a potential 
maximum or minimum in space occurs only when the magnitude of the space 
charge exceeds a definite value. For example, consider two parallel plane 
electrodes at a distance a apart and let V, be the difference of potential. If 
e = 0 there is a linear potential distribution between the planes, but as g in- 
creases (positive space charge), the potential distribution becomes parabolic 
in accordance with Eq. (216), and at a certain value of g, the potential gra- 
dient at the more positive electrode (anode) becomes zero. A further increase 
in @ produces a potential maximum near the anode. Measuring distances and 
potentials from the potential maximum, the distribution is given by Eq. (218) 
with x = 0. Thus the condition for the occurrence of a maximum is g > V,/2za*. 

We shall see in Chapter VI that the presence of a potential maximum or 
minimum in the space between the electrodes often produces profound modi- 
fication in the character of a gaseous discharge, since low velocity electrons 
(or positive ions) become trapped within the region of potential maximum 
(or minimum) and their accumulation nearly destroys the space charge within 
this region. 

For the cases of cylinders and spheres, the conditions for the occurrence 
of a potential maximum or minimum near the internal electrode are also 
obtainable directly from Eqs. (218) or (219). For example, consider a cylinder 
of radius a, and at zero potential, containing a uniform distribution of n 
singly charged positive ions per cm*. At the cylinder axis the potential V, is 
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a maximum and is obtained from Eq. (219) by taking the + sign and placing 
r =a and x = 1. If now we introduce at the cylinder axis a small wire and 
make its potential V, which is the ‘‘space potential” at this point, it will produce 
practically no change in the potential distribution: the potential gradient at 
the surface of the wire is zero and by Eq. (140) the wire is uncharged. If the 
potential of the wire is made Jess than the space potential, a potential maxi- 
mum develops, but with a potential above V,, the maximum in space dis- 
appears. Thus Eq. (219) shows that when a cylindrical anode having a radius 
of 1 cm contains 10* electrons per cm* and an axial cathode filament, there 
will be a potential minimum close to the cathode surface, if the potential 
difference between the cathode and anode is less than 45 volts. 

This method cannot be used to determine the conditions for the occurrence 
of a potential maximum or minimum near the surface of the outer cylinder. 
The constants A and C in Eq. (217), however, may be so determined as to 
make V and dV/dr both zero at a particular value of r, say ro. The equation 
then becomes 


V = 2nersflog.(r/r)+3(1—77/r0)). (220) 


If the voltage V is known for some particular value of r, say at the anode, 
then this equation with these values of V and r can be solved for @ and the 
value Q, thus obtained gives the space charge which, if exceeded, gives a po- 
tential minimum at the cathode of radius ro. 

This method may be used either when the potential minimum is near the 
outer or near the inner cylinder. 


The Flow of Current in High Vacuum 
When Space Charge is Negligible 

The simplest types of electric discharges are those occurring in such high 
vacuum that the motions of the charged particles, electrons or ions, which 
carry the current are not modified by collisions between these carriers and 
gas molecules. When the current is carried wholly by electrons, the: discharge 
is usually referred to as a pure electron discharge. No electrons or ions are 
generated in the vacuous space and the carriers move from one electrode, which 
we may call the emitter, to another electrode, called the collector, solely under 
the influence of the electric field in the space. 

In a unipolar discharge of this type, let n be the number of charged par- 
ticles per unit volume and let e be the charge on each particle. If v, is the 
average drift velocity of these particles at any point in space parallel to the X 
axis, then the drift current density J, is given by 


I, = neo,. (221) 


A similar equation may be written for the components of velocity and current 
density parallel to each of the other axes Y and Z. Thus the drift velocity 
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v, and the drift current density I, are vectors whose components are ,, 0,, 
v,, I,, I,, and I,. In general, the direction of the drift velocity at any point 
does not necessarily coincide with the direction of the electric field at that 
point. If the lines of force that originate at the emitter and pass to the collec- 
tor are curved, the electrons can obviously not follow such curved paths, for 
the curvature would result in a centrifugal force in a direction perpendicular 
to the path. Thus to hold the electron in a path coinciding with the lines of 
force would require a field component perpendicular to the lines of force, but 
this is incompatible with the definition of lines of force. 

If the electrons escape from the surface of the emitter without initial velo- 
cities, then the kinetic energy of an electron when it reaches any given point 
in space is equal to Ve, where V is the potential of that point with respect to 
the emitter. Thus we have, 

4mv? = Ve. (222) 


Although the velocities with which the electrons are emitted are so low 
that we are often justified in neglecting them, there are many cases where we 
must take these velocities into account. In general, the particles emitted have 
an initial velocity distribution corresponding to Maxwell’s distribution law.* 
At any point in space, therefore, the kinetic energy of an electron is equal 
to Ve plus the kinetic energy with which that electron was emitted. 

It is important to recognize that the velocity v which enters Eq. (222) is 
a scalar quantity as distinguished from the vector velocity v, in Eq. (221). 
However, when the lines of force connecting the emitter and collector are 
straight, the distinction between v, and v loses its significance and for these 
cases, characterized by special kinds of symmetry, the mathematical treat- 
ment is very greatly simplified. 

The equations that we shall derive for unipolar discharges in high vacuum 
will naturally be applicable both to the pure electron discharge, where elec- 
trons are emitted from the emitter, and to the pure positive ion discharge, 
where the current is carried wholly by the positive ions originating at the 
emitter. Such positive ion discharges may be obtained** by using a Kunsman 
emitter, or by using, for example, a tungsten filament in presence of a very 
low pressure of an alkali metal, whose pressure may be so low that the num- 
ber of ions generated in space is negligible. 

We shall also have occasion to discuss bipolar discharges in which elec- 
trons are emitted from one electrode and positive ions are emitted from the 
other electrode. The theory of such bipolar discharges will prove to be useful 
in subsequent studies of gas discharges. 

The simplest type of high vacuum discharge is that in which the vacuous 
space is bounded wholly by the two electrodes, emitter and collector, so that 


* Part I, p. 204 
** See Part I, p. 140. 
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all the lines of force that originate at the emitter terminate on the collector. 
In a great number of electric discharges, however, the space is bounded also 
by glass walls or by metallic surfaces of a third electrode. The potential dis- 
tribution over an insulating surface, such as that of glass, may thus play an 
important part in determining the potential distribution in space. In most 
unipolar discharges, at least as a first approximation, we may consider that 
an insulating surface receives electrons or ions from the emitter until it be- 
comes charged to the same potential as the emitter. Thus, with the convention 
we have used of taking the potential of the emitter to be zero, we may assume 
insulated surfaces also to have zero potential. We shall find, however, some 
cases, both in high vacuum and in the presence of gas, where the potential 
distribution on glass surfaces becomes an important factor in determining the 
character of the discharge. 

According to Eq. (221), current cannot flow without necessitating the 
presence of a definite space charge. If, however, the current density is so low 
that the total charge in the space is very small compared to the charges on 
the electrodes and on the glass walls, the potential distribution will be deter- 
mined wholly by Laplace’s equation, in accord with the principles discussed 
in Chapter II. If the potential distribution is such that the electric field at the 
surface of the emitter accelerates the emitted particles, i.e., if there is an 
accelerating field, it will often happen that every particle which is emitted 
passes to the collector so that the current will then be independent of the po- 
tential distribution and will be equal to the saturation current characteristic 
of the emitter as determined by its temperature. However, in other cases, 
some of the electrons which escape from the emitter describe orbits in space 
and return to the emitter. We shall return later to a consideration of the con- 
ditions under which this occurs. 

If the potential distribution within the device is such that there is a re- 
tarding field at the surface of the emitter, electrons can only pass to the collec- 
tor if they possess sufficient initial kinetic energy to enable them to move 
against the retarding field. Thus if a particle is emitted with a velocity 0 
it cannot move against the retarding field into a region which has a retarding 
voltage (with respect to the emitter) greater than V where V is given by 
Eq. (222). However, it must be kept in mind that all particles having this 
velocity v are not necessarily able to travel into a region corresponding to 
a potential difference less than V. This is readily seen if we remember that the 
electron ceases to move against a retarding field as soon as its velocity com- 
ponent in the direction of the field has fallen to zero, even if it has a large 
transverse velocity. 

With increasing current density J the total charge in the space must finally 
become comparable with the charge on the electrodes and on the glass walls. 
Many of the lines of force originating at the emitter then terminate on the 
charges in space. The potential distribution can thus no longer be determined. 
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by Laplace’s equation, but requires Poisson’s equation. Because of this space 
charge, it now becomes possible (see Chapter II, p. 214) that an absolute 
minimum (in the case of positive ions, a maximum) in space may occur. The 
accelerating field at the surface of an emitter may thus fall to zero and it is 
even possible that close to the surface of an emitter there is a retarding field, 
although at a greater distance there is an accelerating field with a surface of 
minimum potential lying between these two regions. 

Such a region of retarding field close to the emitter thus consitutes a po- 
tential barrier across which only electrons having sufficiently large normal 
velocity components are able to pass. The total current that flows from emit- 
ter to collector is thus less than the saturation current and it is then said that 
the current is limited by space charge. In Chapter IV we shall consider in 
detail this limitation of current for electrodes of several different shapes. 

Before treating this space charge problem, however, let us analyze more 
carefully the flow of current with accelerating and retarding field when space 
charge is insufficient to cause the appearance of a potential barrier. 
Electron Swarms as Ideal Gas 

The repulsion between electrons, varying inversely as the square of the dis- 
tance, falls off so slowly with increasing distance that the force which acts on 
any given electron in a swarm is due mainly to the more distant electrons, for 
the number of such electrons, in successive spherical shells (of uniform thick- 
ness), increases with the square of the distances. The effect of the distant 
electrons can, however, be taken into account by calculating the potential 
distribution by Poisson’s equation, considering the space charge g as a con- 
tinuous quantity, ignoring the fact that it is built up of discrete charges. The 
forces due to electrons which lie within distances comparable to the average 
separation of the electrons (approximately n—/*, where n is the number of 
electrons per cm*) are, however, quite different from those that would result 
from a continuous distribution of charge. These fluctuating forces may be 
regarded as analogous to those that result from collisions between gas mole- 
cules according to the kinetic theory. They tend to bring about a random dis- 
tribution of electron velocities and establish a state of thermal equilibrium 
among the electrons. 

In 1918 and 1919 there was an active discussion®”* as to whether the ideal 
gas laws could be properly applied to an electron gas and whether the distri- 
butions of velocities and concentrations were in accord with the Maxwell- 
Boltzmann laws. It was found that the electron gas behaves like an ideal one 
in a field of force if the mean kinetic energy (3/2)kT is large compared to 
the potential energy of two electrons at the average distance n—/*. This con- 
dition requires that 

n< 7x10°T*. (223) 

376 M. v. Laue, Jahrb. d. Radioakt. u. Elektronik. 15, 205, 257 (1918); Ann. d. Physik 58, 695 

(1919); Phys. Zeits. 20, 202 (1919). W. Schottky, Phys. Zeits. 20, 49, 220 (1919). 
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With electrons in thermal equilibrium at 1000°, the gas laws are thus ap- 
plicable for all concentrations less than about 10” electrons: cm-*. We see 
from Eq. (219) that such concentrations could exist only in regions of exceed- 
ingly small dimensions and with enormous potential gradients, for example, 
a layer 10-5 cm thick would produce a field of 10* volts-cm7. 

Modern quantum theory* gives another reason why the classical kinetic 
theory is not applicable to an electron gas of high concentration. From equa- 
tions given in K.K. Darrow’s article on Statistical Theories of Matter, Radia- 
tion and Electricity,?”” it can readily be shown that the velocity distribution 
of electrons in equilibrium at a temperature T is accurately given by the clas- 
sical kinetic theory if 


10mkT > htn*!?, (224) 
Inserting the numerical values of m, k and h, this condition becomes 
T >3.5 x 10-28 (225) 


With electron temperatures greater than 300°K, the classical theory is thus 
applicable for all electron concentrations less than about 10 per cm}. 

In determining whether electrons emitted by one electrode may reach 
another, it is frequently necessary to calculate the orbits that the electrons 
describe in space. With central force fields such as those between coaxial 
cylinders or concentric spheres, these calculations are based on the principles 
of the conservation of energy and of angular momentum. Collisions between 
electrons, or any appreciable interactions between neighboring electrons, will 
make it impossible to apply these principles to individual electrons. 

An estimate of the magnitude of these interactions can be made by con- 
sidering the ‘‘free path” of an electron moving with velocity v among a swarm 
of electrons of uniform concentration n, the velocities of these electrons being 
considered negligible compared to v. 

The deflections of the given electron from its normal orbit are of two kinds: 
single large deflections due to close encounters, and the accumulated effects 
of numerous small deflections due to fluctuations in the fields of the more dis- 
tant electrons. 

Single Encounters 


Consider an electron A moving with a velocity v (corresponding to a fall 
through potential V) in a path which, without deflection, would carry it to 
a minimum distance p from another electron B, which is initially at rest. Then 
a rigorous analysis of the movements of both electrons under the inverse square 
law of force gives for the angular deflection @ of electron A from its original 
straight path resulting from the encounter, 

sin 6 = (1-+-a*)-¥? (226) 

* See references 119, 120 Part I, p. 163. 

3” K. K. Darrow, Rev. Modern Phys. 1, 90-155 (1929). See especially pp. 117-8. 


23 Langmuir Memorial Volumes IV 
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where a is defined by 
a = Vple = 7.00x 10°V/p (227) 


if V is in volts and p in cm. 

The free path 4, may now be defined as the average distance that the 
electron A can move through a swarm of electrons B before it suffers an angu- 
lar deflection exceeding 6. We find 


Ag = 1/anp* = V*(sin?6)/zne?(1—sin*@). (228) 
For small deflections, where sin? 6 < 1, this becomes 
Ay = V26?/zne* = 4.74 x 10°V262/n cm (229) 


if V isin volts, 6 in degrees, and n in electrons: cm-*. As an example, we find 
that 10 volt electrons would travel through an electron swarm containing 10" 
electrons - cm-* for an average distance of 19 cm before suffering a deflection 
greater than 2° as a result of a singte encounter. 


Multiple Small Deflections 


The mean square angular deflection 6 of an electron, after moving a dis- 
tance ¢ through an electron swarm, is given?”® by 


6? = (2ne*nt/V*) log (a/ay) (230) 
or with 6 in degrees and n, V, ¢ in the usual units: 
6 = 3.116 x 10-[(nt)/?/V] [logy (a/ao)}*. (231) 


This is derived on the assumption that the electrons in the swarm are dis- 
tributed with uniform probability throughout a cylinder of radius p, of which 
the path of the moving electron A is the axis. The deflections produced by 
electrons which lie within a certain small distance p, of the path of A are 
excluded since these produce large deflections which can be better considered 
by the theory of single encounters. The values of a and ay are then found 
from p and py by Eq. (227). 

Because of the electric fields of the electrons in the swarm, these electrons 
will be more uniformly distributed than if the probability of their occurrence 
were uniform throughout space. This tendency towards a uniform distribu- 
tion may be taken into account by assuming that there are no fluctuations in 
density beyong a certain distance 4), the Debye distance, given by Eq. (131) 
of Part I. Thus the p used to calculate a in Eq. (231) by Eq. (227) may be 
identified with 4,. If the electrons in the swarm, instead of having velocities 
of thermal agitation corresponding to a temperature T, have average energies 
corresponding to V, volts, we may put 


p =A, = 530 (V,/n). (232) 


8 This is based upon an equation discussed by I. Langmuir and H. A. Jones, Phys. Rev. 
390-1 (1928), derived by the method of H. A. Wilson, Proc. Roy. Soc. A102, 9 (1923). 
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In the example which we used to illustrate Eq. (229), we considered the 
distance that electrons would travel before being deflected 2° by a single en- 
counter. For such small angles Eq. (226) may be written 


a= 57.3/6 


6 now being expressed in degrees, and thus for an encounter which gives a 2° 
deflection, a = 28.6. 

For electrons of 10-volt velocity, Eq. (227) then gives p = 4.1 10-7 cm as 
the ‘‘target radius” corresponding to an encounter that produces deflections 
greater than 2°. These are the values of a and p that we have referred to as 
@ and po. 

If the electrons in the swarm (n = 10") have velocities corresponding to 
1000°, the Debye distance 4,, by Eq. (131), Part I, is 4.9x10-¢ cm. Substi- 
tuting this for p in Eq. (227) with V = 10 volts gives a = 34,000. . 

Putting these in Eq. (231) we find that 0, the mean deflection produced in 
a path t = 19 cm long, by the fluctuations in density of the more distant elec- 
trons (p > 4.1 10-”) is 13.2° — about 6 times as much as the average deflec- 
tion (2°) produced by the nearer electrons (p < 4.1 10-’). 

If the electrons in the swarm have higher velocities, corresponding to say 
10 volts, the value of p may be roughly estimated by Eq. (232) to be 
p = 5.3xX10-%, which gives by Eq. (227) and Eq. (231) an average deflection 
of 17.6° instead of 13.2°. 

Although with concentrations as high as 10", the orbits of electrons may 
thus be considerably modified in a manner that cannot be taken into account 
by assuming a continuous distribution of charge (Poisson’s equation), it is 
clear that with the lower concentrations ordinarily present in pure electron 
discharges,* the orbit theory may be quite accurately applied. 


Limitation of Current by Orbital Motions of Electrons 

In determining whether current from one electrode to another will cor- 
respond to the saturation current or to some lower value, we need to con- 
sider the various types of orbits that are possible among the electrons in the 
space between the electrodes. 

Let us consider a portion of space in which there is a given potential dis- 
tribution and which is bounded by two equipotential surfaces A and B having 
respectively the potentials V, and V,. Let this space or field contain elec- 
trons in thermal equilibrium at the temperature 7, so that the distribution 
of velocities and concentrations is in accord with the Maxwell-Boltzmann 
laws. In order that there may be thermal equilibrium, it is necessary that 
the bounding surfaces A and B shall have certain properties. They may, for 
example, be perfect reflectors of electrons (either specular or diffuse reflec- 
tion) in which case they must not emit electrons. Or they may absorb all 


* A current of 10 ma per cm® of 10-volt electrons corresponds to only » = 6x 10°. 
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incident electrons, but must then act like electron-emitting metals at the tem- 
perature 7, the current density of the emission current being such that the 
emission equals the absorption on each surface element. We will denote the 
complete Maxwell-Boltzmann distribution which then exists by the symbol 
MBD. 

In an MBD, the distribution of velocities of the electrons in any small 
element of volume is isotropic, i.e., the velocities are distributed with equal 
probability in all directions. The number of electrons per unit volume having 
speeds (regardless of direction) lying between vo and v-+-do is given by* 


nF(v)dv = 42n(m|2xkT)}**v* exp (—mo*/2kT)do (233) 
and thus the relative numbers lying within given ranges of velocity are the 


same at all points within the field. The average energy of the electrons within 
any given volume is (3/2)kT. The average velocity is 


5 = (8kT/2m)'2, (234) 


Consider any imaginary plane cutting the field. A certain number of elec- 
trons pass per second per unit area through any surface element of this plane 
from one side to the other while an equal number pass in the opposite direc- 
tion. Because of the isotropic velocity distribution, the current density at any 
point corresponding to this electron flow is independent of the orientation of 
the imaginary plane which passes through this point. We may thus speak of 
a random current density I which is given by 


I= jnev. : (235) 

The factor 1/4 results from the fact that 1/2 of the electrons in any ele- 

ment of volume are approaching the plane with an average velocity compon- 

ent normal to this plane of (1/2)0. Combining Eq. (235) and (234) gives 

I = ne(kT|2nm)'2. (236) 

If at any point in the field there are n electrons per cm’, the random electron 
current density at this point is thus 

I = 2.478 x 10-4nT/? amperes - cm-*. (237) 


Because of the presence of the electric field, the concentration of elec- 
trons cannot be uniform but varies in accord with the Boltzmann equation** 
n =n, exp (Ve[kT) (238) 

where , is the concentration at a surface at which the potential is zero. 


By Eq. (238), # must be uniform over any equipotential surface such as A 
or B. 


* This is equivalent to Eq. (71) Part I, p. 205. 
** See Eq. (77), Part I, p. 206. 
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If there is a potential difference between A and B, however, the concentra- 
tions of electrons at the two surfaces must differ and by Eq. (236) the ran- 
dom current densities must differ in the same ratio, thus 

Ip = I, exp (Voee/T) (239) 
where V,, is the potential of B with respect to A, and e, the charge of an 
electron, is regarded as a positive quantity. Thus for positive ions — Vg, 
should replace V,,. When the surfaces A and B absorb all incident electrons, 
they must have electron emissions which are not only uniform over each sur- 
face, but the emission current densities J, and I, must be such as to satisfy 
Eq. (239). With any current densities which do not fulfil this condition, a cur- 
rent must flow from one surface to the other so that the thermal equilibrium 
and the MBD are destroyed. 

All these equations which characterize the MBD are valid no matter what 
may be the mechanism by which the distribution is brought about. Elastic 
collisions of electrons with each other or with gas molecules will not disturb 
the MBD, but serve only as a “‘catalyst”’ to establish equilibrium conditions more 
rapidly after any disturbance in equilibrium has been produced by other means. 

Let us now consider that the density of the electrons and of gas molecules 
is so low that collisions, or interactions between individual electrons, may be 
neglected.* The MBD may be brought about by interactions with the surfaces 
A or B or by temporarily introducing a catalyst into the field. The electrons 
then describe free orbits in the given field. If the velocity and direction of motion 
of an electron at one point of its orbit is given, the whole orbit is thus fixed. 

‘It is characteristic of an MBD that it includes particles moving along 
every possible orbit within the field. The totality of orbits may be divided 
into 5 classes, viz: AA, AB, BA, BB and O, the first letter designating the 
surface where the orbit begins and the second that of the surface where it 
ends. The group O consists of orbits which do not intersect either A or B. 
Electrons in such orbits may be called trapped electrons because they can- 
not reach either surface. The BA orbits are identical with the AB orbits ex- 
cept that the sign of the velocity with which the electron passes any given 
point is reversed. 

The electrons that pass through any given surface may be classified ac- 
cording to the orbits they describe. Let i, and i,, be the electron currents 
that flow respectively from the A and B surfaces into the field F and let i,, 
and i, be the currents of electrons incident on these surfaces, all these cur- 
rents being regarded as having positive values regardless of the actual direc- 
tions of the electrons. Then we may place 


tap = tp ttias tea = teattyaas } 


top = teattys trp = typ ttysss 


(240) 


* See Chapter IV for a further discussion of this restriction. 
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where the currents i,4, i,) ta, and ty, are those of electrons moving in orbits 
of the AA, AB, BA and BB types. According to the principle of reversibil- 
ity,?”* when there is thermal equilibrium 


fap = igy- (241) 
Under these conditions it also follows that 
typ =te43 tiny = trp, (242) 


and since these currents must be uniformly distributed over any equipotential 
surface, we have 

i,p = 1,S, and tz; = 15S, (243) 
where s, and S, are the areas of the surfaces A and B. Although # typ and inp 
are uniformly distributed over the surfaces, this will not in general be true 
of i4y, ig, and i,,. Combining Eq. (243) with Eq. (239), we have 

$e = Se exp (Vasel kD). 244) 

AF A 

Let A,, be the fraction of the total current that leaves A which reaches B, and 
Ay, the corresponding fraction for the current from B to A. Then, by Eqs. (240) 


Aan = tasliars Apa = tosline (245): 
and 


Ane)? = 1+ (Grains) | (246) 


(Asa)* = 14 (issltsa) 
By combining Eqs. (245) and (244), we find that 
aa = (SalSa)Az, exp (Vaae/RT). (247) 


It thus appears that if we can find means for calculating the relative num- 
bers of electrons that describe AA and AB orbits, i.e., (i,,/i,,), for any given 
potential difference V,,, then we can, from these equations, determine the 
relative numbers of electrons that describe BB orbits. 

So far we have considered only equilibrium conditions. By imposing two 
restrictions on our problem, however, we may use the foregoing equations to 
calculate the flow of current in certain cases where thermal equilibrium and 
the complete MBD do not exist. 

The first restriction that we impose is that the current densities shall be 
so low that space charge is unimportant; that is, we assume that the potential 
distribution which determines the shapes of the electron orbits can be ob- 
tained by a solution of Laplace’s equation and thus is not changed when elec- 
trons having certain types of orbits are removed from the field. In Chapter IV 
we shall consider the modifications produced by space charge. 


278 T, Langmuir, J. Am. Chem. Soc. 38, 2221-2295 (1916). See particularly p. 2253 and foot- 
note on p. 2262. 
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As a second restriction we assume that both A and B absorb all incident 
electrons, in other words, they are non-reflecting surfaces. Then t,, and tp, 
in Eq. (240) represent the saturation currents from the surfaces A and B which 
we may now regard as two metallic electrodes. 

Under these conditions, the currents i,,, 1,, and i,, are independent of 
one another in the sense that the removal of one group does not directly alter 
the others. For example, if, without changing its temperature, we change the 
character of one surface, say B, so that it no longer emits the current density 
required by Eq. (239), we alter i,, and i,,, but do not thereby change the 
currents i,, and t,,. 


Reciprocal Relations between Emitter and Collector 


Eq. (247) is obviously not directly applicable to a case where the thermal 
equilibrium is destroyed by cooling one of the electrodes, but we may use it 
to compare two cases, in one of which B is cooled, while in the other A 
is cooled. 

To begin with, let us assume that A and B are two electrodes at the tem- 
perature 7 between which there is a difference of potential V,, and that their 
electron emissions are such that Eq. (239) is fulfilled, giving thermal equili- 
brium. Then Eq. (247) is applicable. 

Now let electrode B be cooled until it ceases to emit electrons so that fy, 
and is, become zero. This, however, does not change i,, and i,, and therefore 
Ajz, a8 given by Eq. (246), has the same value as when A and B were both at 
the temperature 7. 

Finally, let us cool electrode A until it ceases to emit, but bring B again to 
its original temperature 7. By similar reasoning, we find that A,, now has the 
same value as when both A and B were at T. 

Thus Eq. (247) is applicable to cases where equilibrium is destroyed by 
cooling first one and then the other of two electrodes, if we interpret A,, to 
mean the fraction of electrons emitted from A which reach B when A is at 
temperature T and A,, the fraction emitted by B which reach A when B is at 
temperature 7. Since space charge is negligible, the values of 4,, and A,, will 
be independent of J, and I,, the emission current densities, and therefore 
it is no longer necessary for the validity of Eq. (247) that these emissions shall 
satisfy Eq. (239). 

Equation (247) thus gives us a reciprocal relation by which, for non-reflecting 
electrodes of any shape having a given potential difference, we can calculate 
the relative change in current produced by transferring the property of elec- 
tron emission from one electrode to the other. If, before this transfer, the elec- 
trons flow in an accelerating field, after the transfer they flow in the opposite 
direction against a retarding field. F 

Since the temperature T and the potential V,, occur in Eq. (247) only as 
+ a ratio, it is evident that the reciprocal: relation can be applied when the tem- 
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perature 7, to which A is heated is different from the temperature 7, to 
which B is heated, provided the potential differences V,, in the two cases are 
changed in the ratio T,/T;. 


Saturation Currents in Accelerating Fields 

If the shapes of the electrodes and the potential distribution in the field are 
such that orbits of the AA type are impossible, then it follows from Eq. (246) 
that A,, = 1, so that every electron emitted by A passes to B. Evidently, when 
B is the cold electrode, a necessary and sufficient condition for the existence 
of a true saturation current from A is that AA orbits shall be impossible in 
the field. Similarly, to obtain the saturation current from B, with A cold, orbits 
of BB type must be impossible. 

Since electrons of very low velocity are able to move only small distances 
against retarding fields, AA orbits will always exist if there is a retarding field 
for electrons near the surface of A. Thus, saturation currents from A can be 
obtained only when there is an accelerating field, i.e., when V;, > >0. This 
condition, although necessary, is not sufficient to determine the existence of 
the saturation current. 

The possible orbits in the field must include all straight lines that can be 
drawn in the field, since electrons of infinitely high velocity must describe 
such paths. Therefore AA orbits will always exist if any part of the A surface 
is concave. Strictly speaking, therefore, saturation currents cannot be ob- 
tained from such electrodes, even with strong accelerating fields. 


Boltzmann Relation for Currents in Retarding Fields 

Under the field conditions which gave saturation current from A, (im- 
possibility of AA orbits so that 4,, = 1), we may now calculate by Eqs. (247) 
and (245) the current i,, that can flow from B to A when B is at temperature 
T while A is cold. Placing A,, = 1 gives 


i54 = tgr(S4/Sp) exp (Viz e/RT) (248) 


ipy being the saturation current (i,,+%,5,) corresponding to the full emission 
from the hot electrode, and V,, having been put in place of —V,,. The cur- 
rent density received at electrode A is I, = i,,/S,, while the emission current 
density at B is I, = i,,/S,. In terms of J, and I,, Eq. (248) becomes identi- 
cal with Eq. (239) which we derived directly from the Boltzmann equation. 
We see now, however, that this equation is only applicable for the flow of elec- 
trons in retarding fields when the conditions are such that no AA orbits are 
possible, (i.e., those which begin and terminate on the collector). 

The reciprocal relation between emitter and collector thus shows that the 
conditions in regard to potential distribution and shapes of electrodes that 
are necessary and sufficient to give saturation currents, when one electrode 
acts as emitter, are identical with those that are necessary and sufficient for 
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flow of current in accord with the Boltzmann equation when the other elec- 
trode is made emitter. 

Let us now apply these principles to cases where the two electrodes are: 
(1) Parallel planes; (2) Coaxial cylinders; (3) Concentric spheres. In each of 
the three cases, all the electron orbits curve towards the more positive elec- 
trode and thus cannot start and end on the more negative electrode unless 
this electrode has a concave surface. 

We may thus conclude that with planes, coaxial cylinders and concentric 
spheres with one emitting and one non-emitting electrode, the current is sat- 
urated when electrons (or ions) are accelerated from a non-reflecting emit- 
ter which is not concave. When, however, electrons (or ions) are retarded as 
they approach a non-reflecting collector which is not concave, the current ¢ is 
given by the following relation based on the Boltzmann equation: 


i= SI; 1 <0, (249) 
where S, is the surface area of the collector, J, is the emission current den- 


sity corresponding to saturation, and 7 is a parameter proportional to the volt- 
age difference between collector and emitter defined by 
n = Vege[kT = 11,600V,,/T (250) 
if Vg is in volts. When Eq. (249) applies, 7 is always a negative quantity. 
We have now to consider the important class of cases where both AA and 
BB orbits exist, for example, cases where electrons are accelerated from a con- 


cave emitter or are acted on by a retarding field as they approach a concave 
collector. 


Coaxial Cylinders and Concentric Spheres 

Case I. Electrons accelerated inwards from an external emitter.—'The general 
methods of calculating the currents of various types, 45) #44) I¢9) etc., that 
flow under various conditions have been discussed*®° by Mott-Smith and Lang- 
muir. For the flow of electrons with an accelerating field from an external 


emitter to an inner positively charged collector (anode) the current was found? 
to be 


i= S,I,f (251) 
where S, is the surface area of the collector, J, the saturation emission den- 
sity from the emitter and f is a function of the radii of the two electrodes and 
the potential. 

For coaxial cylinders, 
f= (rolr)P(**) + e"[1— PEP +-0}"")] (252) 
*°¢ H. M. Mott-Smith and I. Langmuir, Phys. Rev. 28, 727-63, (1926). In Eq. (28a) on p. 
738, which is equivalent to Eq. (252) given below, the factor ¢7 was inadvertently omitted from 


the last term. 
1 J. Langmuir and H. M. Mott-Smith, Gen. Elect. Rev. 27, 454 (1924). 
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Fic. 36. Plot of f as function of 7 calculated from Eq. 252. 
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Fic. 37. Plot of f as function of 7 calculated from Eq. 252. 
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where 7 > 0, and is defined by Eq. (250), rq is the radius of the emitter, r is 
that of the collector and 

® = r'n(r2—1?)7 (253) 

P+ = rn(n—7)". (254) 


Here P () stands for the probability integral defined by 
P(x) = 2048 [ dy. (255) 
0 


We shall see in a later chapter that these equations prove useful in deter- 
mining the concentrations of electrons in gaseous discharges and therefore to 
avoid the rather laborious calculations of the function f we have prepared 
the family of curves of Figs. 36, 37 and 38 which give f as a function of 7 for 
various values of r,/r, which on these curves is given as a/r. 














Fic. 38. Plot of f as function of 7 calculated from Eq. 252. 


Under certain conditions, Eq. (252) approaches simple limiting forms by 
which the values of f are sometimes more conveniently obtained than by the 
curves, 

As ®+7 increases to values greater than about 3, f is given with rapidly 
increasing accuracy by 


f= (rolr)P(@'?) Fe Par 4(n +). (256) 
If } > 3, this expression becomes practically 
f=nlr. (257) 
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Substituting this in Eq. (251), remembering that S,/S, = 1,/r, we have 
i= Syl, = tgep= by. (258) 
Thus, although strictly speaking the current from a concave emitter can- 


not be completely saturated, the current for all practical purposes has reached 
saturation value ig when ® > 3 or 


n > 3(r[r2—3. (259) 


To get approximate saturation from an external cylindrical emitter of 1 
cm radius having a temperature of 1000°K, would take 1 volt on an internal 
collector of 0.5 cm radius, 26 volts if the radius were 1 mm and 2600 volts if a 
wire 0.1 mm radius were used as collector. These voltages increase in propor- 
tion to the temperature of the emitter, and are needed wholly to prevent the 
electrons from describing orbits which will carry them back to the emitter 
(not because of space charge). 

The other limiting case of interest to us is that obtained when the radius 
of the emitter is large compared to that of the collector and the voltages applied 
are far less than those just considered. As ro/r increases to infinity, f ap- 
proaches a limiting value given by 


f = 274 e1[1—P(7*)]. (260) 


The topmost curves, marked a/r = 00, in Figs. 36, 37 and 38 have been 
calculated by this equation. 
An expansion of Eq. (252) in terms of r/rq gives 


f= Dae 12/308 (261) 
which gives an excellent approximation for f whenever 373/27r* and 7 are both 
large compared to unity. For large values of ro/r it reduces to 

f = 2 (n41)8 (262) 


which agrees excellently (error <1 per cent) with Eq. (260) when 7 >3. The 
dotted line in Fig. 36 gives the values of f according to Eq. (262) for n < 2. 

For the corresponding flow of electrons between concentric spheres, the 
value of f to be used in Eq. (251) is 


f= (ror P(lL—e*) +93, > 0- (263) 
When @ >5, this reduces to (error < 1 per cent) 
f= (rI/r¥ (264) 


and by Eq, (251) the current becomes practically equal to the saturation cur- 
rent from the external emitter. 

With collectors of small radius, i.e., as r,/r increases to infinity, f ap- 
proaches another limiting value 


f=nt+l. (265) 
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Case II. Electrons flowing from an internal emitter to an external collector 
against a retarding field——The currents that flow under these conditions can be 
calculated from the values of f we have just found for Case I, by means of the 
reciprocal relation expressed by Eq. (247). Let us identify the outer (con- 
cave) electrode as A and the inner (convex) electrode as B. In Case I, A is 
the emitter while in Case II, B is emitter. The fraction A,, defined by Eq. 
(245) is the ratio of the current ¢ given by Eq. (251), to:the saturation current 
i, = S,I, and thus 

Aas = (Si/S.)f (266) 
where f applies to Case I. 

In Case II, the fraction of the saturation current i, which flows from the 

internal emitter to the external collector is 


i= ighess Von >0. (267) 


We may now substitute these values of 4,, and A,, in Eq. (247) and then, 
still using 7 as a measure of the collector potential in accord with Eq. (250), we 
obtain 

i=ifes 1<0. (268) 


This equation allows us to calculate the current for Case II for cylinders 
or spheres in terms of the values of f given by Eqs. (252) to (265) or obtained 
from the curves of Figs. 36, 37 and 38. It should be noted that the values of ro, 
r and 7 used to calculate f in this way are respectively: r,, 7, and V,,e/kT, 
where A refers to the external electrode. In Eq. (268), however, 


n= VagelkT (269) 


so that 7 < 0, whereas in calculating f, we must take 7 > 0. 

The general expression for i which may be obtained for cylinders for Case 

II from Eg. (268) by introducing the value of f from Eq. (252), has already 
been derived by W. Schottky*#? and applied by him and by Germer”* in expe- 
rimental proof that the electrons emitted by a hot filament have a Maxwellian 

distribution of velocities. 
In all these experiments the emitter was a small wire at the axis of a rela- 
tively large negatively charged cylindrical collector. Under such conditions 
a simple, yet accurate, equation for the current can be calculated from the 
value of f from Eqs. (262) and (268), giving 


i = 2p VH(1—n}e"5, 9 <0. (270) 
The corresponding equation for spheres, from Eqs. (265) and (268) is 
§=1i,(1—n)e"3 7 <0. (271) 


**1 W. Schottky, Ann. d. Physik 44, 1011 (1914). 
3 LH. Germer, Phys. Rev. 25, 795—807 (1925). 
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Where r/r, is not much larger than unity, we found in Case I, currents 
close to saturation. Under similar conditions we now find from Eqs. (257), 
(264) and (268) that the current in Case II is given by the equation of the 
Boltzmann type, Eq. (249), although the collector in this case has a concave 
surface. 

The general relationships between the effects of accelerating and retard- 
ing fields, and the curvatures of the electrode surfaces, for electron currents in 
high vacuum where space charge is negligible, are summarized in Figs. 39 and 
40. The collector voltage (proportional to 7) is plotted as abscissa and the loga- 


EXTERNAL 
COLLECTOR 


VOLTAGE 
RETAROING ACCELERATING 





Fic. 39 and 40. Current-voltage relations for planes (P), cylinders (C) and spheres (S). 
Internal electrodes are assumed to be of small radius. 


rithm of the electron current as ordinate. Plotting in this way, as we see from 
Eq. (249), the current-voltage curve corresponding to the Boltzmann equation 
is a straight line whose slope is 








ee en 
or if ordinary logarithms are used 
d logit = 5040 volt—}. (273) 








dV T 
The curves of Figs. 39 and 40 were calculated by Eqs. (260), (265) and 
(268), assuming the radius of the internal electrode to be small compared to 
that of the external electrode. 
Range of validity of foregoing equations.—In deriving Eqs. (252) and (263), 
which determine the limitations of current brought about by orbital motions 
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of the electrons between cylinders or spheres, it was not necessary to use 
Laplace’s equation or to assume any particular potential distribution between 
the electrodes. The equations were, in fact, derived by calculating the radial 
and tangential components, u and v, of the electron velocities at the emitter 
and at the collector without needing to know these quantities in the space 
between the electrodes. At the emitter, the distribution of u and 0 was obtained 
from Maxwell’s distribution law and at the collector they were obtainable 
from the former values by applying the laws of the conservation of energy 
and of angular momentum. 

It is clear, however, that some restrictions upon the potential distribution 
are necessary. Schottky®* pointed out that the method fails if, owing to space 
charge, a region of potential minimum exists between emitter and collector, 
the current then being “‘limited by space charge” instead of ‘‘orbital motions.” 
(See Chapter IV.) Davisson was the first to state the conditions which the 
potential distribution must fulfil in order that the law of conservation of angular 
momentum may be correctly applied by the method used in deriving Eqs. 
(252) and (263). In this derivation the current was calculated by determining 
the number of electrons in orbits which intersect both the A and B surfaces: 
moving outward from the A surface (A being emitter) and into the B surface. 
It may happen, however, that an orbit which intersects both A and B consists 
of two branches (as, for example, the two branches of a hyperbola) separated 
in a radial direction by a region in which the radial velocity u has imaginary 
values. Obviously, such orbits must not be included among AB orbits, but 
one branch should be classed as an AA orbit, while the other is a BB orbit. 
Thus, as Davisson pointed out, no orbit can properly be classed as an AB orbit 
unless u* > 0 for every value of the radius vector lying between r, and rp. 
This condition for electron currents is fulfilled if the voltage V at every point 
between the electrodes satisfies the relation 

2 __ 

Vv > V;, Cis 31, <r<m (274) 
where A is the outer. electrode, whose potential is taken to be zero and B is the 
inner electrode at a positive potential V,. For positive ion currents V and 
V, will be negative and the direction of the inequality sign should be reversed. 

Mott-Smith and Langmuir®* derived this relationship independently and 
showed that the same equation is applicable for spherical electrodes and for 
internal as well as external collectors. 

Investigation shows that Davisson’s condition expressed by Eq. (274) is 
fulfilled not only when the potential distribution is that given by Laplace’s 
equation (no space charge) but also with currents so large that the space charge 


"* W. Schottky, Ann. d. Physik 44, 1011 (1914). 


* H.M. Mott-Smith and I. Langmuir, Phys. Rev. 28, 727-63 (1926), particularly pp. 
749-54. : 
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is nearly sufficient to bring the potential gradient at the surface of the emitter 
to zero. In Chapter IV this matter will be discussed in more detail. 

“In deriving the reciprocal relation between emitter and collector, expressed 
by Eq. (247), we assumed that space charge was negligible and thus the re- 
moval of electrons in AA or in AB orbits would not change the number of 
those describing BA orbits. It now apears, at least in the cases of coaxial cylin- 
ders and concentric spheres, that this restriction was unnecessarily severe. 
We have found in these cases that A,, and A,, are unchanged by the presence 
of space charge (the electrode potentials remaining fixed) provided the Davis- 
son condition is still fulfilled. Thus the reciprocal relation is valid until the 
current density becomes so great that the Davisson condition is violated. 


Effect of Electron Reflection at the Electrodes 

The equations that we have derived for electron currents have been based 
on the assumption that emitter and collector absorb all incident electrons. 
There are two effects to be considered. Electrons reflected from the collector 
may return to the emitter and thus decrease the net current. When the emitter 
reflects electrons, it is no longer necessary that the emitted electrons shall have 
a Maxwellian velocity distribution and thus equations such as Eq. (252) may 
no longer be accurate. Consider first equilibrium conditions under which the 
complete MBD must exist. Then at the surface of electrode A, which we shall 
later take to be the emitter, 


tgp = tgatign = tpt Rigg (275) 


where 1, is the saturation emission and R is the effective reflection coefficient 
for electrons which have the velocity distribution present among the electrons 
in BA orbits. Now the electrons constituting the current Ri,, will in general 
not have a Maxwellian velocity distribution, for the reflection coefficient is a 
function of velocity and probably the angle of incidence of the impinging elec- 
trons (Part I, pp. 171-4). The total current i,,, however, under equilibrium 
conditions must consist of electrons having an MBD. Therefore by Eq. (275), 
electrons constituting the saturation current i, will only have a true Maxwellian 
distribution when the reflection coefficient from the emitter is zero. 

If the collector is at a positive potential (accelerating field) electrons re- 
flected at its surface will not be able to return to the emitter since reflection 
generally involves energy loss. The reflected electrons increase the space charge, 
but unless this becomes sufficient to bring the potential gradient at the emitter 
to zero, the current from emitter to collector will not be modified. 

When the collector is at a negative potential (retarding field), the field will 
tend to draw any reflected electrons back to the emitter. Thus if the collector 
does not have a concave surface, so that all reflected electrons return, the cur- 
rent will be 


i = (1—R)SoI,e". (276) 
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This equation will thus apply in the case of retarding fields between plane 
electrodes, and between coaxial cylinders or concentric spheres if the collector 
is the internal electrode. Although the reflection coefficient R is in general a 
function of the average velocity of the incident electrons (and their velocity 
distribution), it should be noted in this case that the velocity distribution of 
the incident electrons corresponds to half a Maxwellian distribution and the 
average energy (2k7) is independent of the retarding voltage used. Thus, in 
spite of reflection from the collector, the current varies in proportion to e’. 
Reflection from the emitter, however, might alter the Maxwellian distribution 
of the emitted electrons and thus cause the i ~ ¢’ relation to fail. 

With retarding fields and a concave collector, for example, a negatively charged 
external cylindrical collector, electrons reflected from the collector may not 
be able to return to the emitter even with the accelerating field which acts on 
them. The velocities of the reflected electrons will usually be far higher than 
if they were emitted thermally so that the limitation by orbital motion, Eq. 
(252), will make the fraction of the reflected electrons which return to the 
emitter small, if the emitter radius is small compared to that of the collector. 
Under such conditions the effect of reflection tends to be negligible unless 
it brings about a limitation of current by space charge (see Chapter IV). 


Effects of Magnetic Fields on the Flow of Electron Currents 

A magnetic field of strength H, expressed in electromagnetic units (gauss) 
exerts a force eHv on a moving electron. Here v is the component of the elec- 
tron’s velocity in a direction perpendicular to the magnetic field. This force 
acts in a direction perpendicular to the direction of motion of the electron 
and also perpendicular to the magnetic field. Thus any component of motion 
of the electron parallel to the magnetic field remains unaltered by this field. 

Consider a magnetic field parallel to the Z-axis acting on an electron mov- 
ing with velocity v in the XY plane. The electron then describes a circular 
path in this plane of such radius r that the force due to the magnetic field 
balances the centrifugal force. Thus 


r = mo/eH = 5.65 x 10-°v/H cm. (277) 
If we express the electron velocity in terms of equivalent volts V 


r = 3.354V"9/H om. (278) 


The direction of rotation is clockwise as seen in the direction of the mag- 
netic lines of force. In presence of the magnetic field and of an electric field of 
strength X, in a direction parallel to the X-axis, the electron describes*®* a 
trochoidal path in the XY-plane, this motion being that of a point moving in 


46 See Conduction of Electricity Through Gases, J. J. Thomson, Cambridge Univ. Press, 2nd 
edn. (1906), p. 111 or 3rd edn., p. 223. 


24 Langmuir Memorial Volumes IV 
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a circle whose center drifts in a direction parallel to the Y-axis with a velocity 
X/H. If X is expressed in volts -cm-, this drift velocity corresponds to 


(m|2e)X?/H* = 2.826X*/H? volts. - (279) 


A component of electric field parallel to the magnetic field (Z-axis) causes 
the same acceleration of the electrons as if no magnetic field were present. 
Let us now consider the flow of electrons from a plane emitter to a parallel 
plane collector, with a magnetic field parallel to the plane surfaces. If the col- 
lector has a positive potential large compared to 7/11,600 volts (i.e., RT/e), 
the initial velocities of the electrons may be neglected. The electrons thus 
describe cycloidal paths. Each electron starts to move toward the collector, 
but its path becomes curved by the action of the magnetic field so that 
after reaching a certain distance x, from the emitter it again returns to the 
collector, This maximum distance is 
Xo = (2m/e)X/H* = 11.31X/H* cm. (280) 


’ If V is the potential difference between two plane electrodes separated by 
the distance x, we may put X = V/x, and then from Eq. (280) we can conclude 
that current can flow between the electrodes only if 


x < (2mle)*V32/H = 3.363V02/H. (281) 


With a given H and x, the current should be zero until V has reached a 
critical value and then rise abruptly to saturation. If V and x are held con- 
stant, the current will be saturated until H reaches a critical value and then 
falls abruptly to zero. 

Theoretical and experimental studies of the effects of magnetic fields on 
the flow of current between coaxial cylinders have been made by Hull*? in 
his investigations of the magnetron. The magnetic field was assumed to be 
parallel to the axis of the cylinders. 

Magnetron.—The critical magnetic field required to stop the flow of elec- 
tron current from a central cathode to a coaxial anode of relatively large radius 
ris 

H = (8mle)!?V¥2/r = 6.726V1?/r gauss. (282) 


The effect of initial velocities of the electrons was shown to be negligible 
in all practical cases of interest. The experiments gave results in agreement 
with the theory within the limits of accuracy prescribed by the degree of sym- 
metry of the apparatus. 

Inverted magnetron.—In the case of electrons flowing from an outef cylindri- 
cal cathode toward an internal coaxial anode, the effect of initial velocities 
corresponding to thermal agitation is by no means negligible. Consider an 
electron emitted with a tangential initial velocity v, and let V, be the poten- 


7 A.W. Hull, Phys. Rev. 18, 31-57 (1921) and ¥. Am. Inst. E. E., Sept. 1921. 
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tial needed to give to an electron this velocity. Then the longitudinal mag- 
netic field needed to prevent this electron from reaching the inner cylinder 

H = (8m/e}!*(1/ro(rV* L19V i) (283) 
where 1, is the radius of the emitter, r is that of the collector, and V is the accel- 
erating potential of the collector. The + or the — sign in used according as 
the direction of the initial tangential velocity is opposite to or is the same as 
the direction of the magnetic deflection. 

The effects of the radial components of the initial velocities are of far less 
importance than the tangential components. The complete theory is, how- 
ever, given by Hull, not only for cylindrical but also for plane electrodes. 

Experiments again gave results in good agreement with the theory. With 
an anode at 110 volts having a radius 1/25th of that of the surrounding cylin- 
drical cathode, a field of only 8 gauss brought the current to half value, but 
this cut-off, because of the effect of initial velocities, was gradual instead of 
being sharp as in the case of the external anode. The shape of the curves thus 
obtained (¢ as function of H) should, in fact, with a carefully constructed cylin- 
drical cathode, furnish an exceptionally accurate means of determining the 
velocity distribution of the emitted particles. 

The equations that have been derived by Hull for the critical magnetic 
field are not dependent on any specific assumptions regarding the potential 
distribution and therefore require no modification as the potential distribu- 
tion is altered by space-charge. However, just as in the absence of magnetic 
field, no electron can pass from emitter to collector unless the expression for 
its radial velocity u shows that u* > 0 for all values of the radius lying between 
r, and r. This should furnish a kind of generalized Davisson relation analo- 
gous to Eq. (274). t 

The Maxwell-Boltzmann distribution of a system of electrons in equilib- 
rium at temperature 7, which is characterized by Eqs. (233), (234), (236) and 
(238), is not altered by a steady magnetic field, although the orbits of the elec- 
trons are changed. The methods which we used in studying the flow of elec- 
trons between the electrodes A and B, dividing the orbits into 5 types, may 
still be used in presence of magnetic fields. 

Thus the reciprocal relation expressed by Eq. (247) or (268) is applicable 
in a magnetic field (even if the field is not uniform or symmetrically arranged 
with respect to the electrodes) provided the generalized Davisson condition 
is fulfilled. 

For example, in an ‘‘inverted magnetron” (inner anode) it was found exper- 
imentally that with +110 volts on the anode, the current was brought down 
to half the saturation value by a longitudinal magnetic field of 8 gauss. We 
may conclude from Eq. (247) that if the internal electrode had then been 
heated to the temperature previously used for the outer electrode, and the 
latter had then been cooled without altering the potentials of the electrodes 


2a* 
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or the magnetic field, the current under the new conditions would be half that 
calculated by the Boltzmann Eq. (249). Since the current decreases gradually 
with increasing magnetic field in the inverted magnetron with accelerating 
field, the same must be true of the current from an internal emitter to an 
external collector against a retarding field. 

Similarly, since the cut-off for the ordinary magnetron (external anode) 
is very sharp at a definite field strength H, we conclude that with an internal 
collector at a negative potential, the current would be given accurately by the 
Boltzmann equation, Eq. (249), until the magnetic field increases to this same 
value of H, and then the current must drop abruptly to zero. 

By dimensional reasoning, applied to geometrically similar devices of size 
r, or directly from Eqs. (247) (282) and (283), we see that 4,5 or Ap, (the 
fraction of the emitted current that reaches the collector) is a function of 
(V,,[T) and (Hr/T™?) only. In this way, the reciprocal relation may be used 
when T, #T, or the effect of changing the emitter temperature can be 
calculated in terms of the effects produced by changing V,, or H. 


The Effect of Space Charge on the Flow of Current 
in High Vacuum 


The current of electrons that flows in high vacuum from a hot cathode to 
a positively charged electrode (anode) increases at first in proportion to the 
emission of the cathode and will equal this emission (saturation current) if the 
cathode surface is not concave. 

By raising the cathode temperature, the space charge can thus be increased 
in proportion to the emission. This, however, cannot go on indefinitely, for 
finally, in accord with Poisson’s Equation, a potential minimum must appear 
in space, and the cathode will be surrounded by a potential barrier which 
limits the escape of electrons. 

This limitation of current by space charge begins when the emission is 
raised to a critical value which first brings the potential gradient to zero at 
some point of the cathode surface. 


Space Charge Equation for Parallel Planes 

The effect of space charge in limiting the current that can flow between 
electrodes in high vacuum is best illustrated by considering the passage of 
electrons from a heated plane cathode at zero potential, to a parallel plane 
anode at potential V,. 

Let us assume, to begin with, that the initial velocities of the electrons as 
they leave the cathode can be neglected and therefore at any point at po- 
tential V 


i mo*® = Ve. (284) 
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If J is the current density, the space charge ¢@ is 
e = Ilo. (285) 

Eliminating v between these equations to get @ and substituting this value 

in Poisson’s equation, gives 
AV = 2-2" (mjey!8IV-¥2, (286) 

For the case of parallel planes where AV is equal to dV/dx*, integration 

gives 

(aV dx)? = E3+-87(2m/e)!21V¥2 (287) 
where E,, the integration constant, is equal to the electric field intensity at 
the surface of the cathode. 

With the cathode at such low temperature that emission is negligible, 
dV /dx = E,, so that there is a linear potential distribution between the elec- 
trodes as indicated by Curve I, Fig. 41. By raising the cathode temperature 
so that J increases, the field near the anode increases, and must thus decrease 





Fic. 41. Potential distribution between plane cathode C and parallel plane anode A. 


near the cathode. The curve giving the potential V as a function of x, the 
distance from the cathode, becomes concave upwards (d*V/dx* being posi- 
tive), and finally when J becomes sufficiently large, E, must decrease to zero. 
Until this happens, however, there is everywhere an accelerating field so that 
every electron emitted must pass to the anode and the current is limited only 
by the cathode emission, the current being the saturation current I,. If Ey 
becomes negative, there is a retarding field at the cathode and thus, since the 
initial velocity is assumed to be zero, the current would have to be zero. It is 
clear, therefore, that no matter how large I, may become, the current that 
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flows between the electrodes cannot increase beyond the definite value which 
would make E, = 0. Imposing this condition in Eq. (287) we have, 
dV [dx = (87)!*(2m/e)/speyus, (288) 
Integration gives?®* 
z 22 [ » \12 pais 
~ On 4) “¥ 
This equation is applicable to unipolar currents carried either by elec- 
trons or by positive or negative ions which leave the emitting surface with 
negligible initial velocities, For electrons we may take e/m = 5.279x 10!” e.s. 
units *8° and expressing V in volts and x in cm, Eq. (289) becomes 
I = 2.334 x 10-*V*#x-* amps - cm-*. (290) 
If, however, the carriers are singly charged ions having a ‘‘molecular weight” 
M, (oxygen atom = 16), then we must put 


(289) 


e/m = 2.893 x 104M- e.s. units (291) 
and our space charge equation is 
I= 5.462 x 10-°M-"/%4x-2 amps + cm-*. (292) 


With doubly charged ions the currents would be 2 times greater. 

The current densities given by these equations are those which will bring 
E,, the field intensity at the cathode, to zero. 

In this derivation V has been treated as a function of x while J is constant. 
The potential V thus varies in proportion to x‘/* as indicated by Curve II in 
Fig. 41, while the field intensity E is proportional to x". 

If, however, in the equation we let x be the distance between the plane 
electrodes and V the difference in potential between them, the equation ex- 
presses the relation between the current and the voltage often referred to as 
the 3/2-power law. 

There are thus two limitations to the current: it cannot exceed either the 
saturation current I,, or the space charge limited value given by Eq. (290). 
If the potential difference between the electrodes is raised gradually from 0, 
the current-voltage curve shows two distinct regions. In the first or space 
charge region, the current increases in proportion to V*, is inversely pro- 
portional to x? and is independent of the cathode material or temperature. 
In the second region the current is equal to the saturation current J, and thus 
varies with cathode temperature or material, but is independent of V or x. 


%8 This equation was first derived by C. D. Child, (Phys. Rev. 32, 492 (1911) in a theoretical 
and experimental investigation of the magnitude of currents that could be carried by positive 
fons in arcs at low pressures. It was independently derived, and applied to electron curr€nts in 
high vacuum by I. Langmuir, Phys. Rev. 2, 450-486 (1913) and Phys. Zeits. 15, 348, (1914). 

88° Birge, Rev. Modern. Phys. 1, 1 (1929); C. T. Perry and E. L. Chaffee, Phys. Rev. 36, 904-18 
(1930). 
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Objection is sometimes raised to the derivation of this equation on the 
ground that if v = 0 and E, = 0 at the cathode surface, then no current could 
flow. This difficulty seems rather academic if we consider that J = ev and 
under our assumed conditions this takes the indeterminate form cox0. A 
complete justification of Eq. (290) is found in the fact that a more rigorous 
derivation based on a complete Maxwellian distribution of the velocities of the 
emitted electrons leads, as we shall see, to an equation which becomes identical 
with Eq. (290) when the initial velocities of the electrons approach zero. 

Effects of initial velocities. —We know, of course, that the electrons are 
actually emitted from hot cathodes with appreciable velocities and therefore 
Eq. (290) is to be regarded only as an approximation. 

As a second approximation let us consider what changes would be brought 
about in Eq. (290) if the electrons were all emitted with a definite velocity 
component v, in a direction normal to the cathode surface.* Velocity com- 
ponents parallel to the cathode surface may be present but do not need to 
be taken into account in the following derivations. 

If the current is to be limited by space charge, a fraction of the electrons 
must return to the cathode. This can occur only if there exists between the 
cathode and anode a retarding field just sufficient to bring the electrons to 
rest; i.e., there must be a potential minimum (M in Fig. 41) in the space at 
a certain distance, say x9, from the cathode, where the potential is — V., V> 
being the volt-equivalent of the initial velocity v9. 

If we measure V and x from the potential minimum instead of from the 
cathode, it is evident that Eq. (284) is still applicable. In Eq. (287) we may 
put E, = 0 (at x = 0) and thus in the region between M and the anode A the 
potential distribution is given as before by Eqs. (288), (289) and (290). 

Between M and the cathode C, electrons are moving in two opposite di- 
rections, the current density of electrons away from the cathode being J, 
and J,—I in the opposite direction, where J, corresponds to the saturation 
current and J to the actual current flowing to the anode. Since the space charge 
produced by a given current in either direction is the same, the space charge 
g at any point is the same as though there were a current 2J,—I in one direction 
only. Thus the potential distribution between C and M is given by Eq. (289) 
or (290) if we replace I by 2/,—I. 

Thus we have 

2I,—I = 2.33 x 10-*V34x5 (293) 
and : 

I = 2.33 x 10-*V27x3? (294) 

*° J.J. Thomson, in the 2nd edition of this book, Conduction of Electricity Through Gases 
(1906) p. 223 (also p. 372 in 3rd edn., 1928) made this assumption in treating the space” charge 


problem between parallel planes. He obtained an equation like Eq. (287) except that it was in 
far more complicated form. 
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where x, is the distance from M to A and V, is the potential of A with re- 
spect to M. Dividing one equation by the other and placing x = %+x, and 
V =V,—V, (the potential difference between A and C), we get 


% = x/[1+ (1+ (V/V) 2(L/)—1}"7] (295) 


V, 3/4 I 2 
2 = (7) (a? = 7) (296) 
approximately. 


Curves III and IV in Fig. 41 have been calculated for the case V = 10 
volts, V, = 1 volt, x = 1 cm, J,/I being taken equal to 5 for Curve III and 1 for 
Curve IV. 

Under the conditions we have assumed, where the emitted electrons all 
have the same velocity component v, normal to the cathode surface, the space 
charge at M is theoretically infinite just as it previously was at the cathode 
surface in the case vp = 0. The surface of minimum potential thus acts exactly 
as a cathode giving a space-charge limited current J to the anode A. On the 
. other side, facing C, it receives a current I, and gives off a current J,—I. 
A ‘‘virtual cathode” of this sort has its position and effective potential fixed by 
the number and the velocities of the electrons that are projected towards it 
by the neighboring actual electrodes. We shall find other cases of virtual 
cathodes in considering space charge currents in three-electrode tubes. 

The assumption that the electrons are emitted from the cathode with a uni- 
form normal velocity component 0, is still objectionable in that it leads to 
an infinite space charge density at M. However, the foregoing analysis is 
useful in introducing the conception of the ‘‘virtual cathode” and showing 
how the effect of initial velocities can be taken into account merely by meas- 
uring V and x from M instead of from C. 

Space charge equations for electrons emitted with Maxwellian velocity dis- 
tribution—The electrons given off by a hot cathode actually have a Maxwel- 
lian velocity distribution.* On this basis Schottky?” obtained an approxi- 
mate solution for x, the distance from the cathode to the potential minimum 
when the current is limited by space charge. Complete solutions of the problem 
of the potential distribution have been obtained by Epstein, Fry and Langmuir.** 
The following summary of results is based on Langmuir’s treatment of the 
problem, but an attempt is made to put the equations in more convenient 
form than in prior publications. 


or if Vp< V, 


* See Part I, pp. 204-207. 

#°1 'W. Schottky, Phys. Zeits. 15, 526 and 624 (1914). 

21 P.S. Epstein, Verh. d. D. Phys. Ges. 21, 85 (1919). Tables are given by which the po- 
tential distribution may be obtained. However, all the equations involving the Boltzmann con- 
stant k involve an error which may be corrected by replacing k by 2k; T. C. Fry, Phys. Rev. 17, 
441 (1921); ibid., 22, 445 (1923); I. Langmuir, Phys. Rev. 21, 419 (1923). 
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With x as abscissa to measure distances from the cathode surface, we let 
%,, x, and x, be the abscissas of the cathode, anode and surface of minimum 
potential, respectively. Similarly, we let V be the potential at any surface 
at x and V,, V, and Vy at cathode, anode and x,. The saturation current 
density is J, and the actual current density to the anode is J, as limited by 
space charge. The potential V,, at the minimum can be calculated directly by 
means of the Boltzmann equation* which can be put in the form 

V,—Vy = (7/5040) logy, (J,/Z) volts. (297) 

The problem of determining the potential distribution is greatly simpli- 
fied by choosing, as origin for a V(x) plot, the point xy, Vy, and also by 
replacing x and V by dimensionless parameters ¢ and 7 which serve as meas- 
ures of x and V in terms of units of distance and potential appropriate to the 
particular case considered. Thus we put 

n = e(V—Vy)/kT = (11606/ TV Vy) (298) 
& = 9.174 x 10°T-*4]42(x—x) (299) 
where J is in amps.-cm-*, T in degrees K, x in cm.** 

An equivalent expression for é is 

f= (Banye/V)"(2—my) (300) 
where ny is the electron concentration (electrons: cm™*) at the potential 
minimum and V, is the potential equivalent to the electron temperature T in 
accord with Eq. (8), Part I. The insertion of numerical values of e and V, 
(in terms of T) gives 

& = 0.2042(ny/T)7(x—xy)- (301) 

Comparison of Eqs. (299) and (301) gives for the electron concentration 

at xy 

Ny = (xm/2kT)?(I/e) = 2.018 - 10°7T—-1? (302) 
if I is in amps.- cm-*. This is also directly derivable from Eq. (74) Part I, 
remembering that in the present case at x, we have only half of a complete 
Maxwellian distribution. 

The electron concentration n is given by 

n=n,[1F1+ erf Je" (303) 
where the error function is defined by 


erf x = 2n-[ exp (—y*)dy. (304) 


* See Eqs. (9) and (10) Part I, p. 139. 

*° The constant 9.174x 10* is equal to 4(77/2k)*/“m'/*el/* where m is the mass of the electron. 
In order to obtain/ in amps. cm-*, ¢ should be taken to be 1.4300 = 4.770x 10-x 0.1 ¢, ¢ being 
the velocity of light 2.998x 10'° cm sec. 3 
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The upper or lower signs are to be taken according as x—xy is + or — re- 
spectively. 

If n >3, a good approximation is 

n= my[(1F let(an)] (305) 
Langmuir? has published a table of ¢ as a function of 7, from which data the 
Curve I of Fig. 42 has been prepared. 

The procedure for calculating the potential distribution when I, I,, T are 
given is as follows. First calculate 7, (the value of 7 at the cathode surface) 
by the relation 

m, = 2.303 logis (I/D) (306) 
which is easily derivable from Eqs. (297) and (298), and then from Curve I 
of Fig. 42 get the corresponding value of £,, which will be negative. Substitu- 


















































Fic, 42. Curve I gives & as function of 7. € and 7 measure distance and potential 
respectively in terms of specially defined units. Curve II corresponds to Eq. (310), 
while Curve III corresponds to Eq. (289). 
€ = 0 represents position of potential minimum M 
+& applies to space between M and anode 
—& applies to space between M and cathode. 


tion of ,, T and J in Eq. (299) gives x,—x,. For any other value of x the 
corresponding £ can be found; the curve gives 7 for this point and Eq. (298) 
then gives V—V,. Comparison with Eq. (297) gives V at the desired point. 

To calculate the current as a function of anode potential when J,, T and 
the distance x,—x, between anode and cathode are given, the foregoing method 


#2 T, Langmuir, Phys. Rev. 21, 419 (1923). 
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is used to calculate the potential V at x = x, for a series of chosen values of J, 
and thus a curve is produced giving the desired relation between J and V,. 

The field intensity E = —dV/dx at any point can be found without use of 
the function ¢. It is given by 


E? = 8nenyV,[(1 1+ erf 9*)e"—1 4 20-1218] (307) 
using the same convention forthe signs as in Eq. (303). To obtain E in 
volts: cm7, the factor in front of the bracket can be placed 


8xenyV, = 3.097 x 10-1, T = 6250+ ITY. (308) 


Langmuir has shown, for large values of 7 and x >x, that & can be ex- 
panded in terms of inverse powers of 7: 


& = (2/3)2¥ 7434+ 1.668574... (309) 
Substituting this in Eq. (299), squaring and combining with Eq. (298) 
gives : 


a : joe (14+2.658-1*) (310) 


= Fa \m) eau)! 


On 


which is the usual three-halves power law, as given by Eq. (289), except that 
the distances and voltages are measured from the potential minimum and the 
correction factor given in parenthesis is added. The second term in this cor- 
rection factor has its origin in the second term of the expansion for ¢, Eq. (309), 
whereas the usual three-halves power equation results from the first term. 
To show the relative magnitude of the errors made by using the uncor- 
rected equation, Curve III in Fig. 42 has been drawn to give the values of 
the first term in Eq. (309), while Curve II has been obtained by multiplying 
this first term by (1+2.658771)* which is equivalent to using the approxi- 
mation made in Eq. (310). Examination of these curves shows that the ordinary 
space charge equation (289) or (290) involves rather large errors; even when 
n is as large as 100 these errors amount to 10 per cent. The first order cor- 
rection term employed in Eq. (310), however, makes the agreement (Curve IT) 
good even for values of 7 as small as 1 where the error in é is about 2 per cent. 
For nearly all practical cases, therefore, in which the effect of the initial 
velocities needs to be considered, Eq. (310) is sufficiently accurate. Inserting 
the numerical values as in Eq. (290) to express J in amps.- cm7*, V in volts 
and x in cm we have 
(V=V" 
In using this equation Vy, is found directly from Eq. (297); putting V, = 0 
if we choose to measure voltages from the cathode. Measuring distances (x) 


from the cathode we can find xy from Eq. (299) which may for convenience 
be written 


I = 2.334x 10-* [1+ 0.024771? (V—V,)7?]. (311) 


Xu = 1.090 x 10-*(—£,) TJ"? cm. (312) 
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The quantity (—¢,), according to Fig. 42, cannot exceed 2.55 and yet is greater 
than 2.0 if I,/J > 7. Taking —f, = 2.55, we get as a convenient expression 


4g < 0.0016 (10002)-2(7/1000)"* cm (313) 


and thus with a current density of 1 ma per cm* and a cathode temperature 
of 1000°K, x, is only 0.0016 cm. 

The equations that we have derived for the potential distribution between 
parallel planes are only applicable when there is actually a potential minimum 
between the electrodes. When the retarding field extends to the anode, the 
current is no longer limited by space charge and the Boltzmann equation 
alone is sufficient to determine the current that flows. The potential distri- 
butions in some cases of retarding fields extending from cathode to anode 
have been treated by Langmuir and by v. Laue.*% 

Space Charge Equations for Cylinders and Spheres 

In considering the space charge limitation of current flowing between con- 
centric cylinders or spheres, we have to distinguish between the functions of 
the two electrodes. For example, we may have electron currents from a hot 
wire cathode at the axis of a cylindrical anode, or we may wish to treat the 
inverted case of a small cylindrical anode inside of a large electron-emitting 
cylindrical cathode. Since, however, we may want to apply our equations 
to the flow of positive ions as well as electrons, it is better not to refer to the 
two electrodes as cathode and anode, but as emitter and collector. 

As in the derivation of Eqs. (289) and (290), let us assume that the car- 
tiers of current escape from the emitter without initial velocity so that the 
velocity is given by Eq. (284) if we take the potential of the emitter to be 
zero. Using Poisson’s equation in the form of Eq. (137), we now obtain in 
place of Eq. (286) 

+2 - = 2(2)¥/8zr (m]e)!21V-12 (314) 
where x is 1 for cylinders and 2 for spheres. 

Let us now replace the variables V and r by two new dimensionless 
variables y and f defined by 


y = log, (r/r0) (315) 
1 (2e\" ya 
t= el) oe ve 
where rp is the radius of the emitter. 


3 T. Langmuir, Phys. Rev. 21, 419 (1923). 
6 M. v. Laue, Jahrb. d. Radioakt. u. Elektronik 15, 205 (1918). 


Google 


Electrical Discharges in Gases. II. Fundamental Phenomena in Electrical Discharges 381 


Elimination of I and r from Eq. (314) by means of these two equations 


4V 


& 
tO VG = oF eo 


Since the current ¢ between emitter and collector is independent of r, the 
current density J varies inversely as r* or in proportion to e-*” so that 


dI/dy = —xI. (318) 
Introduction in this equation of the value of I from Eq. (316) gives 
bz 4V dB 
3 = 2(2—x)V+—— “Fe” (319) 


Differentiation gives an expression for d*V/dy*. By substituting this and 
the value of dV/dy from Eq. (319) in Eq. (317), V is eliminated and we ob- 
tain, 


3B aa a4 (2) +(S—a)B E+ P(1405x—05x) = 1. (320) 
For cylinders (x = 1), this gives, 


3p56 che BY + 4p 8 ae ee (321) 


For spheres (x = 2), to ae confusion, we will replace 8 by a and thus 
find 


s+(# sy) $30" 57 (322) 


To solve our ae a problem we need to integrate these equations, 
subject to the boundary conditions: Vand dV/dr =0 at r=r,) or y= 0. 

Solutions of these equations may be obtained in the form of power series 
in y as follows:?% 


B = y—(2/5)y+ (11/120))*— (47/3300)y4+0.00168y*... (323) 
and 


a = y—0.3y2-+0.075y—0.01432y4+.0.00216y5 ... (323a) 


That these solutions satisfy the boundary conditions can be proved by 
substituting the values of a or B into Eq. (319), noting that dV/dy = rdV/dr 
and that V/8 approaches zero as y and V approach zero, since V*“/8 remains 
finite according to Eq. (316). 


89 The series for 8 was published by I. Langmuir, Phys. Rev. 2, 450 (1913) and Phys. Zeits. 
15, 348 (1914). In the Phys. Rev. paper, through a printer’s error, the coefficient of the second 
term was incorrectly given. The method of calculating the coefficients of this series was deseribed 
by I. Langmuir and K. B. Blodgett, Phys. Rev. 22, 347 (1923), the coefficients of 14 terms being 
given. The series for a was derived later by I. Langmuir and K. B. Blodgett, Phys. Rev. 24, 49 
(1924). Values of 6* and a® were tabulated in these papers. 
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For larger values of y where the series for a and £ converge too slowly, the 
following approximate equations may be used which become more accurate 
as |y| increases. 

Cylindrical case. External collector (y > (0).—Examination of the values of 
B calculated from the series of Eq. (323) using positive values of y shows that 
as r/ro increases, B rises to a maximum and then decreases to a minimum. 

For large values of y the second term in Eq. (321) can be neglected and 
the equation can then be integrated giving 


B = 1+-A(r,/r)** sin [(2?/3) log, (Br/ro)]. (324) 
The integration constants A and B have been determined empirically from 


values of 8 found from the series of Eq. (323): A = 0.9769, B = 0.08383. For 
convenient calculation the equation may then be written 


B = 1+0.9769(r,/r)** sin [1.0854 log,, (r/11.93r,)]. (325) 
This equation gives # accurate to 1 per cent at r/r9 = 12 and within 0.1 per 
cent at r/ro = 44. Thus f# is a damped harmonic function of y, rapidly ap- 
proaching the limit 8 = 1. The following table gives some of the maximum and 
minimum values of f, and the values of y and r/ry at which 6 = 1. 


PO UDEN AY vit OEE NN 


a 4 {it ith 





Fic. 43. Plot of #*, (—)*, a*, (—a)* as functions of radius. rs = radius of emitter; r = 
radius of collector. f? and a® apply to cases for which r > ro. (—f)? and (—a)* apply 
to cases for which ry> r. 


Between the successive maxima and minima or vice versa, the radius r 
increases 784-fold and the values B—1 change in the ratio 85.02: (—1). The 
curve marked 6? in Fig. 43 gives values of 6? for this case up to r/r, = 1000. 
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TaBLe XX 
Maxima and Minima of B. (External collector) 








? tlre ] B-1 | B 
2.4234 | 11.284 | | 1.00000 
3.7827 44.05 Oo. mea | 1.09455 
9.143 9.352x 10° 1,00000 

10.449 3.451x 104 | 5. mtx 10-¢ | 0.999894 
15.808 7.332x 10° | 1.0 
17.113 | 2.706 10” | +6. pan 10-* | 1.000013 





Cylindrical case. Internal collector. (y < 0).—When »,/r is large, the val- 
ues of f? are given by 

B? = 4.6712(ro/r) [logy (7o/1.4142r)}**. (327) 

By inserting this value of f? in Eq. (316) and comparing the result with Eq. 

(146), it appears that the electric field near the collector is the same as that 

which would be produced in the absence of space charge by an emitting cyl- 

inder having a radius 0.7071 ro. In this inverted case, the effect of space charge 









































Fic. 44. Plot of 8 and a as functions of r/rp in the neighborhood of r/r. = 1. 


near the collector is therefore negligible, but the space charge near the emit- 
ter has an effect equivalent to a reduction in radius of the emitter in the ratio 
1.4142:1. 

Spherical case. External collector. (y >0).—For very large values of r/ro, 
the following equation gives a good approximation, 


= (2/3)y+-0.5158 logy. (3.885y). (328) 


Go gle UNIVERSITY OF CALIFORNIA 
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The error in a? calculated by this equation is about 0.5 per cent for y = 6 
and 0.02 per cent at y = 12. 

Spherical case. Internal collector. (y <0).—For large values of r,/r, a® is 
given quite accurately by* 


+ at = [1.11(r9/r)—1.64)%. (329) 


The error in a? involved in this approximation is 0.5 per cent at r,/r = 9 and 
0.02 per cent at r,/r = 20. Comparison of this equation with Eqs. (316) and 
(147) shows that the electric field near the collector is the same as that which 
would be produced in the absence of space charge by an emitting sphere 
having a radius 0.677 ro. 

Space charge equation for cylinders (Negligible initial velocities).—The cur- 
rent density J at any point between the cylinders is given by Eq. (316). We 
are usually interested in knowing the current # flowing between the cylinders 
which is given by 





fz 32)" a (330) 


re 
where r is the collector radius and L, the length of the cylinders, is so great 
compared to the radius that end-corrections are negligible. 
For unipolar currents carried by electrons we may put e/m = 5.279 x 10” 
e.s. units and with V in volts the equation becomes 


i = 14.66 x 10-*LV"*/(rB*) amperes. (331) 


If, however, the currents are carried wholly by singly charged ions of mass 
m, the equation becomes 


& = 14.66 x 10-°(m,/m)*L V*?/(rf*) amperes (332) 
which may be written 
t= 3.432 x 10-7M8L V22/(rB*) (332a) 


where M is the ‘‘molecular weight” of the ion (oxygen atom = 16). 

The values of 6? to be used in these equations may be calculated by the 
methods already given or may be read off the curves of Fig. 43. When r/rq 
is not far from unity a* or f* is more accurately obtained from the values of 
aand £ given in Fig. 44. 

These equations may be used to calculate the space charge limited current 
between cylinders of given radii and at known potentials, or, considering ¢ to 
be constant, they may be solved for V, for any chosen values of r/r. (and there- 
fore 6*), and thus the potential distribution can be calculated. 


* In the paper by I. Langmuir and K. B. Blodgett, Phys. Rev. 24, 49 (1924), in the equation 
on p. 54, Eq. (15), y = a*/2 was inadvertently used in place of a*, but the tabulated values were 
correct. 
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In the theory of electric discharges in uniformly ionized gases, we shall see 
that a cylindrical collector of radius r in such a gas is surrounded by a sheath 
of radius r, through which the current is carried either by positive ions or by 
electrons, but not by both. Thus the space charge equations (331) and (332) 
are applicable, the outer surface of the sheath constituting a virtual emitter. 
As the applied voltage V changes, the current density J, at the outer surface 
of the sheath remains constant so that the collector current i varies according 
to : 
i = 2ar,Ll,. (333) 


If the current i is measured at given voltage V, the sheath radius r, can 
be calculated by getting 6? from the known values of i, L, V and r by Eq. (331), 
and then getting the corresponding value of r,/r from the curves marked (—)* 
in Fig. 43. The current density J, is then obtained by Eq. (333). It is usually 
found to be independent of the applied voltage. 


TNT Qyanrtitit Foto edt He 
 BYODUOUIETH APN DODNL THAN 
ONE gtdaUiNN ay 





CN CLEC 
2: Saas én 20 30 495060 80”0 


Fic. 45. Plot of (—£)*, (ro/r) as function of ro/r. 








It often happens that J, is known and it is desired?®’ to calculate the cur- 
rent i that will flow to a collector of known radius r with a given applied po- 
tential V. Eq. (333) cannot be applied directly since we do not know ry. Elimin- 
ating i between Eqs. (333) and (332), we have 


(ro/r)B® = 2.334 x 10-*(m,/m)!2V22/ (Ior2). (334) 


Thus from the known values of V, J, and r, the value of (r,/r) 6? is found, and 
from this by means of the curves in Fig. 45, r9/r and hence ry is obtained. Eq. 
(333) then gives 7. 


297 |, Langmuir and H. A. Jones, Phys. Rev. 31, 366 (1928). 
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Space charge equations for spheres (Negligible initial velocities).—Instead of 
using Eq. (316) which gives the current density J, it is more convenient to use 
the following expression for the total current #. 


ol ee (335) 

For electrons, when V is expressed in volts, this becomes 
i = 29.34 x 10-*V**q-* amperés. (336) 
For ions of mass m, the coefficient is decreased iin the ratio (m/m,)'? giving 
i = 6.864 x 10-7M-12 V34q-8 (337) 


where M is the ‘‘molecular weight” of the ions. 


Space Charge Currents between Equidistant Curved Surfaces 

Comparison of Eq. (316) which gives the space charge current density for 
either cylinders or spheres, with Eq. (289), which applies to parallel planes, 
shows that they are identical except that in the former rf? replaces x*, x being 
the distance between the planes. The reason for this is evident if we consider 
that when r and r, are nearly equal, y, as defined by Eq. (315), is approximately 
equal to (r—r)/r or to x/r. Eqs. (323) and (323a), when the terms involving 
the higher powers of y are neglected, show that 6 = y for both cylinders and 
spheres and therefore 128? = x*. 

Thus equidistant curved surfaces having a radius of curvature large com- 
pared to their separation may be treated approximately as though they were 
plane surfaces. Careful consideration” of the effects of the terms involving 
y® and +* shows that very accurate values of the space charge current between 
equidistant curved surfaces may be obtained by using the equation for paral- 
lel planes if the area used in calculating the current density J from the total 
current # is taken to be the area of a surface 4/5ths of the distance from the 
emitter to the collector surfaces. The fractional error in the current thus cal- 
culated is of the order of —0.03x%o* where o is the ‘‘total curvature” of the 
surface (1/r for cylinders and 2/r for spheres). 


The 3/2-power Law for Electrodes of Any Shape 

In all three cases, parallel planes, coaxial cylinders and concentric spheres, 
neglecting initial velocities we have seen that the space-charge-limited cur- 
rent varies in proportion to V%?, The following reasoning proves that this 
relation holds for electrodes of any shape provided the effect of the initial velo- 
cities of the emitted particles may be neglected. 

Let us assume that the emitter is at zero potential and that space in which 
the discharge takes place is bounded by surfaces which are either at zero po- 


#98 T, Langmuir and K. B. Blodgett, Phys. Rev. 24, 57 (1924). 
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tential or at the potential V,, (the collector potential). Then if there are no 
initial velocities, the problem of the flow of current as limited by space charge, 
involves the simultaneous solution of the three equations 


jmo! = Ve (338) 
I=% (339) 
AV = —4no (340) 


with the boundary conditions V = 0 over the emitter surface and either 0 or 
V, over all other bounding surfaces, and also the normal component of the 
field intensity is zero at the emitter surface. 

It should be noted that v in Eq. (338), which is the velocity in the direction 
of motion, enters here as a scalar quantity, whereas in Eq. (339), @ and J are 
essentially vectors, the current density being different in different directions. 
In the cases of planes, cylinders, and spheres, this distinction has not been 
necessary since the paths of the electrons or ions have always been straight 
and have coincided with the lines of electric force. For electrodes of other 
shapes, however, the electrons describe orbits which will cut across the lines 
of electric force. In fact, at each point the centrifugal force mv*/R due to the cur- 
vature of any electron path must equal the electric force acting in a direction 
normal to the path (R being the radius of curvature). 

Let us now consider what must be the effect of increasing the potential at 
every point in space in a definite ratio, :1, thus replacing V by nV. Equa- 
tion (340) shows that 9, the space charge, must increase n-fold. Equation (338) 
then indicates that the velocity 0 must everywhere be increased n’/*-fold. The 
boundary conditions V = 0 and gradient E = 0 at the emitter surface are 
obviously not altered when V is increased n-fold. 

If we increase the voltage everywhere n-fold, the electric force, and there- 
fore also the centrifugal force, mv*/R, must increase n-fold. But we have just 
seen that v? itself increases n-fold and therefore the radius of curvature and 
the shapes of the paths are unchanged. 

For this reason, whatever the distinction between © and uv may be, their 
ratio remains unchanged, and thus both v and © must be proportional to n3, 
Equation (339) then indicates that J varies with n‘?. In other words, the cur- 
rent, limited by space charge, varies with V* for electrodes of any shape. 

The conditions under which this conclusion is valid should be examined 
more closely. In order that Eq. (338) may apply, it is necessary not only that 
the initial velocities shall be zero, but that the whole of the emitting surface 
shall be at uniform potential. The potential drop along a filamentary cathode 
will thus cause deviations from the 3/2-power law which we shall consider 
later. 

If there are only two electrodes and one surrounds the other, our assumed 
boundary conditions ate fulfilled. If we have two electrodes in a glass enve- 
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lope, the glass surface receives electrons from the cathode until it becomes 
charged to cathode potential. For all such insulated surfaces, if we neglect 
initial velocities, we may place V = 0 and our boundary conditions are again 
fulfilled so that the 3/2-power law should apply. However, we shall see that 
with electrodes whose mutual capacitance is low compared to that between 
the glass surface and the emitter, the tendency of the glass to acquire nega- 
tive potentials because of the initial velocities of the electrons is a factor that 
causes much larger deviations than in the case where one electrode encloses 
the other. 

Effect of size.—If in any high vacuum device having electrodes of any shape, 
and in which the unipolar current is limited by space charge, all dimensions 
are increased n-fold, but the potentials of the electrodes are kept unchanged, 
the total current remains unchanged. This follows from Eq. (340) which shows 
that if V remains unchanged, 9 must be inversely proportional to n* and thus, 
by Eq. (339), the current density J is everywhere inversely proportional to n’, 
and the current i is independent of the size of the device. 


Effects of Initial Velocities on Space Charge Currents between Cylinders 


Case I. External collector.—Schottky*” pointed out that the correction of 
the three-halves power law for cylinders, due to the initial velocities of the 
electrons, must be much smaller than for parallel planes, as given, for example, 
by the correction factor in Eq. (311). The effect of initial velocities may be 
approximately taken into account by considering that the space charge at every 
point is reduced in the ratio [V/(V+V,)]* where V, is the volt-equivalent 
- of the average initial velocity in a radial direction. 

It is thus possible to show®” that the current between an internal emitter 
of small diameter and an external collector of large diameter can be approxi- 
mately calculated by Eq. (331) or (332) by replacing V by an effective value 
V, given by 


2 
Ve V—Vyt 42 (log.34,] (341) 


where V is the anode potential (cathode taken as zero), Vy is the potential 

at the potential minimum as obtained from Eq. (297) by putting V, = 0, 4 is 

a numerical factor that may be estimated to have the value 1.5 and V, is given 
by 

Vy = (3/2)kT/e = T/7733 volts. (342) 

The radius r,, of the cylinder which is the locus of the minimum in the 

potential near the emitter, can be estimated by considering this surface to be 


29 W. Schottky, Phys. Zeits. 15, 624 (1914). 
30 |, Langmuir, Phys. Rev. 21, 419-35 (1923), see especially p. 430. 
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a “‘virtual emitter,” using a method similar to that employed in deriving Eqs. 
(293) and (295). Between the emitter (r = ro) and the virtual emitter (r = ry), 
the electrons (or ions) are in a retarding field, the effective current being 2i,—i 
where j, is the saturation emission current, so that in applying the space charge 
equation (331) we use values of 8 corresponding to the case of the internal 
collector. Beyond r = r,, however, the electrons are in an accelerating field 
and the case for the external collector is applicable. Thus we find 


2./2)—1 = [(Vo— Vu) (V— Vu) P"(r/70)(B/Bo)* (343) 


where the subscript 0 applies to the emitter, and £, and 8 are functions of r,,/ro 
and of r/r, respectively. 

Since we may take r/r, to be large, £ will be close to unity and its value 
will be nearly independent of r/r,. If V is so large that we may neglect Vy 
compared to V and if we take the potential of the emitter to be zero, we have 


BS = B(r/ro)(— Vil VP? (26 /2)—1] 7 (344) 


from which r,,/ro can be obtained from the curve marked B in Fig. 44. By in 
this case refers only to that half of the curve where f has negative values, and 
ry[r9 is equivalent to 1/(r/r9) on this curve. 

As an example consider a filament of 0.2 mm diameter at the axis of a cylin- 
drical anode 20 mm diameter. According to Eq. (331), neglecting the effect 
of initial velocities, the maximum current that can flow with V = 50 volts 
is 4.83 milliamps. per cm of length. Taking the cathode temperature to be 
2000°K, the average initial velocity in the radial direction according to (342) 
corresponds to V, = 0.26 volts. If the emission from the filament is 24.1 ma 
per cm (about 5 times the ‘‘space charge current”), we find from Eq. (297) 
that the potential at the potential minimum is V, = —0.28 volts and thus 
by Eq. (341) the effective potential, allowing for the initial velocities, is 51.8 volts. 
From this, by Eq. (331), the space charge current is 5.09 ma- cm as compared 
with 4.83 obtained by neglecting initial velocities. According to Eq. (344), 
(—£o)® = 0.00502 or By = —0.071, and by Fig. 44 this gives ry/ro = 1.0715. 
The minimum potential thus lies so close to the cathode surface that we are 
justified in having failed to distinguish between r, and ry in calculating 6? 
for the purpose of getting i. 

Case II, Internal collector—The conservation of angular momentum cor- 
responding to the initial velocities requires that the tangential velocities of 
the electrons shall increase as the electrons approach the collector, (in propor- 
tion to 1/r). With a collector of small size, a considerable fraction of the elec- 
trons thus pass close to the collector without striking it. 

We have seen in Chapter III from Eqs. (251) and (252) that the fraction 
of the emitted electrons that reach an internal cylindrical collector remains 
constant as the emission increases until the Davisson condition, Eq. (274), 
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is no longer fulfilled. When this occurs,* the current has risen so nearly to the 
critical value needed to give dV/dr = 0 at the emitter, that we may without 
appreciable error consider these two conditions to be equivalent. For currents 
less than this we have, by Eq. (251), 

ig = Sol f = S,1;(r/ro)f (345) 
where i, is the current flowing to the collector and S,J, is the saturation cur- 
rent from the emitter. 

When the emission has risen to such value that dV/dr = 0 at the emitter 
surface (or at the minimum potential surface close to it), the current is limit- 
ed by space charge and will remain nearly independent of the cathode emission. 
The critical value of the emission current density I, which gives dV/dr = 0 
may be found by means of the space charge equation (330), in accord with 
the following reasoning. 

The discussion of Eq. (327) has shown that the effect of space charge near 
an internal collector is unimportant as compared to that near the emitter. There- 
fore the space charge produced by electrons which move from the emitter to 
the collector in strictly radial directions (no initial velocities) is not materially 
different from that due to electrons which miss the collector because of orbital 
motions, except that the latter in returning again to the emitter contribute 
as much on the outward as on the inward journey. Thus, as in the derivation 
of Eq. (293), we must replace i in the space charge equation (330) by 
2I,S;—tc. In this way, with the value of i, from (345), we find 


T,S,(2—fr/ro) = (2+ 2¥?/9)(e/m\"?V*?/ (rB*). (346) 


By eliminating I,S, between this equation and Eq. (345), we find that the 
critical current which gives dV/dr = 0 at the emitter has the value 
: ad “ye 1 
<9 Vm) *¥B * (r/o) —1 
This* gives the required limitation of current by space charge, taking into 
account the orbital motions resulting from the initial velocities. Here the value 
of f is to be calculated by Eqs. (252), (257) or (262). In case J, S;, the satura- 
tion current i, from the emitter, is greater than the value given by Eq. (347), 
there will be a minimum potential surface or potential barrier close to the emit- 
ter, whose potential V, in accord with Eq. (297) can be put equal to 
Vig = — (7/5040) logio (tstf (Fc70)) (348) 
where the value of i, is given as a first approximation by Eq. (347). To allow 
for the effect of this potential barrier in calculating i,, we may now replace 
V in Eq. (347) by an effective value V, given by 
V, = V—Vy. (349) 





(347) 


* See forthcoming paper by I, Langmuir and L. Tonks in Phys. Rev. 
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Space Charge Limitation of Bipolar Currents 

If positive ions are generated at the anode of a high vacuum discharge with 
hot cathode, the partial neutralization of the electron space charge allows the 
electron current to rise above that calculated from the space charge equations 
already given. 

It will be instructive to calculate the magnitude and other characteristics 
of this effect for the case of parallel plane electrodes. We shall see later that 
this theory leads to an understanding of phenomena at hot cathodes in ionized 
gases. 

Consider an infinite plane cathode C at zero potential and a similar parallel 
plane anode A at the potential V, and at a distance a from C. Let the cathode 
emit a surplus of electrons without initial velocities. The current is then limit- 
ed by space charge and the current per unit area, Jy, is given by Eq. (289). 

Now let the anode A emit positive ions (without initial velocities) with 
a uniform distribution over its surface, the current density being J,. Because 
of the partial neutralization of the electron space charge, the electron cur- 
rent will increase to a new value, say, I, per unit area, Assuming no recombi- 
nations or collisions between electrons and ions, we wish to determine the 
relation between I, and J,. 

The solution of this space charge problem gives 


(LL)? = (3/4) { [y¥*-+a{(1—y)!*— 1]? dy (350) 
where 
a= (m}" (351) 


m,|m, being the ratio of the masses of the ions and electrons. 
The potential distribution between the electrodes is given by 
VIV, 
sla = (3/4)(Jol1)'* [ [**+a(1—y)*—1]] 1" dy ((352) 
0 
where x is the distance from the cathode to a point whose potential is V. 

Table XXI gives x/a for various values of V/V, and a. The lowest line 
gives I,/I, as a function of a. 

These results show that when a = 1, the potential gradient at the anode 
becomes zero just as it is at the cathode, and thus the positive ion current 
as well as the electron current is limited by space charge. Values of a greater 
than unity give imaginary values for the potentials and are thus impossible. 
For a = 1, the potential distribution curve is symmetrical about its mid- 
point (x/a = 0.5, V/Vn = 0.5). 


sot |, Langmuir, Phys. Rev. 33, 954—89 (1929). See especially pp. 956-60. 
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Tasre XXI - 
Potential Distribution Between Plane Cathode Emitting Surplus of Electrons 
and Parallel Plane Anode which Emits Given Numbers of Ions 


Table of values of x/a, the fraction of the distance to the anode, at which the potential is 
a given fraction of the anode potential 


VIV, a=0 a=02 , 4=04 a= 0.6 a=08 a=09 



































| a=1.0 
0 0) 0 tt) 0 (1) 0 0 
0.02 0.0532 0.0513 0.0491 0.0467 0.0438 0.0419 0.0396 
0.05 0.1057 0.1022 0.0981 0.0934 0.0879 0.0842 0.0798 
0.1 0.1778 0.1723 0.1661 0.1588 0.1498 0.1437 0.1367 
0.2 0.2991 0.2911 0.2823 0.2714 0.2573 0.2477 0.2363 
0.3 0.4054 0.3962 0.3855 0.3721 0.3546 0.3423 0.3274 
0.4 0.5030 0.4932 0.4815 0.4667 0.4467 0.4324 0.4146 
0.5 0.5946 0.5847 0.5731 0.5580 0.5371 0.5218 0.5000 
0.6 0.6817 0.6723 0.6612 0.6461 0.6245 0.6080 0.5854 
0.7 0.7653 0.7570 0.7471 0.7332 0.7123 0.6958 0.6726 
0.8 0.8459 0.8395 0.8314 0.8198 0.8016 0.7861 0.7637 
0.9 0.9240 0.9201 0.9149 0.9074 0.8940 0.8813 0.8033 
1.0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 
Ie/To 1.0000 1.0839 1.1872 1.3237 1.5186 1.6644 1.8605 





From the values of J,/J), in the last row of Table XXI, we see that the 
electron current increases as more positive ions are emitted from the anode 
until the positive ion current also becomes limited by space charge. When 
this occurs, the electron current and the positive ion current are each 1.860 
times as great as the currents of electrons or ions that could flow (with the 
same applied potentials) if carriers of the opposite sign were absent. 

It is interesting to inquire how large is the effect of single positive ions 
emitted from the anode, in causing an increased electron flow from the cathode. 

Differentiation of Eq. (350) gives 


dI,/dI, = 0.378(m,/m,)"? for a = 0 (353) 
and : 
dI,/dI,, = 3.455(m,/m,)"? for a = 1 (354) 
A plot of J,/I, as function of a from the data of Table XXI shows that 
the slope of the curve increases gradually from 0.378 at a = 0 up to 3.455 at 
a=1. This the effectiveness of the ions in raising the electron current in- 
creases as the field strength decreases in the region where they originate, but 
only up to a certain limiting value. Of course when a = 1 the further increase 
in the electron current is stopped by the space charge limitation of the ion 
current. 
The square root of the ratio of the masses of the ions and the electrons is 
607 for mercury vapor, 271 for argon, and 60.8 for hydrogen, and therefore 
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each positive ion of these gases liberated at the anode will increase the num- 
ber of electrons that cross the space by 229, 102 or 23 respectively in the case 
of a pure electron discharge (a = 0). 

The effect has also been determined of generating the ions not at the 
anode but in the space between cathode and anode. Single ions introduced 
into a pure electron discharge at a point 4/9 of the distance from cathode 
to anode produce a maximum effect, 0.582 (m,/m,)'?, in increasing the elec- 
tron current. 
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